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“That we find out the cause of this effect
Or rather say the cause of this defect

For this effect defective comes with cause”
— W. Shakespeare, “Hamlet”
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Introduction

“I know very well, how little Reputation is to be
got by Writings which require neither Genius nor
Learning, nor indeed any other Talent, except a
good memory, or an exact Journal.”
— Jonathan Swift

... Piglet said, “But, on the other hand, Pooh, we
must remember,” and Pooh said,“Quite true,
Piglet, although I had forgotten it for the moment.”
— A.A. Milne

Although the fabrication of metallic materials has long been known — early
periods in the history of the earth actually were named according to the capa-
bility of producing metals, like the Bronze Age or the Iron Age — it was only
recognized today that the properties of a metallic material are not primarily
controlled by the overall chemistry, i.e. its macroscopic chemical composition,
but rather by the distribution of chemical elements and crystal defects, i.e. by
its microstructure. The major goal of modern materials science and engineer-
ing is the optimization of material microstructure for low cost but optimum
performance of a fabricated part under service conditions. The discrepancy
between the tremendous manpower efforts of natural scientists and engineers
both past and present on the one hand and our lingering inability to compre-
hensively characterize microstructure and to accurately predict properties of a
material or model material behavior on the basis of fundamental concepts on
the other hand is evidence of the difficulty of characterizing microstructure, of
predicting its evolution and finally, of yielding unambiguous microstructure-
property relationships.

The reason for this discrepancy is the extreme complexity of microstructure
and the nonlinear interaction of its elements to yield a particular property.
One important step of microstructure evolution is the development of the
grain structure of a material, i.e. grain size, morphology and topology. The
crystallographic volume property of a grain in a single phase material is its
orientation, i.e. the atomic arrangement with regard to an external reference
coordinate system. Neighboring grains share a common grain boundary, across
which the orientation changes discontinuously.

Grain boundaries are the longest known crystal defects. Although they were
discovered in the mid-eighteenth century, until quite recently, our understand-
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ing of grain boundaries was very poor. Essentially they were associated with
an undercooled liquid or quasi-liquid.

An essential feature of grain boundaries is the strong dependence of their
thermodynamic and, especially, kinetic properties on crystallography, first of
all, on the misorientation between next neighbor grains, but also on the in-
clination, i.e. the orientation of the grain boundary plane with respect to the
adjoining crystalline lattices. Polycrystals are commonly represented as an
assembly of grains which are equal in their physical and chemical properties
but which vary in size and shape. These grains, however, are surrounded by
boundaries which are substantially different in structure and properties. That
is the reason why the characteristics of grain boundaries along with their be-
havior, if extracted from the properties and behavior of polycrystals, are only
very general in nature, e.g. in the course of grain growth the total area of
grain boundaries decreases; Bi in copper polycrystals causes embrittlement,
etc.

The most important property of grain boundaries with regard to microstruc-
ture evolution and microstructure control is their ability to move, if exposed
to a force. The motion of grain boundaries is the dominant process of mi-
crostructural evolution during recrystallization and grain growth, which are
liable to occur during heat treatment of a material, except if grain boundary
motion is suppressed by special measures.

The objective of this book is to give a state-of-the-art overview of our cur-
rent knowledge of the process of grain boundary migration and how it affects
microstructure evolution. The distinguishing feature of this book is that it
focuses exclusively on the properties and behavior of grain boundaries with
well-defined geometry and crystallography. Moreover, these parameters can
be chosen deliberately during the fabrication of the bi- or tricrystals to be
investigated.

The book is intended to serve as a source of information and reference for
scientists working in related fields comprising interface physics and materials
science of microstructure evolution and property control. We tried to give both
the physics and materials science community easy access to the complemen-
tary issues by providing auxiliary chapters on an introductory level on grain
boundary physics and microstructure evolution in terms of recrystallization,
grain growth and textures. Being aware of the need to read textures we pro-
vide a worked example in the appendix to acquaint the inexperienced reader
with this important application of grain boundary migration. These auxil-
iary chapters are meant to provide a concise basis of understanding for the
topic of concern, namely grain boundary motion. For a more fundamental and
comprehensive treatment of grain boundary structure the reader is referred
to other books like A. Sutton and R.W. Balluffi’s, Interfaces in Crystalline
Materials; on the topics of recrystallization and grain growth to books like
J. Humphreys and M. Hatherly’s Recrystallization and Related Phenomena;
and on textures to books like A.R. Wenk’s (editor) Preferred Orientation in
Deformed Metals and Rocks: An Introduction to Modern Texture Analysis.

© 2010 by Taylor and Francis Group, LLC



We also hope that this book will be a useful textbook for graduate students
in solid state physics and materials science, especially for those concerned
with problems of recrystallization, grain growth and textures, and also as a
textbook for advanced level solid state physics and materials science courses.
This book is dedicated to everybody who wants to understand more about
the fascinating phenomenon of grain boundary motion.

With the restrictions mentioned, we believe that this text represents our
current knowledge of grain boundary motion. But the need for better mi-
crostructural design provides permanent impetus for research in this field so
we expect rapid progress in the coming years. In particular, computer simula-
tion and advanced analytical and imaging methods may help us gain a deeper
insight into this phenomenon. So, exciting times are ahead and we hope this
book contributes to a broader recognition of this important field and stimu-
lates new and genuine research on grain boundary motion and its effect on
microstructure evolution.
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List of Symbols

We tried to use the same symbols for the same quantity throughout the
text, but sometimes the same symbol is a standard designation for different
quantities in a different context. Below we list all the meanings of the symbols
used. There is no possibility of confusion, however, about different meanings
of a symbol, since within a particular context the meaning of a symbol is
unambiguous.

I LATIN SYMBOLS

Ab reduced grain boundary mobility
AV surface area per unit volume
Ã surface area
Ãi partial atomic (molar) area, occupied by its component in a surface
ai activity of i-th component
B adsorption constant (the parameter of an adsorption isotherm

equation which determines the intensity of adsorption as a function
of temperature and specific characteristics of a surface (boundary))

b Burgers vector; as index, designates that the quantity relates to
a grain boundary

c concentration; ci — concentration of i-th component;
cv — concentration of vacancies;
cvb — concentration of vacancies at the boundary

D diffusion coefficient; Db — grain boundary diffusion coefficient;
Dv — diffusion coefficient of vacancies; also diameter of a grain

d distance between dislocations in a small angle grain boundary;
as index, designates that the quantity relates to dislocations

E internal energy; Ei — elastic modulus; Ev — dislocation energy
per unit length; EV — energy of bulk phase

e as index, designates that quantity considered relates to an
equilibrium state

F Helmholtz free energy: F = E − TS
G Gibbs potential: G = E − TS + pV = F + pV
g gi — number of sites for atoms of i-th component at the grain

boundary
g orientation; rotation matrix
H enthalpy: H = E + pV ; Hm — enthalpy of activation of grain

boundary migration; HD — activation enthalpy of self-diffusion
h depth of a groove
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I LATIN SYMBOLS (continued)

J flux
K curvature
k Boltzmann constant; also number of components
L length; as index, designates that the quantity relates to a

liquid state
l as index, designates that the quantity relates to a triple

junction line
M an extensive characteristic of the system (energy, entropy,

volume, etc.)
MS a surface excess of an extensive characteristic
m bulk density of the extensive characteristic; as index, designates

that the quantity relates to a liquid state
mi mobility of i-th subject; for instance, mb — grain boundary

mobility
N number of particles
P driving force
p pressure
Q activation energy
q specific heat
R radius, also gas constant
r radius
S entropy; as index, denotes that the quantity relates to a surface
s entropy per atom
T temperature; Tm — melting temperature
U interaction energy; U0 — energy of interaction between an

adsorbed atom and a surface (grain boundary)
V volume of the system; V S — volume of a surface layer; also

velocity of a system; as index, denotes that the quantity relates
to the volume

v velocity; usually the normal velocity of grain boundary of
a surface; as index, denotes that the quantity relates to vacancies

W work; also configuration (permutation) probabilities
w as index; designates that the quantity relates to grain boundary

wetting
X coordinate
Y coordinate
Z coordinate; also coordination number, Z̃ — partition function
z adsorption capacity
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II GREEK SYMBOLS

α as index of a phase or a part (fraction) of a system
β as index of a phase or a part of a system;

also adsorption enrichment coefficient
Γ adsorption; Γi — adsorption of i-th component
γ parameter of Frumkin-Fowler isotherm;

grain boundary surface tension; γS — surface tension
of a free surface of a crystal;
γ� — grain boundary triple junction line tension

Δ distance; also heat of mixing
δ an infinitely small change; also grain boundary width
ε energies (enthalpies), associated with different types

of bonds; also torque terms in the orientation dependence
of grain boundary surface tension

ζ mobility anisotropy
Θ degree of coverage of an adsorption layer; also dihidral

angle at the root of a grain boundary groove; also inclination
of a boundary; also angle at the tip of a triple junction

Λ dimensionless criterion, which reflects the influence of
the triple junction mobility on grain boundary motion

λ thickness; thickness of a surface (interface) layer
μ chemical potential; also shear modulus;

μi — chemical potential of the i-th component;
μist — chemical potential of a standard state

ξ parameter, determines the position of the grain boundary
ρ density of a material or a phase
Σ inverse density of coincidence sites
σ width of the grain size distribution
τ stress
Φ thermodynamic potential Φ = G− γÃ; also Euler angle
ϕ misorientation (rotation) angle
Ω Gibbs grand potential; Ωa — atomic volume
ω bulk density of a potential Ω; ωi — partial area of

an atom of i-th component
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1

Thermodynamics of Grain Boundaries

“Sometimes he thought sadly to himself, ‘Why?’
and sometimes he thought, ‘Wherefore?’ and
sometimes he thought, ‘Inasmuch as which?’”
“. . .because it is a thing which you can easily
explain twice before anybody knows what you
are talking about.”
— A.A. Milne

1.1 Introductory Remarks

Thermodynamics is one of the most general methods of investigation; it is free
from model assumptions concerning the internal design of the object studied
or its behavior.

The thermodynamics of interfaces is a classical division of thermodynamics
with well-developed methodology, terminology and numerous startling appli-
cations to dissimilar systems and processes.

While an interface is conceived to be represented by a 2D surface, the inter-
face in a solid also will affect the volume adjacent to the interface. Therefore,
we introduce the term interphase which comprises the interface as well as its
affected volume. In other words, the interphase consists of a layer of finite
thicknesses adjacent to the interface. In the following we will discuss the ther-
modynamics of this volume, i.e. the thermodynamics of the interphase. It is
sufficient at least to discuss the properties and behavior of grain boundaries
on the basis of the methods and concepts of the equilibrium thermodynamics
of interphases. Nevertheless, the direct application of those concepts to grain
boundaries involves some problems caused by the actual distinctions between
grain boundaries and interphases.

The present chapter is designed on the basis of a consistent application of
the thermodynamical methods of equilibrium surface investigations to grain
boundaries in crystals. The feasibility of this concept is confirmed by the
analysis of grain boundaries as an object of equilibrium thermodynamics.

1
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2 1 Thermodynamics of Grain Boundaries

1.2 Thermodynamics of Surfaces

1.2.1 Introduction

The fundamental thermodynamic characteristic of a surface is the surface
tension γ. The work performed by a reversible increase of the surface area Ã
by δÃ is

δW = γδÃ (1.1)

If this process takes place at constant temperature T , constant volume V of
the system and invariant chemical potentials μi of the components (i = 1,2,
... k, where k is the number of components)

δW = dΩT,V,μi (1.2)

where
Ω = F − ΣμiNi (1.3)

is the so-called Gibbs grand potential. (F is the Helmholtz free energy and
Ni is the number of atoms of the ith component.)

From Eqs. (1.1) and (1.2) follows that in a system with a surface

dΩ = −pdV − SdT −
k∑

i=1

Nidμi + γdÃ (1.4)

(p is the pressure in the system, S is the entropy).
Since the Gibbs potential G is

G = E − TS + pV =
k∑

i=1

μiNi (1.5)

(E is the internal energy of the system), the potential Ω is equal to

Ω = −pV + γÃ (1.6)

In accordance with the theorem of small variations of the thermodynamic
potential we get

γ =
(
∂E

∂Ã

)

V,S,Ni

=
(
∂H

∂Ã

)

p,S,Ni

=
(
∂F

∂Ã

)

V,T,Ni

=
(
∂G

∂Ã

)

p,T,Ni

=
(
∂Ω
∂Ã

)

V,T,μi

(1.7)

(H is the enthalpy of the system, G is the Gibbs potential).
Correspondingly:

E = TS − pV +
∑

i

μiNi + γÃ (1.8)
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1.2 Thermodynamics of Surfaces 3

dE = TdS − pdV + ΣμidNi + γdÃ (1.9)

H = TS +
∑

i

μiNi + γÃ (1.10)

dH = TdS + V dp+
∑

i

μidNi + γdÃ (1.11)

F = −pV +
∑

i

μiNi + γÃ (1.12)

dF = −SdT − pdV +
∑

i

μidNi + γdÃ (1.13)

G = ΣμiNi + γÃ (1.14)

dG = −SdT + V dp+ ΣμidNi + γdÃ (1.15)

Ω = −pV + γÃ (1.16)

dΩ = −SdT − pdV −
∑

i

Nidμi + γdÃ (1.17)

The thermodynamic potential G for systems without surface is equal to G =∑
i μiNi. For systems with a surface the Gibbs thermodynamic potential G is

no longer the product of the chemical potentials with the number of particles.
Let us introduce the potential with the desired property:

Φ = G− γÃ (1.18)

dΦ = −SdT + V dp+
∑

i

μidNi − Ãdγ (1.19)

Since
G =

∑

i

μiNi + γÃ (1.20)

Φ =
∑

i

μiNi (1.21)

Consequently, the chemical potential in a single component system with a
surface is the potential Φ which is related to one particle.

As can be seen from Eq. (1.17) the equilibrium, i.e. the minimum of the
thermodynamic potential of the system with a surface at constant volume,
temperature and chemical potentials of the components, corresponds to the
extremum of the surface area Ã: that is, to the minimum if γ > 0. Usually,
the value Ã is not restricted upward since the surface area can increase until
the system becomes homogeneous. Consequently, if restrictions on the surface
shape are not imposed, the equilibrium surface tension γ cannot be negative,
and the equilibrium state of the system fits the minimal surface area Ã. Of
course, if the concept of the surface tension is extended to unstable interfaces,
e.g. those liable to chemical reactions, the surface tension can be negative as
well.
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4 1 Thermodynamics of Grain Boundaries

1.2.2 Is Equilibrium Thermodynamics Applicable to Grain
Boundaries?

It is well known that grain boundaries are non-equilibrium defects of crystals,
contrary to vacancies, for example.

This is because the energy of a grain boundary cannot be compensated
by the configuration entropy, which is small for grain boundaries. Therefore,
grain boundaries could only be produced by fluctuations, which is, however,
very unlikely. In this case the potential grain boundary unit area per unit
volume reads

M̄ =

∞∫

0

Ã
γ

kT · Ωa
exp

(
−γÃ

kT

)
dÃ =

kT
γΩa

∼ 10−15cm−1 (1.22)

(Ωa is the atomic volume).
To analyze the applicability of the methods of equilibrium thermodynamics

to grain boundaries it is first of all necessary to provide the exact meaning of
the statement that the grain boundary is a non-equilibrium object in a finite
system. The equilibrium of the system with interfaces, in particular, with grain
boundaries, fits the minimum of the corresponding thermodynamic potential
of the system with regard to the restrictions applied to the system. Inasmuch
as the surface tension of the equilibrium surface is positive, a minimum of the
thermodynamic potential can be achieved if the area of the surface is equal
to zero. Consequently, a definite number of restrictions is required for the ex-
istence of any equilibrium surface.

The restrictions may be of thermodynamic character if parameters of the
system like volume, energy and so on are fixed, or geometrical ones if the
points or lines through which the surface must pass are determined. If, for
example, in two-phase systems the temperature, volume and the quantity of
material are fixed in such a way that the minimum of the free energy cor-
responds to the existence of the two-phase state, there will be no net atom
transfer from phase to phase because the specific volumes of atoms in different
phases are different. That is why such a system cannot become a single-phase
one, and the minimum area of the interphase cannot vanish. Therefore, there
are plenty of thermodynamic restrictions only for the existence of an equilib-
rium surface.

The main difference between grain boundaries and interphases in thermo-
dynamic terms is determined by the properties of the volumes divided by
them. Namely, each side of the grain boundary consists of the same phase;
the regions divided by it differ by the orientation in space only (“phase”
means a part of a system which can be characterized by a definite functional
relationship between the state parameters, e.g. by a certain dependence of
the chemical potential on the basic intensive variables: temperature, pressure,
concentrations, etc.). If there is no specific direction — the space is isotropic
— the thermodynamic properties of these regions are the same. From the
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1.2 Thermodynamics of Surfaces 5

thermodynamic point of view it can be said that the grain boundary repre-
sents a “degenerated” case of the interphase — in the sense that there are
differences in the regions divided by the boundary. If there are no anisotropic
external thermodynamic forces like electric, magnetic or elastic fields, there
is the same phase on each side of the grain boundary. Hence, the transfer
of material across the grain boundary, in other words, the grain boundary
migration, is not connected with a change of the volume of the system. So
the existence of a grain boundary in a crystal cannot be achieved by ther-
modynamic boundary conditions only. Therefore, if only thermodynamic and
no other conditions are imposed on the system, equilibrium interphases may
exist, but there are no conditions for equilibrium grain boundaries.

Due to the “degeneracy” of grain boundaries the existence of thermody-
namic boundary conditions alone is inadequate for them to be in equilibrium
— in this sense they are less equilibrium objects than interphases. But the
existence of grain boundaries in a crystal can be forced by geometrical restric-
tions. For example, the grain boundary can be fixed to the surface by thermal
grooves. Under these conditions grain boundaries are in equilibrium with the
adjacent bulk regions by them and can be studied using the approaches of
equilibrium thermodynamics.

If the crystal is under the action of an anisotropic thermodynamic force the
situation changes drastically, and the indicated “degeneracy” will not take
place. If, for example, a magnetoanisotropic polycrystal is placed into a mag-
netic field, the specific free energy of different grains will be different and
the grain boundaries will have the thermodynamic properties of interphases.
Actually, the chemical potential of the atoms of different grains will depend,
apart from the usual scalar parameters, on the grain orientation in relation to
the magnetic field. Consequently, two grains divided by the grain boundary
and oriented differently with respect to the magnetic field direction represent,
with our definition, two different thermodynamic phases. So, in this case the
grain boundary is, from the thermodynamic point of view, an interphase —
the “degeneracy” is lifted. The isolated equilibrium grain may exist in such a
crystal.

The classical thermodynamics of surface phenomena describes surfaces be-
tween the liquid and gas or between two liquids. The grain boundary divides
two crystalline bulk regions, and this problem should be analyzed. The surface
tension γ is a surface excess of the thermodynamic potential Ω = −pV + γÃ.
But what is the pressure when it comes to solids?

As mentioned by Gibbs [1], the thermodynamic properties of a surface in
solids should be described not only by the single value γ like in a liquid, but
also by two distinct ones. The first one, which Gibbs denoted also by γ, is the
work required to create the unit of area of a surface. This is a scalar value γ,
which depends on the orientation of the surface with respect to the crystallo-
graphic axes of the crystal.

The second characteristic of a surface is consistent with the work required
to stretch the existing surface and represents a 2D tensor of second order βμν ,
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6 1 Thermodynamics of Grain Boundaries

inasmuch as the work of stretching the surface depends on the orientation in
which the surface is stretched. The tensor βμν is designated as the tensor of
surface tension [2]. It means that the dependence of the surface energy on
deformations can be given as [2]

GS =
∫

(γ + βμνμμν) dÃ (1.23)

where uμν are the tangential components of the tensor of deformation. The
surface free energy γ and the components are functions of two angles which
specify the orientation with respect to the crystallographic axes. Consequently,
the crystal has to undergo a deformation. Inasmuch as the values of this de-
formation are determined by minimization of the sum of the surface energy
which depends linearly on the deformation tensor and the bulk energy which
changes with the square of the strain, the total energy of these deformations
is necessarily negative.

To show more clearly the sense of these characteristics let us consider a
“Gedankenexperiment” to measure the values mentioned above.

The first experiment of measuring γ is the idealization of the well-known
method of zero creep. A thin crystalline sheet is compressed elastically by
surface forces. If we heat the sheet to the temperature of the beginning of a
pronounced diffusivity of atoms, the area of the sheet will begin to decrease.
These forces can be balanced if the corresponding forces will be applied to
the edges of the sheet, so that the velocity of the decrease in size of the sheet
becomes zero, which explains the name of the method. By measuring these
forces we determine the value of γ.

The second “Gedankenexperiment” was considered by Gibbs. Let us apply
forces to the edges of the sheet so that all internal tensions are reduced to zero.
These forces balance the surface tensions of the sheet and make it possible to
measure them. The tensions, measured in such a manner, are obviously dif-
ferent for different directions and generally permit us to determine the tensor
βμν .

“As in the case of two fluid masses ...” we may regard γ as expressing the
work spent in forming a unit of the surface of discontinuity — under certain
conditions, which we need not specify here — but it cannot properly be re-
garded as expressing the tension of the surface. The latter quantity depends
upon the work spent in stretching the surface, while the quantity γ depends
upon the work spent in forming the surface. With respect to perfectly fluid
masses, these processes are not distinguishable, unless the surface of disconti-
nuity has components which are not found in the contiguous masses, and even
in this case (since the surface must be supposed to be formed out of matter
supplied are the same potentials which belong to the matter in the surface)
the work spent in increasing the surface infinitesimally by stretching is iden-
tical with that which must be spent in forming an equal infinitesimal amount
of new surface. But when one of the masses is solid, and its states of strain are
to be distinguished, there is no such equivalence between the stretching of the
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1.2 Thermodynamics of Surfaces 7

surface and the forming of new surface. This will appear more distinctly if we
consider a particular case. Let us consider a thin plane sheet of a crystal in a
vacuum (which may be regarded as a limiting case of a very attenuated fluid),
and let us suppose that the two surfaces of the sheet are alike. By applying
the proper forces to the edges of the sheet, we can make all stress vanish in its
interior. The tensions of the two surfaces are in equilibrium with these forces,
and are measured by them. But the tensions of the surfaces, thus determined,
may evidently have different values in different directions, and are entirely
different from the quantity which we denote by γ which represents the work
required to form a unit to the surface by any reversible process, and is not
connected with any idea of direction.

In certain cases, however, it appears probable that the values of γ and of
the superficial tension will not greatly differ. This is especially true of the
numerous bodies which, although generally (and for many purposes properly)
regarded as solids, are really very viscous fluids [1].

These two procedures, described above, differ essentially, inasmuch as it
is impossible to create a new bit of crystal surface with a size less than the
lattice constant in the given direction, whereas it is possible to stretch the
surface in such a manner. Hence, it follows that the effects are of the order of
the ratio of the lattice constant to the crystal size. But, nevertheless, taking
these effects into account in some cases is important even for macroscopic
crystals [3, 4]. Anyhow, the existence of two independent characteristics of
the surface tension imposes limitations, e.g. for 2D phases of the surface of a
crystal [4].

The thermodynamic relations and geometrical restrictions discussed above
determine the conditions under which the grain boundaries are equilibrium
objects, and it is absolutely correct to implement the concepts and methods
of equilibrium thermodynamics and statistical physics.

1.2.3 Gibbs Thermodynamics of Surface Phenomena

The method of the thermodynamic description of surfaces in equilibrium sys-
tems was proposed by Gibbs in 1876–1878. The properties of the surface in
terms of a surface layer can be determined by the Gibbs method as differ-
ences between a real system, in which the surface is a certain transition layer
between two phases, and an ideal system, in which the phases are considered
to be homogeneous up to the plane of their contact (Fig. 1.1). So, according
to Gibbs the surface is the transition layer between two homogeneous regions
α and β, the thickness of which is much smaller than the other dimensions of
the system.

If M is a certain extensive characteristic of the system (energy, entropy,
volume, mass, etc.), then its surface part (the surface excess) M s can be de-
termined as a difference (excess) between the total value of M and its bulk
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8 1 Thermodynamics of Grain Boundaries
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FIGURE 1.1
Schematic diagram illustration the application of Gibbs method to interphases
(a) and grain boundaries (b). The area of the hatched regions corresponds to
the surface excess.

part (sometimes the Gibbs method is called a method of excesses):

MS = M − (
Mα +Mβ

)
(1.24)

where Mα, Mβ are the constituents of M , relating to the volumes α and β,
accordingly.

If mα and mβ are the bulk densities of the quantity M in the regions α and
β divided by the surface, then

MS = M − (
mαV α +mβV β

)
(1.25)

where V α and V β are the volumes ascribed to the regions α and β. This
definition is not complete, since it does not contain any indication of the
method by which the volumes V α and V β were determined. Consequently,
it will be sufficient to make an assumption which part of the volume of the
system is occupied by each of the regions, and the separation of all other
parameters of the bulk and surface constituents will be completely determined.
Defining the quantities V α and V β in a variety of ways (of course, under the
condition V α+V β+V s = V = const.), we will get different, though equivalent
forms of the thermodynamic description of surface phenomena. Since for an
equilibrium system with a flat interface the above definition has the property
of linearity, its application to the main thermodynamic equations will give the
same relationships between the excess surface quantities irrespective of the
method used, though the excess surface values themselves do depend on the
method. This is the idea of the method of surface excesses. Gibbs divided the
quantities into surface and bulk parts in the following way. First, he assumed
the excess surface volume to be zero (V s = 0) or V α + V β = V , where V
is the complete volume of the system. In geometric terms it means that the
transition surface layer is replaced by a two-dimensional dividing surface.
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1.2 Thermodynamics of Surfaces 9

The scheme of change of the bulk density m of an extensive property (the
coordinate x is directed normally to the dividing surface) is given in Fig.
1.1. Far from the surface the values of the quantity m coincide with the bulk
density of it in the phases α and β: mα and mβ, while in the transition layer
m differs from them. The dividing surface is indicated by a dotted line. If the
properties of the phases were on the level of the bulk values, then m(x) would
change in accordance with parallel lines, and the total quantity M would be
determined as

M = mαV α +mβV β (1.26)

Because the system properties in the transition layer differ from the bulk
ones, the additional term M s = msÃ is required — the surface excess of the
property in question, where ms is the surface excess density (the excess per
unit area of the surface), and Ã is the area of the surface. Thus,

M = mαV α +mβV β +mSÃ (1.27)

In such a manner the surface excesses and the densities of the surface excesses
of the different thermodynamic parameters can be introduced. The excess
of material in the equilibrium system is referred to by a special term, the
adsorption Γ. For the component i-th we get

Ni = nα
i V

α + nβ
i V

β + ΓiÃ (1.28)

(Ni is the number of atoms of the component i-th, ni indicates the respective
atomic density.)

Geometrically ms is equal to the shaded area in Fig. 1.1. As mentioned
above, Eq. (1.25) is not complete, so the method of determination of the
volumes V α and V β should be given, in other words, the exact position of
the dividing surface should be set. The surface location can be preset by the
parameter

ξ = V α/V (1.29)

For a given ξ, the quantities V α and V β , and, consequently, all the excess sur-
face quantities, are determined uniquely and can be presented in the following
form:

MS = M − Vmβ + ξV
(
mβ −mα

)
(1.30)

In the case of interphases mα �= mβ and the values of the surface excesses
depend on the choice of the position of the dividing surface, i.e. on ξ.

Thus, it is seen that the dependence of excess surface quantities on the posi-
tion of the dividing surface [∂MS/∂ξ = V · (mβ −mα)] is due to the difference
in the intensive characteristics of the bulk divided by this surface. Physically,
the position of the dividing surface is determined with an accuracy up to the
thickness of a real transition layer. It could look as if such a small ambiguity
could not affect substantially the values of physical quantities under consider-
ation. However, if the dividing surface is displaced by a distance equal to the
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10 1 Thermodynamics of Grain Boundaries

thickness of the transition layer, the changes in the excess surface values can
be of the same order of magnitude as the excess surface values themselves [5].
Thus, for interfaces the ambiguity of surface quantities is essential.

There is, however, a quantity with an excess surface value, which does not
depend on the position of the dividing surface. This is the potential Ω. Actu-
ally, Ωα = −pV α, Ωβ = −pV β , so the bulk densities of the potential Ω are
equal to

ωα = ωβ = −p (1.31)

For the surface excess of Ω, as for any extensive function, we have, in accor-
dance with Eq.(1.24)

ΩS = Ω + pV (1.32)

In other words, the surface excess Ωs does not depend on the position of the
dividing surface.

Comparing Eqs.(1.32) and (1.16) we get

ΩS = γÃ (1.33)

Consequently, in the Gibbs method the surface tension is equal to the density
of the surface excess of the potential Ω.

The excesses and the densities of other thermodynamic functions can be
expressed in terms of γ and Γi. Taking into account that the expression for
the surface excess of extensive parameters (Eq.(1.24)) offers the property of
linearity, we have

(a1M1 + a2M2)
S = a1M

S
1 + a2M

S
2 (1.34)

where a1 and a2 are the intensive parameters common in both phases.
For the Helmholtz free energy F we get

FS =

(
Ω +

∑

i

μiNi

)S

= ΩS +
∑

i

μiN
S
i (1.35)

The surface density of the Helmholtz free energy is

FS/Ã = fS = γ +
∑

i

Γiμi (1.36)

The surface density of the Gibbs free energy is

GS

Ã
=

∑
i μiN

S
i

Ã
=
∑

i

Γiμi (1.37)

The surface density of the entropy can be represented as

SS = −
(
∂ΩS

∂T

)

V,μi,Ã

;
SS

Ã
= − 1

Ã

(
∂ΩS

∂T

)
= −

(
∂γ

∂T

)

μi

(1.38)
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1.2 Thermodynamics of Surfaces 11

and the surface density of the internal energy is equal to

ES

Ã
=
FS + TSS

Ã
= γ +

∑

i

Γiμi − T
∂γ

∂T
(1.39)

It should be pointed out that the definition of the surface tension γ through
the work performed by a reversible increase of the surface area by δÃ —
the relation (1.1) — is the most general at fixed values of the corresponding
thermodynamic parameters. Which parameters should be fixed depends on
the analyzed situation. Sometimes it can be found that the definition of γ as
the surface density of some thermodynamic potential is most commonly the
Helmholtz free energy

γ = FS/Ã (1.40)

One can see that for fixed T , V , μi the relation is obeyed with an accuracy of
the terms

∑
i Γiμi.

If we fix volume, number of the particles of each component, and temper-
ature, Eq. (1.40) will be an exact one. But it should be remembered that in
this case the change of surface area means a bulk concentration change.

The Gibbs method is most familiar and used most often, although, as we
have emphasized, it is not the only one. Let us consider two examples [6].

Assume that the additional condition, imposed on the system, is ΩS = 0.
Then the surface excess of the volume does not vanish. Actually, in accordance
with Eq. (1.34)

ΩS =
(
−pV + γÃ

)S

= pV S + γÃ (1.41)

and
V S =

γ

p
Ã (1.42)

Introducing the parameter η

η = V α/
(
V − V S

)
(1.43)

we get
MS = M −mβ

(
V − V S

)
+ η

(
V − V S

) (
mβ −mα

)
(1.44)

The relation between the values, obtained by the Gibbs method MS
G and by

the given one, can be found if we compare Eqs. (1.30) and (1.44):

MS = MS
G +

γ

p
Ã
[
mβ(1 − η) + ηmα

]
(1.45)

Hart [7] studied phase transformations in a one-component system with a
method determined by the condition NS = 0. Correspondingly, for the k-
component system

∑k
i N

S
i = 0, and the surface excess of the volume is

V S = V −
∑k

i Ni∑k
i ni

(1.46)
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12 1 Thermodynamics of Grain Boundaries

where ni is the atomic density of the i-th component. The correlation between
the surface excesses according to Hart

(
MS

H

)
and according to Gibbs

(
MS

G

)

is given by

MS
H = MS

G +mV

(
V −

k∑

i

Ni/
k∑

i

ni

)
(1.47)

We would like to remind the reader once again that on the one hand, the
choice of a particular method is governed by the specific conditions of the
problem and, on the other hand, it is also a matter of convenience.

Let us return to Eq.(1.17). For the surface parameters it reads

dΩS = −pdV S − SSdT −
k∑

i

NS
i dμi + γdÃ (1.48)

Then, comparing Eqs. (1.41) and (1.48) one can get

Ãdγ = −SSdT −
k∑

i

NS
i dμi + V Sdp (1.49)

For the specific values ss = Ss/Ã, Γi = NS
i /Ã, vs = V s/Ã, Eq. (1.49) acquires

the form

dγ = −sSdT −
k∑

i

Γidμi + vSdp (1.50)

This is the well-known Gibbs equation, which connects the change in surface
tension with the variations in temperature, pressure and chemical potentials
of the bulk phases. The relation (1.50) holds for any surface which is in equi-
librium with the volumes, divided by it.

The Gibbs equation is equally applicable to adsorption at interphases and
to adsorption at grain boundaries, but the grain boundary degeneracy results
in several important distinctions between adsorption at grain boundaries and
at interphases.

A system with an interphase has, at least, two phases, and the number f of
thermodynamic degrees of freedom in such a system, according to the Gibbs
rule of phases, is

f = k + 2 − p (1.51)

where p is the number of coexisting phases and k the number of components.
The number of differentials on the right-hand side of the adsorption Eq. (1.50)
is k + 2 > k; therefore, not all of them are independent, so it is not possible
to calculate excess surface quantities by direct differentiation of the surface
tension with respect to a corresponding variable. In order to represent surface
excesses in the form of a partial derivative of the surface tension with respect
to one of the variables two additional links are required. One of them can be
the method of calculation of the surface excesses. So, in the Gibbs method, in
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a local sense, V s = 0, and the number of differentials on the right-hand side
of Eq. (1.50) decreases to k + 1. Then Eq. (1.50) assumes the form

dγ = −sSdT −
k∑

i=1

Γidμi (1.52)

and for T=const.
dγ = −

∑

i

Γidμi (1.53)

This is the most frequently used form of the Gibbs adsorption equation.
As mentioned before, the differential relations between the surface excesses

should be insensitive to the position of dividing surface; nevertheless, the
values of surface excess quantities depend on it. Let us illustrate this by means
of Eq.(1.53). Assume there are two dividing surfaces A1 and A2, and the
adsorption by them is Γi and Γ′

1, respectively. Obviously,

Γi = Γ′
i −

(
cαi − cβi

)
Δ (1.54)

where cαi , cβi are the bulk concentrations of the i-th component in the bulk
phases, and Δ is the distance between the dividing surfaces. The sign of Δ
depends on the position with respect to the phases α and β: if A2 is nearer
to the phase α than A1 then Δ is positive (Δ > 0). If the temperature of the
system is constant, the Gibbs-Duhem equation is valid for each of the phases:

dp = Σcαi dμi; dp = Σcβi dμi (1.55)

and the equation for the phase equilibrium acquires the form
∑

i

(
cαi − cβi

)
dμi = 0 (1.56)

Rewriting Eqs. (1.53) and (1.54) in terms of Eq. (1.56) we get

dγ = −
∑

i

Γ′
idμi (1.57)

As can be seen, Eq. (1.52) does not depend on the position of an arbitrary
dividing surface, as we intended to prove.

A further relation can be found by choosing the position of the dividing
surface. This is usually done in such a way that the adsorption of one of the
components (as a rule, of the solvent) will be equal to zero.

Guggenheim and Adam [8] suggested placing the dividing surface between
the transition layer and the bulk of the condensed phase. There is an impor-
tant advantage to such approach. If the second phase is liquid, in the case
mentioned above, the calculated values of the surface excesses coincide with
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14 1 Thermodynamics of Grain Boundaries

the real concentrations, densities and so on in the surface layer. Let us ex-
press the differential of the chemical potential of one of the components, say
the first one, and the differential of the surface tension as a function of the
differentials of the other components (Eqs. (1.56) and (1.53)):

dμ1 = −
∑k

i=2

(
cαi − cβi

)
dμi

cα1 − cβ1
(1.58)

dγ = −
∑

i=2

(
Γi − Γ1

cαi − cβi

cα1 − cβ1

)
dμi (1.59)

The parameters Γ(1) = Γi − Γ1

(
cαi − cβi

)
/
(
cα1 − cβ1

)
are called the relative

Gibbs adsorptions. Contrary to the adsorptions Γi, the relative adsorptions
are independent of the position of the dividing surface. Γ(1) is the adsorption
of the i-th component attributed to the dividing surface, where Γ1 = 0 (Fig.
1.1).

For binary systems with an interphase such an approach makes it possible
to express conveniently the adsorption (of the second component) Γ

Γ = −dγ
dμ

= − a

kT
dγ

da
(1.60)

where a is the activity.
The relationship (1.60) is used very often for adsorption at the grain bound-

aries, neglecting that this is a different situation.

1.2.4 Gibbs Thermodynamic Method Applied to Grain
Boundaries

The title of this chapter reflects the essential thermodynamic distinctions
between grain boundaries and interphases. In turn these distinctions are con-
nected with the above-mentioned property of grain boundaries — they divide
similar phases. The first distinction consists of the fact that the surface ex-
cesses of any extensive value for the grain boundary are independent of the
choice of the Gibbs dividing surface. Actually, inasmuch as the regions α and
β, divided by the grain boundary, are occupied by the common phase, the
bulk densities mα and mβ of the extensive quantity M have the same value
mα = mβ = mv. In accordance with Eq. (1.30), the surface excesses MS are
equal:

MS = M − V mv (1.61)

and do not depend on the position of the dividing surface, i.e. on the parameter
ξ. Naturally, this is a physical result, and it is connected with the alternative
version of the Gibbs approach. For example, for the approach, which is defined
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by the condition ΩS = 0 (Eq. (1.44)), we obtain for grain boundaries

MS = M −mv

(
V − γ

p
Ã

)
(1.62)

i.e. a value that does not depend on the parameter η, which is the analogue
of the parameter ξ. This is clearly demonstrated in Fig. 1.1.

The second peculiarity of grain boundary thermodynamics consists of the
fact that for a system with a grain boundary the number of degrees of freedom
by one is greater than for the interphase (see Eq. (1.51)).

Therefore, for a system with a grain boundary all differentials on the right-
hand side of the Gibbs equation (1.52) are independent; for a grain boundary
the Gibbs-Duhem equation does not impose any restrictions on the system,
due to cαi = cβi for all i (compare with the results of [9]). The surface excesses
of the grain boundaries are independent of the position of the dividing surface
and depend on the properties of the grain boundary only. The same can be
described more rigidly in terms of the method mentioned above. The surface
excesses can be determined by the Gibbs method as differences between a real
system, in which the surface is a certain transition layer between two phases,
and an ideal system, in which the phases are considered to be homogeneous
up to the plane of contact (Fig. 1.1a). For an interphase the excesses are obvi-
ously determined by the position of the imaginary surface, which divides two
homogeneous planes. In the case of the grain boundary (Fig. 1.1b), precisely
because the properties of the bulk on both sides of the boundary are the same,
the excess quantities are independent of the imaginary surface position and
have themselves an objective significance.

Due to the availability of the additional degree of freedom a number of
unique possibilities arise. In particular, one can consider adsorption at grain
boundaries in a one-component system, which we shall call autoadsorption.
(There is no sense in considering such a problem for an interphase, inasmuch
as at constant temperature such a system is completely determined.) In this
case Eq. (1.52) takes the form [9]:

dγ = −sSdT − Γ0dμ (1.63)

The parameter Γ0 has the meaning of an autoadsorption at grain boundaries
in pure material. Expressing μ through the thermodynamic characteristics of
the volume and taking into account that sS = Γ0s

S
a , where sS

a is the surface
excess of the entropy per atom at the surface, we get [9]:

dγ = −Γ0

(
sS

a − sv
a

)
dT − Γ0Ωadp (1.64)

where sv
a is the entropy of one atom inside the crystal, Ωa is the atomic volume.

Hence (
∂γ

∂p

)

T

= −Γ0Ωa (1.65)
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(
∂γ

∂T

)

p

= −Γ0

(
sS

a − sv
a

)
= − q

T
(1.66)

where q is the specific heat of grain boundary formation and −q/T is the
specific surface excess of entropy.

From Eqs. (1.65) and (1.66) it is evident that it is in principle possible to
measure the autoadsorption and the surface excess of entropy.

For our evaluation we shall take Γ0 = 5·10−14 mol/m3, which approximately
corresponds to the concept of the grain boundary as an undercooled liquid
layer of a width of 3 atomic rows, Ωa(10−5 m3/mol). Assuming that γ(p) is
linear, a variation of pressure from 0 to ∼2.5 GPa gives a change of 0.1 J/m2,
which is comparable with the absolute value of γ (0.3-0.5 J/m2).

1.2.4.1 Grain Boundary Excess Free Volume —
Direct Thermodynamic measurement

Eqs. (1.63)–(1.66) form the theoretical basis of the direct experimental mea-
surements of grain boundary excess free volume (BFV).

BFV along with surface tension belongs to the major thermodynamic prop-
erties of grain boundaries. It controls to a large extent the grain boundary
diffusivity, grain boundary mobility, vacancy generation during grain growth
and the behavior of the system with grain boundaries under mechanical load-
ing. The value of the BFV defines the force which would like to “squeeze”
grain boundary out of a polycrystal. This effect is especially pronounced in
fine grained and nanocrystalline materials, in this films on substrate [11]–[15].
Unfortunately, until quite recently we were forced to contend with results of
computer simulation, which, in its turn, is strictly limited by grain boundaries
in the vicinity of special misorientation.

Some experimental attempts were undertaken to determine the BFV
[16, 17]. Meiser and Gleiter [16] measured the change of misorientation for
grain boundary energy cusps by applying a hydrostatic pressure of 7 · 108 Pa.

Merkle et al. [17] measured the BFV by HRTEM observations of the lattice
parameter change in the vicinity of the grain boundary. The value of BFV av-
eraged over all measurements carried out is in the range of 1−12−10−10m3/m2.

It should be stressed, however, that all estimates are based on models since
they have to rely on assumptions of the grain boundary width, which is un-
known.

As shown above, Eqs. (1.63)–(1.66) make it possible, in principle, to mea-
sure correctly the grain boundary excess free volume. To “realize” these equa-
tions the pressure dependence of the grain boundary surface tension should
be known.

The major idea of the method put forward in [18] can be understood from
Fig. 1.2. The tricrystal with grain boundaries GB1, GB2, GB3 is annealing
under high hydrostatic pressure. The change in grain boundary surface ten-
sion has to be reflected in the change in the angles at the tip of the triple
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FIGURE 1.2
(a) Grain boundary geometry to determine the BFV: the grain boundary sys-
tem with triple junction attains an equilibrium configuration at the notches
introduced from the lateral surfaces of the tricrystal. (b) SEM image of inves-
tigated grain boundary system after annealing [18].

junction.
The proposed method was realized in specially grown tricrystals where the

triple junction is formed by two high-angle grain boundaries GB1 and GB2
with equal grain boundary surface energy γ1 = γ2 = γ (Fig. 1.2). The third
grain boundary has to be a low-angle grain boundary whose surface energy γ3

can be calculated according to the Read and Shockley approach [19]. The sys-
tem in Fig. 1.2 is homogeneous through the thickness of the tricrystal, i.e. the
triple junction line is rectilinear and runs perpendicular to the diagram plane.
Since through the thickness all three grain boundaries extend perpendicular
to the diagram plane, the configuration of the grain boundary system in Fig.
1.2 is quasi-two-dimensional. So, the motion of the grain boundary system is
similar to the motion of a grain boundary system with a triple junction (see
Chapter 4), until GB1 and GB2 arrive at the notches (Fig. 1.2). Boundary
motion will cease, and force equilibrium at the triple junction will be estab-
lished. In this equilibrium the contact angle 2θ reflects the balance between
the energy of boundaries GB1, GB2 and GB3 at the given temperature and
pressure

2γ cos θ = γ3 (1.67)

Eqs. (1.65) and (1.67) gives us the relationship between the contact angle and
the hydrostatic pressure

∂γ

∂p
=

2γ ∂θ
∂p sinθ + ∂γ3

∂p

2cos θ
(1.68)
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In Eq. (1.68) θ, ∂θ
∂p and γ are experimentally measured quantities. (The grain

boundary surface tension γ can be found from Eq. (1.67), if the surface tension
of the low angle boundary is measured or calculated.) In our consideration we
neglect the influence of the torque terms. To define the derivative

(
∂γ3
∂p

)

r
the

following approach was used. According to Read and Shockley [19] a low-angle
grain boundary can be represented by a periodic arrangement of lattice dislo-
cations. In particular, a low-angle twist grain boundary is represented by at
least two sets of screw dislocations. The elastic energy of a screw dislocation
(apart from the dislocation core energy) is not affected by the hydrostatic
pressure since a screw dislocation represents a state of pure shear. The en-
ergy of the dislocation core does not exceed 10% of the total energy of the
dislocation. The effect of the hydrostatic pressure on the lattice constant and,
therefore, on the dislocation and low-angle boundary energy is less than 10%.
It can, therefore, be assumed that the energy of a low-angle twist grain bound-
ary does not change with an increase of hydrostatic pressure.

If the grain boundary GB3 in Fig. 1.2 is a low-angle twist boundary and(
∂γ3
∂p

)

T

∼= 0, Eq. (1.68) can be rewritten as

(
∂γ

∂p

)

T

= γ

(
∂θ

∂p

)

T

· tan θ (1.69)

and BFV can be expressed as

Vgbex = γ3
sin θ

2 cos2θ
∂θ

∂p
(1.70)

BFV was measured for two 40◦ asymmetrical grain boundaries: 〈111〉 and
〈110〉. The experiments were carried out on high purity aluminum (99.999%)
[18]. Fig. 1.3 shows the geometrical configuration of the investigated tricrys-
tals for 〈111〉 and 〈110〉 tilt boundaries. The two asymmetrical 40◦〈111〉 of
39◦〈110〉 tilt grain boundaries (GB1 and GB2) were superimposed by a rota-
tion around the axis perpendicular to the grain boundary plane by an angle
Ψ of 2◦. The third grain boundary (GB3) was, therefore, a low-angle twist
boundary with rotation angle of 4◦ and the rotation axis 〈110〉. The sam-
ples were annealed at 630◦C for 60 min under a hydrostatic pressure up to
12.7 kbar (grain boundary system 〈111〉) and 10 kbar grain boundary system
〈110〉) [18, 20]. The surface tension of 4◦〈110〉 twist grain boundary was deter-
mined by molecular dynamic simulation [20] (Fig. 1.4). This small deviation
does not change perceptibly the properties of high-angle grain boundaries;
however, for the energy of the low-angle grain boundary is might be essential.
The relation γ vs. angle (Fig. 1.4) of misorientation allows us to determine the
energy of the low-angle twist boundary for each specific sample. That is why
in Figs. 1.5 and 1.6 the measured pressure dependence of the surface tension
γ is presented. To check the results obtained the pressure dependence of the
equilibrium vertex angle θ was measured for a grain boundary system of two
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FIGURE 1.3
Geometry of tricrystals used in experiment [18].

FIGURE 1.4
Misorientation dependence of low-angle 〈110〉 twist grain boundary computer
simulation [20].
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FIGURE 1.5
Pressure dependence of grain boundary surface tension γ for 40◦〈111〉 tilt
boundary [18, 20].
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FIGURE 1.6
Pressure dependence of grain boundary surface tension γ for 39◦〈110〉 tilt
boundary [18, 20].
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FIGURE 1.7
Pressure dependence of grain boundary surface tension γ of high-angle bound-
aries: two 40◦〈111〉 grain boundaries and 80◦〈111〉 tilt boundaries [18].

40◦〈111〉 tilt grain boundaries as GB1 and GB2 and an 80◦〈111〉 tilt boundary
as GB3. Due to crystal symmetry 80◦〈111〉 corresponds to −40◦〈111〉, and the
grain boundary energy of GB3 should be the same as the energy of GB1 and
GB2. The results of the measurements are shown in Fig. 1.7. The measured
angle was about 120◦ in the whole pressure range and, what is of importance,(

∂θ
∂p

)

r
= 0. Below are given the value of the BFV for 40◦〈111〉 tilt grain

boundary and 39◦〈110〉 tilt grain boundary extracted from the experimental
data (Figs. 1.5 and 1.6) in accordance with Eqs. (1.65) and (1.68) [18, 20]

〈110〉 : Γ0 = −Ω−1
s

(
∂γ

∂p

)
= −1.35 · 10−5mol/m2 (1.71)

V ex = −Γ0Ωa = 1.35 · 10−10 ± 0.6 · 10−10m3/m2

〈111〉 : Γ0 = −Ω−1
a

(
∂γ

∂p

)
= 0.55 · 10−5mol/m2 (1.72)

V ex = −Γ0Ωa = 0.55 · 10−10 ± 0.13 · 10−10m3/m2

V ex
〈110〉
V ex
〈111〉

= 2.5 (1.73)
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The corresponding expression for grain boundary surface tension is given by
the relationship

γ = γ0 +
(
∂γ

∂p

)

T

p (1.74)

It should be noted that the excess grain boundary volume V ex
gb = −Γ0Ω0

measured in the approach discussed defines the absolute value of BFV, for
instance on the grain boundary width.

One can see from Eqs. (1.72) and (1.74) that the value of BFV differs for
grain boundaries with different misorientation. The difference is essential, in
spite of not so high experimental accuracy. We believe that such a difference
can play an important role in grain microstructure evolution in the course of
grain growth, in particular in thin films on the substrate [11, 12].

In modern theories of grain boundary structure autoadsorption is closely
related to the concept of a free volume. Autoadsorption determines how much
the substance density in the boundary differs from the substance density in
the crystal bulk.

Contrary to the interphases, in the case of a multicomponent system at
the grain boundaries, there is also, in principle, the possibility of determining
adsorption values for all components from the Gibbs equation. Let us consider
this by means of the example of a binary system. As originally shown by
Speiser and Spetnak [10] the Gibbs equation (1.53) can be recast due to the
relation of Gibbs and Duhem (1.56) in the form:

dγ = −
(

Γ2 − c

1 − c
Γ1

)
dμ2, p, T = const. (1.75)

where c is the concentration of the second component. On this basis Stout [21],
Cahn and Hillard [22] and McLean [23] assumed that Γ1 and Γ2 cannot be
obtained by measurement separately, but only in the combination (Γ2 − cΓ1

/ (1 − c)). This is true if the pressure in the system remains constant. The
relation (1.75) has been derived on the basis of the Gibbs equation (1.53) and
the Gibbs-Duhem relation (1.56): (1− c)dμ1 + cdμ2 = 0 for constant pressure
and temperature. But if the pressure (or, aside from pressure, any generalized
thermodynamic force such as electric field or magnetic field strength and so
on) can be varied, then [9]:

(1 − c)dμ1 + cdμ2 = Ωadp (1.76)

and from Eqs. (1.53) and (1.76) we get:

dγ = −
(

Γ2 − c

1 − c
Γ1

)
dμ2 − Γ1

1 − c
· Ωadp, T = const. (1.77)

Hence (
∂γ

∂μ2

)

p,T

= −
(

Γ2 − c

1 − c
Γ1

)
(1.78)
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(
∂γ

∂p

)

μ2,T

= − ΩaΓ1

(1 − c)
(1.79)

Now we can move on to the more convenient variables T, p, c:
(
∂γ

∂c

)

p,T

= −
(

Γ2 − c

1 − c
Γ1

)(
∂μ2

∂c

)

p,T

(1.80)

(
∂γ

∂p

)

c,T

= − Γ1Ωa

(1 − c)
−
(

Γ2 − c

1 − c
Γ1

)(
∂μ2

∂p

)

c,T

(1.81)

The relations (1.78)–(1.81) show that the separate determination of the ad-
sorption of the different components at the grain boundary basically is possi-
ble. But for that purpose it is still necessary to know the dependence of the
surface tension on composition and pressure in the system. Measurement of
grain boundary surface tension is a very complicated problem, and no ap-
propriate high-pressure experiments ever have been carried out. At the same
time, important information can be obtained from the dependence of the sur-
face tension on concentration.

Adsorption values depend, firstly, on how much the composition of the
boundary differs from that of the bulk, and, secondly, on how much the atomic
packing density in the boundary differs from the bulk one. The enrichment
of the boundary with an impurity is in many cases a much more important
and interesting effect than the change in density. It turns out that the to-
tal adsorption Γi can be subdivided into two components: the concentration
component, Γ′

i, and the density component, Γ0, related only to the difference
in densities [24].

Let us direct our attention to a model, where we consider the grain bound-
ary as a homogeneous layer of the width λ and of the density ρs; then the
adsorption of the i-th component will be

Γi = λ
(
cSi p

S − ciρ
)

(1.82)

where cSi , ci are the concentrations (the atomic fractions) of the i-th compo-
nent in the grain boundary and in the bulk of the grain, respectively, and ρ
is the density in the bulk of the grain.

The result to emerge from such a model is:

k∑

i

Γi = λρS
k∑

i

cSi − λρ

k∑

1

ci = λ
(
ρS − ρ

) ≡ Γ0 (1.83)

Inasmuch as the bulk and the boundary densities are different,
∑k

i Γi �= 0.
Γ0 is an important characteristic of grain boundaries; for pure materials it
coincides with the autoadsorption [9]:

Γ0 = −Ωa

(
∂γ

∂p

)

T
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Eq. (1.82) can be represented in the form:

Γi = λρS
(
cSi − ci

)
+ λci

(
ρS − ρ

)
(1.84)

or
Γi = Γ′

i + ciΓ0 (1.85)

Consequently, the adsorption of the i-th component can be represented as
a sum of two components: the concentration Γ′

i and the density component
ciΓ0. Γ′

i is the number of atoms of i-th kind, which should be added to the
equilibrium system at an isothermal increase of the surface area of the system
by one unit, so that the total number of the particles and the bulk concen-
trations in the phases remain constant (the volume of the system should be
changed):

Γ′
i =

(
∂Ni

∂Ã

)

T,ci

(1.86)

From Eqs. (1.83) and (1.85) it follows that

k∑

i

Γ′
i = 0 (1.87)

The second property of the concentration components of grain boundary
adsorption is that at constant pressure and temperature in the system they
satisfy the same Gibbs equation as the total adsorption. These two advantages
of the concentration components of grain boundary adsorption enable us to
determine them from the concentration dependence of the surface tension
alone.

As an example, for the binary system from Eq. (1.63), the Gibbs-Duhem
equation (1.56) and the relation (1.87) we get:

dγ = −Γ′
1dμ1 − Γ′

2dμ2 = −Γ′
2dμ2

1 − c
(1.88)

This is the maximum we can get in the framework of Gibbs theory, namely, to
determine the concentration components of grain boundary adsorption, using
the concentration dependence of the grain boundary surface tension, which
gives us the surface excesses of the atoms of the components. To determine
the grain boundary solution characteristics this is essential but not sufficient.
The peculiarities of the behavior of the atoms of each component and their
activity should be found. In other words, the chemical potentials of the atoms
of the grain boundary solution remain to be determined.

1.2.5 Grain Boundary Solutions

The equations of the thermodynamics of surfaces and the thermodynamics
of the “bulk” system are similar in a definite sense: the relations between
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the surface excesses of different thermodynamics parameters have the same
appearance as the relations for the bulk ones. In this case the role of the bulk
is “played” by the area of the surface and the role of pressure by the surface
tension (with opposite sign), respectively.

So, if the energy of the bulk phase is

Ev = TSv − pV +
k∑

i

μiN
v
i (1.89)

then the surface excess of the energy is

Es = TSS + γÃ+
k∑

i

μS
i N

S
i (1.90)

This allows us to consider the surface formally as a two-dimensional phase with
its own dependence of the chemical potentials μS on the intensive parameters:
temperature, surface tension, concentration. The values of the chemical po-
tentials of the surface atoms in equilibrium are identical to those in the bulk
(otherwise the atoms would leave their positions at the surface for those ones
in the bulk or vice versa):

μs
i (T, γ, csi ) = μi (T, p, ci) (1.91)

“Introducing” the new surface phase is not inconsistent with the Gibbs rule
of phases, inasmuch as, together with a new phase, a new intensive parameter
— the surface tension — will be brought into play. The introduction of this
parameter compensates the reduction of the number of degrees of freedom,
associated with the appearance of the new phase.

Eq. (1.91) permits us to derive some general relations for the surface phase,
if, instead of the bulk ones, the differentials of the surface chemical potentials
in terms of the temperature, content and the surface tension are used in the
adsorption equation (1.52):

−
k∑

i

Γi
∂μs

i

∂γ
= 1;

k∑

i

Γi
∂μs

i

∂T
= −ss;

k∑

i

Γi
∂μs

i

∂csi
= 0 (1.92)

The physical meaning of the values [−∂μs
i/ (∂γ) |ci ] can be determined in

analogy with “bulk” thermodynamics: −γ is the analogue of the pressure p.
So, [−∂μs

i/ (∂γ) |ci ] are the partial molar areas
(
Ãi

)
, occupied by the i-th

component in the surface. They obey the relation

k∑

i

ΓiÃi = 1 (1.93)
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26 1 Thermodynamics of Grain Boundaries

The last in the row of relations (1.92) is the surface analogue of the Gibbs-
Duhem equation

k∑

i

Γi
∂μs

i

∂csi
= 0

The thermodynamic theory, which considers the interphase as a phase, was
put forward for binary systems by Zhuchovitskii in 1944 [25].

The transition layer between the phases is considered to be homogeneous.
For the interphase “condensed phase-gas” the irregularity is concentrated in
a monolayer.

For grain boundaries the situation is more complicated, although there is,
in principle, no distinction between them and the interface “condensed phase-
gas.” The data of microscopic observations indicate that the crystallographic
width of the grain boundary is not more than 2–3 lattice constants. The
equilibrium between surface and bulk phases leads for the binary solution to
the system of equations:

μs
1 (γ, T, cs1) = μ1 (p, T, c1) (1.94)

μs
2 (γ, T, cs2) = μ2 (p, T, c2) (1.95)

where μs
1, μs

2 are the values of surface chemical potentials, and μ1, μ2 are the
bulk ones for the first and the second component, respectively. The system of
Eqs. (1.94) and (1.95) permits us to find the dependence of the surface tension
and the surface composition on temperature, pressure and bulk composition,
if the functional dependencies of the chemical potentials are known, or, in
other words, the types of solution are known. Let us transform Eqs. (1.94)
and (1.95) to a more convenient form by introducing the activities both in the
bulk (a1, a2) and in the boundary phases (as

1, a
s
2):

μ1 = μ1st(T, p) + kT ln a1 (T, p, c1) (1.96)

μs
1 = μs

1st (T, γ) + kT ln as
1 (T, γ, cs1) (1.97)

and, by analogy, for the second component. At constant temperature and
pressure we get:

μ1 = μ1st + kT ln a1 (c1) (1.98)

μs
1 = μs

1st + kT ln as
1 (γ, cs1) (1.99)

The standard states both in the bulk and in the boundary (denoted by st in
Eqs. (1.96)–(1.99)) are chosen in such a manner that the activities of the pure
components have to be equal to unity.

Substituting Eqs. (1.98) and (1.99) into (1.93) we obtain for c1 → 1

μ1st = μs
1st (γ1) (1.100)
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where γ1 is the grain boundary surface tension in the pure first component.
Then, from Eq. (1.93) we arrive at:

μs
1st (γ1) − μs

1st (γ) = kT ln
as
1

a1
(1.101)

Considering that (γ − γ1) is a small value in the whole concentration interval,
let us expand μs

1st (γ) in series and neglect high-order terms:

μs
1st (γ) ∼= μs

1st (γ1) +
(
∂μs

1st

∂γ

)

p,T,γ1

· (γ − γ1) (1.102)

Let us denote (∂μs
1st/∂γ)p,T,γ1

= −Ã1. By definition, this value does not
depend on concentration.

Then
γ = γ1 +

kT

Ã1

ln
as
1

a1
(1.103)

and
γ = γ2 +

kT

Ã2

ln
as
2

a2
(1.104)

where γ2 is the grain boundary surface tension in the second pure component,
and Ã = − (∂μs

2/∂γ)p,T,γ2
is the partial area of the second component in the

boundary. Eliminating the variable γ from Eqs. (1.103) and (1.104) we arrive
at

as
1

a1
=
(
as
2

a2

)Ã
/

1Ã2

· e Ã1(γ2−γ1)
kT (1.105)

Eqs. (1.103) -(1.105) were obtained by Zhuchovitskii [25]. The Zhuchovitskii
derivation was based on the same idea of equilibrium between surface and
bulk phases. Then, taking into account that the surface solution is elastically
stretched and the force per unit length is the value of the surface tension γ,
we get

μi = μs
i − γÃi (1.106)

where Ai is the partial area of the i-th component in the surface (boundary).
For the binary solution

μ1 = μs
1 − γÃ1 (1.107a)

μ2 = μs
2 − γÃ2 (1.107b)

Then, from Eqs. (1.94) and (1.95) we obtain Eq.(1.105). Eqs. (1.103)–(1.105)
enable us to determine the activity of the atoms of a specific kind in the
surface (boundary) solution as a function of the bulk concentration, if the
concentration dependence γ(c) and the thermodynamic characteristics of the
bulk solution are known. The knowledge of the behavior of the atoms in the
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28 1 Thermodynamics of Grain Boundaries

surface solution can indicate their activity, which, naturally, should be related
to their surface concentration, i.e. to the fraction of the atoms of a particu-
lar kind in the surface. However, the values of the chemical potentials are
assigned to surface atoms, which are the surface excesses but not the real
atoms of the surface (boundary) solution. The surface activities and the sur-
face concentrations are activities and concentrations not of the atoms making
up the interface, but of the excess atoms in the Gibbs method. Compatibility
between the thermodynamic approach, given above, and the model theories
is possible only when the number of “excess thermodynamic” atoms coincides
with the number of the real or model atoms.

For interphases this can be achieved if the dividing surface is placed at a cer-
tain position. So, for the system gas-condensed phase the imaginary dividing
surface will be placed between the monolayer and the bulk of the condensed
phase. Then, due to the fact that the gas density is negligible compared to
the density of the condensed phase, the adsorption quantities are simply the
numbers of atoms of a certain kind per unit area of the surface layer, and the
surface concentration is (Fig. 1.8)

csi = Γi/
∑

i

Γi (1.108)

Therefore, if the surface activity is known as a function of the surface concen-
tration, we get a comprehensive description of the thermodynamic properties
of the surface.

There is an essentially different situation for grain boundaries. As men-
tioned, the surface excesses are independent of the position of the dividing
surface, and the values of the grain boundary adsorptions will always differ
significantly from the number of atoms in the grain boundary. Consequently,
the Gibbs method, where the surface excess of volume is zero, is not applica-
ble. The alternative approach is known as the method of the surface layer of
finite thickness. We still consider the phases as homogeneous, but now they do
not come into contact along the two-dimensional dividing surface to which, in
the Gibbs method, surface excess quantities belong, but instead are divided
by a surface layer of a finite thickness. As a result the net volume of the
phase V s (the volume of the transition layer) is less than the total volume of
the system. Accordingly the expressions for the other surface excesses will be
changed as well; for example, the number of the particles is

Ns = Ñ − nv
(
V α + V β

)
= Ñ − nvV + nvV s (1.109)

where Ñ is the number of all particles in the system.
Inasmuch as the surface excess of the volume differs from zero, the right-

hand side of the Gibbs equation will contain an additional term that includes
the pressure differential

dγ = −ssdT −
k∑

i

Γidμi + V sdp (1.110)
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FIGURE 1.8
Adsorption isotherms for tin at iron interfaces: the low temperature isotherms
(dashed) are measured directly by AES; the others are derived from the in-
terfacial energy data [31].

where V s is the specific surface excess of the volume.
Now the number of differentials on the right-hand side of the Gibbs equa-

tion exceeds by one the system variance, and the choice of the conditional
parameter provides the freedom which, in the case of interphases, was en-
sured by the dependence of surface excess quantities on the position of the
dividing surface. It is precisely the choice of V s which permits us to obtain
agreement between the excess surface parameters and the model ones.

This parameter should be chosen in such a way that the number of atoms
in the grain boundary equals the respective surface excesses. Consider the
simplest model of a grain boundary — a layer of thickness λ and density ρs.
If V s = λ (per unit area) the correspondence between the thermodynamic
quantities and those of the model is achieved.

We would like to emphasize that in the method of a surface layer of finite
thickness all above-mentioned advantages of the Gibbs method are conserved.
Each method has its own field of application, which best suits it. It is ap-
propriate to use the Gibbs method for the description of surfaces that divide
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30 1 Thermodynamics of Grain Boundaries

two different phases. The method of a layer of finite thickness is suitable to
analyze boundaries with the same phase on each side: i.e. grain boundaries,
domain walls, thin films.

The introduction of a new parameter V s requires an explicit dependence of
the surface chemical potentials on the pressure in the system

μs
i = μs

i (T, csi , p) (1.111)

Accordingly, the grain boundary thermodynamic identities will be changed:

−ΣΓi (∂μs
i/∂γ) ≡ ΣΓiÃi = 1

ΣΓi (∂μs
i/∂p) = V s (1.112)

ΣΓi (∂μs
i/∂c

s
i ) = 0

The derivation and the final form of the Zhuchovitskii equations are the same
as for interphases, but the parameter Ãi now depends on V s. This quantity
should be chosen in such a way that the number of atoms in the grain bound-
ary coincides with the corresponding surface excess values.

The adsorption values in our model are expressed by Eq. (1.82), and the
numbers of parameters can be reduced by relating to the concentration com-
ponents of the adsorption. The important property of these concentration
components is their independence of the value V s. Actually

Γi = ΓG
i + V sρvci (1.113)

where the parameter, determined by the Gibbs method, is marked off by using
the index “G”

Γ′
i = Γi − ciΣΓi = Γi − ciΣΓG

i − ciΣV sρvci =
= Γi − ciΣΓG

i − ciV
sρv = ΓG

i − ciΣΓG
i = Γ′G

i (1.114)

which proves the independence of the adsorption components on V s.
The concentration components can be expressed in terms of a parameter z:

Γ′
i = z (csi − ci) (1.115)

where z = λρs.
The content of the grain boundary can be determined as

csi = ci
Γ′

i

z
(1.116)

The Zhuchovitskii equations contain the same parameter z

Ãi =
(

1
Γi

)

ci=1

=
(

1
z

)

ci=1
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'
i i(c , z)Γ

So the scheme of determination of the thermodynamic characteristics of the
grain boundary solution takes the form shown in the diagram above. In such a
way the thermodynamic characteristics of the grain boundary solution can be
defined using the experimentally measured dependency of the grain boundary
surface tension on the content (γ (ci)) and the thermodynamic properties of
the bulk solution. The parameter z — the adsorption capacity of the grain
boundary — cannot be defined by thermodynamic measurements.

Up to now we have presented the scheme of a purely thermodynamic anal-
ysis: the main thermodynamic properties of the system were reconstructed
from the boundary surface tension data. Another method is widely used: the
change in the grain boundary properties depending on the impurity concen-
tration is considered on the basis of a model of adsorption isotherms, i.e. of
the functional dependence of the quantity in connection with an impurity in
the boundary on the concentration of this impurity in the bulk.

Let us return to Eq. (1.105). It constitutes the general adsorption isotherm,
expressed in terms of the activity of the components. In order to connect the
variables of the isotherm with the concentrations of the components at the
surface and in the bulk let us now take into account the relation between the
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32 1 Thermodynamics of Grain Boundaries

activity and the chemical potentials of real and ideal solutions:

ai = ciexp
(
μi − μi ideal

kT

)
= ciexp

(
Hi −H0

i

kT

)
· exp

(
−Si − Si ideal

k

)

(1.117)
where ci is the molar fraction of the i-th component; H̄i, Si are the partial
characteristics (enthalpy and entropy, respectively) of the real solution; Hi is
the enthalpy of the i-th pure component; Si ideal is the partial entropy of the
ideal solution.

We obtain the general adsorption isotherm, expressed in terms of the con-
centrations of components at the surface and in the bulk and the thermody-
namic functions of real and ideal solutions in a binary system [26]:

cs1 exp
(

H
s
1−H0

1
kT

)
exp

(
−S

s
1−S1 ideal

k

)

c1 exp
(

H1−H0
1

kT

)
exp

(
−S1−S1 ideal

k

) =

=

⎡

⎣
cs2 exp

(
H

s
2−H0

2
kT

)
exp

(
−S

s
2−S2 ideal

k

)

c2 exp
(

H2−H0
2

kT

)
exp

(
−S2−S2 ideal

k

)

⎤

⎦
Ã1/Ã2

·

·exp

[
Ã1 (γ2 − γ1)

kT

]
(1.118)

The further development of isotherm Eq. (1.118) can be done in terms of
a more specific, detailed consideration of the thermodynamic functions and
some additional, statistical assumptions, adopted for the sake of simplicity.
We would like to stress that all adsorption isotherms can be derived from
Eq. (1.118), if the corresponding thermodynamic functions are described in
suitable variables.

Then, in the simplest case, the bulk and grain boundary (surface) solutions
are ideal, and the partial areas of the components are equal

Ãi = Ã2 = Ã (1.119)

Eq. (1.118) transforms to

cs1 =
Bc1

1 − c1 +Bc1
(1.120)

where B = exp
(
Ã (γ2 − γ) /(kT)

]
= b0 exp (U0/kT), and U0 is the energy

of interaction between the boundary (surface) and the adsorbed atom. The
relationship (Eq. (1.120)) is known as the Zhuchovitskii-McLean isotherm [25].

More complicated is the adsorption for atoms which interact both in the
surface and in the bulk solution. Let us consider this interaction in the Bragg-
Williams approximation — the approximation of a regular solution. For a
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regular solution the third factor on the right-hand side of Eq. (1.117) is equal
to one, and all deviations from an ideal solution are determined by the second
factor. The enthalpy H of the regular solution can be expressed as

H = n1H
0
1 + n2H

0
2 + ZΔ

n1n2

n1 + n2
(1.121)

where ni is the number of atoms of the i-th component, Z is the coordination
number, Δ = ε12 − (ε11 + ε22)

2 is the heat of mixing with εi−i, εi−j and εj−j

the enthalpies associated with the different type of bonds.
The partial enthalpy of the regular solution is

H1 =
∂H

∂n1
= H0

1 + ZΔ
n2

2

(n1 + n2)
2

(1.122)

or
H1 −H0

1 = ZΔc22 (1.123)

Hence, the activity of the components in a regular solution can be represented
by

a1 = c1exp
(
ZΔc22
kT

)
(1.124)

and, respectively,

a2 = c2exp
(
ZΔc21
kT

)
(1.125)

Then from Eqs. (1.118), (1.124) and (1.125) we arrive at the relation between
the surface (boundary) concentration of the component and that of the bulk,
if both the bulk and the surface solutions are regular solutions:

cs1
c1

=
exp

(
ZΔc2

2
kT

)

exp
(

ZsΔscs2
2

kT

)e
Ã1(γ2−γ1)

kT

⎡

⎣
cs2 exp

(
ZsΔscs2

1
kT

)

c2 exp
(

ZΔc2
1

kT

)

⎤

⎦
Ã1/Ã2

(1.126)

where Δs, Zs are the heat of mixing and the coordination number, respec-
tively, at the grain boundary.
Let us apply this result to some special situations.

1. No difference between the bulk and boundary solution with regard to the
heat of mixing and the coordination number; the partial areas of the different
species are equal as well:

Δs = Δ
ZS = Z (1.127)

Ã1 = Ã2 = Ã

Then

cs1 =
Bc1 exp

[
2ZΔ
kT (cs1 + c1 − 1)

]

1 − c1 +Bc1 exp
[

2ZΔ
kT (cs1 + c1 − 1)

] (1.128)
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Obviously, the relationship (1.128) is valid over the whole concentration range.
2. Ideal bulk solution but regular boundary solution

Δ = 0
Δs �= 0 (1.129)

Ã1 = Ã2

Then

cs1 =
Bc1 exp

[
ZsΔs

kT (2cs1 − 1)
]

1 − c1 +Bc1 exp
[

ZsΔs

kT (2cs1 − 1)
] (1.130)

In the form

cs1 =
Bc1 exp

[
ZsΔs

kT (2cs1 − 1)
]

1 +Bc1 exp
[

ZsΔs

kT (2cs1 − 1)
] (1.131)

it is known as the Fowler-Guggenheim isotherm.
3. Ideal bulk solution and regular surface (boundary) solution; the areas of
the species at the boundary are different:

Δ = 0
Δs �= 0 (1.132)

Ã1 �= Ã2

In this case

cs1 = c1exp
(
−Z

sΔscs22
kT

)
exp

[
Ã1 (γ2 − γ1)

kT

]
·
[
cs2
c2

exp
(
ZsΔscs21

kT

)]Ã1/Ã2

(1.133)

1.2.6 Statistical Analysis of the Adsorption on Internal
Interfaces in Solids

As mentioned above, the thermodynamic description of grain boundaries is
based on the experiment, on the analysis of the experimentally obtained de-
pendencies of the surface tension on pressure and concentration of the compo-
nents. By contrast, for the statistical analysis of the problem model concepts
must be invoked. A detailed statistical analysis of the adsorption at internal
interfaces in solids, including grain boundaries, is given in [27].

Let us consider the equilibrium in the system: bulk solution - interface solu-
tion (more specifically, the interface is the grain boundary). We shall restrict
our consideration to binary systems. To describe equilibrium in the bulk so-
lution - grain boundary solution system, the isobaric-isothermal potential G
was calculated via the Gibbs canonical distribution:

G = −kT ln Z̃ (1.134)
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Since for the system under consideration the partition function Z̃ = Z̃ (of the
bulk solution) ·Z̃ (of the grain boundary solution), then

Z̃ = wZ̃N1
1 · Z̃N2

2 ·wx ·
(
Z̃ ′

x

)N ′
x ·

(
Z̃ ′′

x

)N ′′
x

(
−N

′
xU1

kT

)
exp

(
−N

′′
xU2

kT

)
(1.135)

Here Z̃1 and Z̃2 are the partition functions for one atom of the first and second
components of the bulk solution; Z̃ ′

x and Z̃ ′′
x are the same quantities for the

grain boundary solution; N1 and N2 and N ′
x and N ′′

x are the numbers of atoms
of the first and second kind in the bulk and the grain boundary solution; w
and wx are the corresponding configurational (permutation) probabilities; U1

and U2 are the heats of transfer of atoms of the first and second kind from the
bulk solution into the grain boundary solution. The equilibrium distribution
of the impurities between the bulk and the grain boundary corresponds to
a minimum of the thermodynamic potential G of the system, that is to say
either the corresponding partial derivatives is equal to zero, in other words
the chemical potentials of the impurity atoms in both solutions are the same.
This minimum is usually found from the constancy condition either for the
number of solvent atoms or for the number of sites.

One can see that the statistical approach allows considerable freedom.
Firstly, it is associated with the choice of the constants for the determina-
tion of a chemical potential. Let us discuss this problem in greater detail.
Assume that g1 and g2 are the number of sites for the atoms of the first and
second kind in the bulk solution. If the atoms form a disordered substitutional
solid solution the values of g1 and g2 are indistinguishable; the total number
of sites in such a solution is g = g1 + g2 and it is just this quantity that ap-
pears in the statistical calculations for both atoms of the first and the second
kind. However, if the atoms form an interstitial solid solution (or an ordered
substitutional solid solution) the values g1 and g2 appear separately.

Let g′x and g′′x be the number of sites for the atoms of the first and second
kind in the boundary solution. For the disordered substitutional solid solution
the sum g′x + g′′x = gx = const. appears as before in the calculations.

Let us postulate that the number of sites in the boundary solution is con-
stant, in other words

g′x + g′′x = gx = const. (1.136)

Notice that for the bulk solution this condition need not be satisfied. As an
example, if the components form a substitutional solution in the grain (in
the bulk), whereas at the grain boundary there is an interstitial one, a non-
compensated transfer of impurity atoms from the bulk to the grain boundary is
possible. Vacant lattice points should appear in this instance. Let us consider,
however, an equilibrium concentration of vacancies in the bulk (Nv = Ne

v ).
Then the vacant lattice points will disappear and g �= const. (We assume,
also, that the value of Ne

v does not depend on the content of the impurities
in the solution.)
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Finally, we assume that the following conditions are always met:

N1 +N ′
x = const.

N2 +N ′′
x = const. (1.137)

With regard to the conditions mentioned above, the thermodynamic situation
is defined by the type of bulk and boundary solution: substitutional or inter-
stitional.

If the bulk and boundary solutions are disordered substitutional solid solu-
tions, the following conditions will be true:

N1 +N2 = N = const.
N ′

x +N ′′
x = Nx = const. (1.138)

This means that there is no uncompensated transfer of atoms from the bulk
solution to the boundary: if the impurity atoms transfer to the boundary the
solvent atoms come back to the bulk.

Note also that in this case g = N1+N2+Nv. It should be stressed that there
are no conditions N1=const. or N ′

x = const. which are commonly employed
in the course of the determination of the chemical potential.

If there is a substitutional solid solution in the bulk and an interstitial one
at the boundary, then, as already noted, the non-compensated transfer of
impurity atoms is possible and the following conditions will be valid:

N1 = const.
N ′

x = const. (1.139)

i.e. the solvent atoms occupy the lattice points of corresponding lattices and
they (the atoms) can change only the sites between themselves.

Finally, if both solutions are interstitial solutions, the number of the sites
is constant only if:

g1 = const.
g2 = const.
g′x = const. (1.140)
g′′x = const.

So, the following four situations can be considered:

1. Both bulk and boundary solutions are disordered substitutional solid
solutions:

g = const.
gx = const. (1.141)
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The sites of the solvent and the impurity atoms in the bulk and grain
boundary solutions (g1 and g2 and g′x and g′′x , respectively) are indistin-
guishable. Moreover,

N1 +N2 = N = const. and N ′
x +N ′′

x = Nx = const. (1.142)

2. There is a substitutional solid inside the grain body and an interstitial
solid solution at the boundary:

N1 = const.; g2 = const.; g′x = const.; g′′x = const. (1.143)

3. Both solutions are interstitial solid solutions:

g1 = const.; g2 = const.; g′x = const.; g′′x = const. (1.144)

4. There is an interstitial solid solution in the bulk, whereas at the grain
boundary a substitutional solid solution is formed.

We will restrict our consideration to the first and second situation but even
under this limitation the variety of possibilities is much larger than in the case
of adsorption at the solid-gas interface.

While the adsorption at free surfaces which occurs from gas and bulk so-
lution is obviously ideal, in the case of adsorption at grain boundaries new
possibilities arise since the solid solution is nonideal. It is nonideal not only
thermodynamically, because of the usual force interaction, but also because
of an “exchange” interaction caused by the crystalline order. Thus, one site
can be occupied by only one atom, etc. In principle, three situations are pos-
sible for each of the subsystems under consideration (the bulk solution, the
boundary solution).

The first is realized when the number of particles is much smaller than the
number of sites, i.e. N � g; consequently, either the bulk solution (concen-
tration c� 1) or the grain boundary solution (the degree of boundary filling
Θ � 1) is dilute.

Then the permutation probability in this case is determined by the Boltz-
mann distribution

W =
gN

N !
(1.145)

The second possible situation is realized when each site of both the bulk and
the grain boundary solution can be occupied by not more than one particle
(n ≤ g) (in analogy to the Fermi-Dirac distribution)

W =
g!

N !(g −N)!
(1.146)
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then c,Θ ≤ 1.
Finally, we come to the third possibility: each site can be occupied by an

infinite number of particles (an analogue of the Bose-Einstein distribution)

W =
(g +N)!
g!N !

(1.147)

As a result of possible situations for adsorption at internal interfaces in
solids, in particular at grain boundaries, largely exceeds the diversity of situ-
ations for adsorption at solid-gas interfaces.

Let us comment on the derivation of the adsorption isotherm. We are look-
ing for the minimum of the isobaric-isothermic potential by setting the partial
derivative ∂G/∂N2 equal to zero under the boundary conditions given in Ta-
ble 1.1. Since N2 + N ′′

x = const., it follows that ∂/∂N2 = −∂/∂N ′′
x etc. We

assume also that U1 = 0 and U2 = U , in other words, the adsorption heat of
the matrix component is zero: it means that only the solute atoms segregate
at the grain boundary.

If the phase has different types of sites — which is typical for ordered solu-
tions, and consequently, which is particularly important for grain boundaries
— it is necessary to take into account not only the kinds of atoms but also
their number and sites of each type. For example, if there are two distinguish-
able kinds of sites α and β, the number of matrix atoms at the sites of the first
kind is nα

1 and so on. Then the permutation probability should be written as

(Nα
1 +Nα

2 )!
(
Nβ

1 +Nβ
2

)
!

Nα
1 !Nα

2 !Nβ
1 !Nβ

2 !
instead of

(N1 +N2)!
N1!N2!

For the substitutional solid solution the concentration of solute atoms in the
bulk solution c and the part of occupied sites in the boundary solution Θ can
be defined in the natural way: c = N2/g, Θ = N ′′

x /gx. For the interstitial
boundary solution Θ = N ′′

x /g
′′
x.

Let us consider, as an example, the isotherm in a system, where both bulk
and boundary solutions are concentrated and in the boundary solution each
site can be occupied by one particle

Z =
g!

(g −N2)!N2!
· (Z1)

N1 · (Z2)
N2 gx!

(gx −N ′′
x )!N ′′

x !

· (Z ′
x)N ′

x (Z ′′
x )N ′′

x · exp
(
N ′′

xU

kT

)
(1.148)

Since N2 +N ′′
x = const., N1 +N ′

x= const., N1 +N2 = g=const.

Z =
g!

N1!N2!
(Z1)

N1 (Z2)
N2 gx!

N ′
x!N ′′

x !
·

· (Z ′
x)N ′

x · (Z ′′
x )N ′′

x exp
(
N ′′

xU

kT

)
(1.149)
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TABLE 1.1
Different Variants of the Isotherms

No. Bulk solution Surface solution
Conditions W Conditions Wx

1
2 gN2/N2!
3

substitutional g!/N1!/N2! substitutional g
N′′

x
x /N ′′

x !
4 g = const. gx = const. gx!/N ′

x!N ′′
x !

5 (gx + N ′′
x )!/gx!N ′′

x !
6
7 (g + N2)!/g!N2!
8
9 substitutional gN2/N2! substitutional
10

11 g = N1 + N2 + Nv g!/N1!N2! g′
x = const. (g′′

x)
N′′

x /N ′′
x !

12 N1 = const. g′′
x = const. g′′

x !/N ′′
x ! (g′′

x − N ′′
x )!

13 Nv = const. N ′
x = const. (g′′

x + N ′′
x )!/g′′

x !N ′′
x !

14
15
16 (g + N2)!/g!N2!
17
18

Therefore, taking Stirling’s approximation, and the obvious relations

∂

∂N2
= − ∂

∂N ′′
x

= − ∂

∂N1
=

∂

∂N ′
x

(1.150)

we get
(
∂ ln Z
∂ N2

)

g,gx=const.

= ln N1 − ln N2 − ln Z1 + ln Z2 +

+ln N ′′
x − ln N ′

x + ln Z ′
x − ln Z ′′

x − U

kT
= 0 (1.151)

With the notations
c = N2/g, Θ = N ′′

x /gx

and
B = (Z1 Z

′′
x/Z2 Z

′
x) exp (U/kT)

we have

ln
g −N2

N2
− ln

gx −N ′′
x

N ′′
x

= ln
[
Z1Z

′′
x

Z2Z ′
x

exp (U/kT)
]

and thus

ln
(

1
c
− 1

)
− ln

(
1
Θ

− 1
)

= ln B
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and finally

Θ =
Bc

1 − c+Bc
(1.152)

This result coincides with the Zhuchovitskii-McLean isotherm [23, 25]. Ne-
glecting the term “c” in the denominator, we obtain the Langmuir isotherm:

Θ =
Bc

1 +Bc
(1.153)

For c� 1 and bc� 1 both equations give the Henry isotherm.
The coefficient b, which is proportional to exp(U/kT), consists in fact of

the solubility, more correctly, the ratio, of the impurity solubilities at the
grain boundary and the bulk (c′0/c0). Actually, the heat of adsorption, or the
heat of transfer of the impurity atom from the bulk to the grain boundary
U , is equal to the difference between the heat for dissolving it in the bulk q
and that for dissolving it at the grain boundary qx (if as zero energy level is
taken the energy of the atom in a phase, which is in equilibrium with both
our solutions, for example, in the gas phase). So, c′0/c0 ∼ exp [(q − qx) /kT] ∼
exp [U/kT] ∼ B. Conceptually, the same result was obtained by McLean, since
in his derivation U = E − e, where E is the energy of dissolution in the bulk,
and e is the energy of dissolution in the grain boundary.

The last group of isotherms describes the situation when each site in the
interface (grain boundary) can be occupied by a number of particles.

For concentrated substitutional bulk and boundary solutions, in accordance
with the procedure elaborated above, we get:

Z =
g!

N1!N2!
(Z1)

N1 (Z2)
N2 · (gx +N ′′

x )!
gx!N ′′

x !
·

· (Z ′
x)N ′

x (Z ′′
x )N ′′

x exp
(
N ′′

xU

kT

)
(1.154)

N2 +N ′′
x = const.; g = const.

N1 +N ′
x = const.; gx = const. (1.155)

N1 +N2 = g = const.

and
Θ =

Bc

1 − c−Bc
(1.156)

As mentioned above Θ = Γ/Γf , where Γ is the adsorption and Γf is the
number of sites. In the example considered, it is possible that Γ > Γf , and,
consequently, Θ > 1 and even, under certain conditions, it is possible that
Θ → ∞ (Table 1.2).

The expression (1.156) is an analogue of the multilayer adsorption, other
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TABLE 1.2

Adsorption isotherms
No. Isotherms Restrictions

1 Bc c� 1
2 Bc/(1 +Bc) c� 1
3 Bc/(1 −Bc) c� 1
4 Bc/(1 − c) Θ � 1 or c� (1 +B)−1

5 Bc/(1 − c+Bc c ≤ 1 or Θ ≤ 1
6 Bc/(1 − c−Bc c ≤ (1 +B)−1 or c0 + c′0 ≤ 1

10 B′c exp(−c) c� 1
11 B′c/[exp(c) +Bc] c� 1
12 B′c/[expc) −Bc] c� 1
13 B′c Θ � 1 or c� B−1

14 B′c/(1 +B′c) c ≤ 1 or Θ ≤ 1
15 B′c/(1 −B′c) c ≤ B−1 or c′0 ≤ 1

Notes:
The numbering of isotherms in Table 1.1 is consistent with Table 1.2.

B = Z1Z
′′
x exp(U/kT)/Z2Z

′
x = B0 exp(U/kT)

B′ = Z ′′
x exp(U/kT)/Z2 = B′

0 exp(U/kT)
c0 and c′0 are the solubility of impurity atoms in the bulk (grain) and
at the boundary

B = c′0/c0

than in the BET (Brunauer, Emmet, Teller) version, where two types of sites
with two different heats of adsorption were introduced. There is one heat of
adsorption for each adsorption layer in the example considered (Eq. (1.156)).
Such a situation was considered by Langmuir in 1918

Θ =
Bp

1 −Bp
(1.157)

It is obvious that B = p−1
0 , where p0 is the pressure of the saturated vapor.

When p→ p0, Θ and Γ → ∞, then condensation occurs.
Thus far we have taken into account the degrees of freedom associated with

the type of the bulk and boundary solutions. We also assumed that the grain
boundary is homogeneous, with regard to the adsorption sites, and that there
is an interaction between the adsorbed atoms. The further development of ad-
sorption theory should consider the effects mentioned. Some of the adsorption
isotherms with interaction (both in the bulk and the boundary solution) were
considered above (Eqs. (1.126)–(1.133)). Now we would like to show how this
problem can be solved in the statistical approach. The consideration will be
given in the Bragg-Williams approximation.

The expression for the statistical sum of the system can be obtained by mul-
tiplying the right-hand side of Eq. (1.127) by exp

[−ZΔ (N ′′
x )H2/ (2gxkT)

]
.
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Following the procedure given above we get instead of the isotherm Θ =
Bc(1 +Bc) the isotherm

Θ =
Bc exp (−γ̃Θ)

1 +Bc exp (−γ̃Θ)
(1.158)

The expression (1.158) is the Frumkin isotherm, with γ̃ = ZΔ/kT. Obvi-
ously, under the condition |ε12| > |(ε11 + ε22) /2| the heat of mixing Δ < 0
and γ̃ < 0. Then for large |Δ| � kT we have Θ → 1: interaction leads to
saturation. In contrast, for Δ > 0 and γ̃ > 0 saturation cannot be reached.

An analysis of the isotherms (1.126)-(1.135), (1.158) shows that at a tem-
perature lower than the critical temperature Tcr there is a “jump” on the
isotherm — a segregational phase transition, which disappears at Θcr = 1/2
or Tcr = ZΔ/2k (for the isotherm (1.158)).

In order to derive the expressions for a multilayer isotherm, i.e. the adsorp-
tion at a non-homogeneous surface (grain boundary), it is rational to consider
the transfer process of particles between the boundary solution and the bulk
solution by using the Gibbs grand canonical distribution. In such an approach
the number of impurity particles in the solution is

Nx = λ

(
∂ ln Z̃

∂λ

)

T,V

(1.159)

where Z̃ = ΣλNZNx is the grand canonical sum; the summation is taken over
all possible states, which differ in the number of particles; ZNx is the statistical
sum for N particles in the boundary solution and a is the thermodynamic
activity: a = exp (μ/kT).

The calculation reduces, consequently, to the determination of the grand
statistical sum for the different situations [28, 29]

1. There are states in the boundary solution at the common Langmuir
adsorption which do or do not contain one particle. Then for the first
particle the grand sum is equal to 1+λZ1x and for gx adsorbed particles

Z̃ = (1 + aZx)gx (1.160)

Using Eqs. (1.159) and (1.160) we obtain the Langmuir equation Θ =
Bc/(1 +Bc) or, over the range of concentrations, Θ = Bc/(1− c+Bc).
For a solution with a limited solubility

Θ =
Bc

c0 − c+Bc
(1.161)

where c0 is the limit of the bulk solubility.
In the description of the adsorption at a non-homogeneous surface the
dependence of the heat of adsorption on the “number of sites” dU/dΓ

© 2010 by Taylor and Francis Group, LLC



1.2 Thermodynamics of Surfaces 43

should be given. If the adsorption heat takes the discontinuous values
U1, U2, U3, .... Ui, then with Bi

∼= exp (Ui/kT) we obtain

Θ =
∑

i

αi
Bic

1 +Bic
(1.162)

where αi is the fraction of sites with the heat Ui. (Obviously, Σαi = 1.)
If dU/dΓ=const. (Temkin isotherm):

Θ =
1
γ̃

ln
1 +Bmaxc

1 +Bminc
(1.163)

where Bmax ∼ exp(Umax/kT); Bmin ∼ exp(Umin/kT); γ = (Umax −
Umin/kT); Umax, Umin are the maximum and the minimum value of the
heat of adsorption, respectively.

2. In the case of multilayer adsorption it should be assumed that there
are states with 0, 1, 2, .... N particles. In accordance with concepts
of multilayer adsorption (BET) let us distinguish the states when the
particle is in the first layer (Z1x), or in the second (Z2x), third (Z3x) and
so on. In this case all states succeeding the first are indistinguishable
from one another, i.e. Z1x = αZ2x, α = exp (U1/kT), and Z2x = Z3x =
.... = ZNx. Then:

Z̃ =
(
1 + λZ1x + λ2Z1xZ2x + λ3Z1xZ2xZ3x + ....

)gx

or, at specified conditions

Z̃ =
(
1 + λαZ2x + λ2αZ2

2x + λ3αZ3
2x + ....

)gx =

=

{
1 + λαZ2x

(λZ2x)N−1 − 1
λZ2x − 1

}gx

(1.164)

Here, like in the previous case, λZ1x = λαZx = Bc, λZ2x = B′c, where

B = exp (U/kT) = c′0/c0 and B′ = c−1
0

Finally

Nx

gx
= Bc

N (B′c)N−1 + (N − 1) (B′c)N−2 + ...+ 2B′c+ 1

1 +Bc
[
(B′c)N−1 + (B′c)N−2 + ...+B′c+ 1

] (1.165)

We can also introduce the fraction Bc/(1− c) or Bc/(c0 − c) instead of
Bc to describe Θ over the whole range of concentrations.
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In the special case n = 1 Eq. (1.165) coincides with the Langmuir isotherm.
In the special case N = 2

Nx

gx
= Bc

2B′c+ 1
1 +Bc (B′c+ 1)

(1.166)

At last, in the special case N → ∞ we get the BET isotherm:

Nx

gx
=

Bc

(1 −B′c) (1 +Bc−B′c)
(1.167)

Consequently, the given analysis shows that there are many situations that
can be realized for the adsorption from a solid solution to internal surfaces.

1.3 Experiments

1.3.1 Adsorption

All experimental methods of studying grain boundary adsorption, or, as it is
more customary to say, “segregation,” can be subdivided into two groups.

The methods of the first group are associated with the direct analysis of the
composition of the surface (grain boundary) layer and subsequent calculation
of the value of adsorption from the formula: Γ′

i = z̃ (csi − ci). The quantity
z determines the thickness of the grain boundary. The adsorption (segrega-
tion) calculated in this way is the concentration part of the total adsorption
(segregation); this part is the excess adsorption in Gibbs’ sense, i.e. specific
boundary excess of the particles of the i-th kind. The adsorption quantities
of different components are connected by the apparent relationship

Γ′
1 + Γ′

2 = 0 (1.168)

The methods of direct measurement of the grain boundary adsorption (seg-
regation) were actively developed in recent years [30]–[34]. Comprehensive
reviews give an idea of the present state of the art of grain boundary ad-
sorption and, in particular, how the segregation experiments fit the modern
concepts of grain boundary structure [34, 35].

The following problems are most interesting for the physicist and materials
scientist:

(a) how wide is the zone of grain boundary segregation;

(b) which way is the segregation associated with the grain boundary struc-
ture;
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(c) which isotherms can describe the grain boundary segregation, which is
the magnitude of the adsorption (segregation) heat, number of adsorp-
tion sites, and the enrichment of grain boundaries;

(d) finally, what are the activities of atoms in the grain boundary solution.

The first three problems can be treated equally by the direct and indirect
methods of investigating grain boundary segregation, whereas the last problem
(d) is best studied by analysis on the basis of the Gibbs adsorption equation
(1.150). All investigations give an unambiguous answer to the first question:
the zone of grain boundary segregation, or, in other words, the enriched zone
is narrow, not more than some monolayers. Usually, the enrichment does not
exceed the capacity of one monolayer, but for grain boundary adsorption of
Sn in bcc Fe polycrystals the capacity of 1.5 monolayers was achieved [31].
It is of significance that the result mentioned above was obtained using the
Gibbs adsorption equation as well as Auger electron spectroscopy measure-
ments (Fig. 1.8).

The direct criterion for the surface activity is the derivative ∂γ/∂μi; for
dilute or ideal solutions ∂γ/∂c, respectively. (It should be taken into account
that even if the bulk solution is dilute the grain boundary solution can be
saturated.) However, the dependence γ(c) as a rule is unknown. That is why
a number of criteria were proposed to estimate the grain boundary activity of
different impurities including the difference of the melting temperature of the
solvent and the solute, the difference of the generalized moments, the atomic
volumes, etc. All correlations were qualitative; only the coincidence of the sign
was checked.

The development of new direct experimental methods enables us to obtain
quantitative correlations. Hondros and Seah [36] introduced the enrichment
coefficient β = Θ/c, where Θ is the fraction of the packed area of the grain
boundary, which can be determined as Θ = Γ/Γf . Γf fits the situation that all
adsorption sites are occupied. It is of importance that the linear dependence
between the coefficient β and the bulk solubility c−1

0 has been observed (Fig.
1.9) [36]. The coefficient β determined in [36] ranges from 100 to 103 − 104.
The linear dependence between β and c−1

0 is satisfactorily met over a wide
range: from the system with complete solid solubility (Cu-Au, Fe-Ni; for such
systems β ∼= 1) to systems with c0 ∼= 10−2% (α-Fe-S, Ni-S, Cu-Bi; for them
β ∼= 103 − 104). It should be mentioned, however, that for systems with ex-
tremely low solubility in the solid state some side effects can interfere with
the segregation process.

A new point of view of this problem was recently suggested [37]. In this
work, the segregation of Bi at grain boundaries in polycrystalline Cu was
studied by the AES technique. The grain boundary segregation in Cu-Bi has
been treated previously in a number of experimental studies and by computer
simulation techniques [38]. The transition from intercrystalline to intracrys-
talline fracture, induced by an increase in temperature was associated with
the abrupt decrease of the grain boundary segregation of Bi, which can be de-
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rived from an isotherm similar to the isotherms or (1.128), (1.130), (1.131) —
the Fowler-Guggenheim isotherm, (1.158) — the Frumkin isotherm. However,
in all previous works the question has been ignored whether the samples are
in a single- or in a two-phase region of the binary Cu-Bi phase diagram. Due
to this fact it is conceivable that the exact values of the solubility of Bi in the
bulk of solid Cu were unknown. Chang et al. [37] determined the solidus line
at the Cu-rich side of the Cu-Bi phase diagram precisely. Simultaneous AES
measurements showed that the abrupt decrease of grain boundary segrega-
tion of Bi during the increase of temperature occurred approximately at the
solidus temperature. Therefore, at low temperatures the Cu-Bi alloys were in
a two-phase state and the high grain boundary segregation of Bi can be ex-
plained by the precipitation of the Bi-rich phase at the grain boundaries. Such
precipitates can have the form of continuous planar layers, if the conditions
for complete wetting of the grain boundaries by the Bi-rich phase are fulfilled.
The thickness of the layer should be proportional to the supersaturation of
Bi. Extending this behavior to other binary systems one can state that in
systems with a low solubility of segregating impurities in the solid matrix the
degree of the supersaturation impurities is high, which leads to thick precip-
itation layers at the grain boundaries. This is an alternative approach to the
correlation of Hondros and Seah [36] (Fig. 1.9). It should be noted that the
thickness of the layer could be stabilized by an attractive interaction of two
interphase boundaries (see Sec. 1.3).

In which way is the segregation at grain boundaries associated with the
grain boundary structure? The experimental results obtained by direct meth-
ods of grain boundary segregation, essentially by AES and atom probe-field
ion microscopy, show that the segregation at grain boundaries is determined
by their structure. So, the data of segregation of Po at symmetrical 〈100〉 tilt
grain boundaries in alloys of Pb-5%Bi are shown in Fig. 1.10 [39]. The abrupt
increase of segregation in the vicinity of misorientation angles of ∼ 15◦ cor-
responds to the transition from low-angle to high-angle grain boundaries. In
Fig. 1.11 the dependence on misorientation of the enthalpy of segregation of
carbon (C), phosphorus (P) and silicon (Si) at symmetrical 〈100〉 tilt grain
boundaries in bicrystals of Fe-3.5%Si is shown [40]. It is easy to see that the
observed minima of the curves relates to special misorientations. Fig. 1.12
gives the misorientation dependence of the segregation of Re at 〈011〉 twist
grain boundaries in a W-25%Re alloy [41].

The sharp minima of the segregation of Re were discovered at a grain
boundary of the special misorientation Σ3. It should be stressed that other
special misorientations do not show particular minima of segregation [42, 43].
This can be explained by the assumption that the adsorption capacity of twist
grain boundaries is lower than that of tilt grain boundaries. It was shown ex-
perimentally that the zone of adsorption is narrow enough [43, 44], so most
of the adsorbed material is disposed in the “core” of the grain boundary;
nevertheless, a small part of it is located outside the enriched layer [43]. Re-
cent results of computer simulations suggest that segregation is determined
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FIGURE 1.9
Correlation of measured grain boundary enrichment ratios with the atomic
solid solubility. The points denoted by stars represent measurements published
since the first correlation was made [36].
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FIGURE 1.10
Orientation dependence of Po segregation at 〈100〉 symmetrical tilt grain
boundaries in bicrystals of a Pb-5%Bi alloy [39].
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Dependences of segregation enthalpies ΔHi (I = C, P, Si) on the misorienta-
tion angle ϕ of both adjacent crystals in 〈100〉 symmetrical tilt bicrystals of
an Fe-3.5 at % Si alloy [40].
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by the grain boundary structure [38], [45]–[48]. Monte-Carlo simulations re-
vealed that in Pt-3%N alloys the segregation at the Σ5 boundary can be
described successfully [42]. Further Monte-Carlo simulations indicate the mag-
nitude of how impurity atoms fill the grain boundary. So, first the cores of
grain boundary dislocations are filled and then the remaining grain boundary
sites. Monte-Carlo simulations make clear the segregation behavior of twist
grain boundaries and predict an increase of segregation with an increase of
the angle of misorientation [47, 48].

Beyond any doubt, the construction of a grain boundary segregation dia-
gram constitutes a real success of theory and experiment [49]. Fig. 1.13 demon-
strates the 3D diagram of the enthalpy of grain boundary segregation of P
in α-Fe as a function of the angles of misorientation and inclination (with
respect to the symmetrical position) [50].

It should be pointed out that the comparison of theory and experiment of
grain boundary segregation has been a problem. The crucial point is that the
success of such a reference depends on whether there is a sole parameter with
respect to which the reference can be accomplished. As noted in [34], such a
reference can be constructed on the basis of the theory of the structural units.
There are two essential objections to this method. First, the structural units
are known for only a small number of grain boundaries. Second, there is not
a sole parameter which can be compared by experiment and theoretical cal-
culations. Therefore, the relationship between structure and segregation can
be judged by the special misorientation (Σ), the correlation with the aver-
age interplanar spacing of the lattice planes running parallel to the boundary
[i.e. d = 1/2d {d1(hkl) + d2(hkl)}]. The first well-known attempt to perform
a direct comparison between the experiment and the computer-simulated seg-
regation picture for the grain boundary Σ3 (111) in the system Cu-Bi belongs
to Luzzi et al. [51, 52] (Fig. 1.14). The HREM image of segregated Bi at a
specific grain boundary in Cu was compared with the computer simulated
structure, and good agreement between experiment and computer model was
found. Taking into account the circumstances, mentioned above, associated
with the wetting of grain boundaries in Cu by Bi, the comparison of Bi seg-
regation at grain boundaries in Cu seems to be not as ambiguous as it was
represented in [52].

Next we would like to stress that there is a crucial discrepancy between
the experimental and the theoretical approach. As mentioned in [34] the the-
oretical modeling is most commonly based on the study of simple (from the
theoretical point of view) systems and simple grain boundaries. For instance,
the solution of two metallic elements of a similar electronic structure such as
Au-Ag, Cu-Ag was considered. As is well known, such similarity leads to a
continuous solubility in the solid. Contrary to the theoretical approach, ex-
perimentators choose systems with high segregation of one of the components
and with embrittlement of grain boundaries, which is of vital importance.
These conditions fit systems with an extremely small solubility of one of the
components. That is why the good agreement is so encouraging between the
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Dependence of the effective interplanar spacing deff/b for 〈100〉 tilt grain
boundaries on the misorientation angle ϕ and inclination Θ with respect to
symmetrical boundary (STGB) (Cu-Bi) [51, 52].

experimental and theoretical values of the segregation energy for phosphorus
(0.138 eV and 0.15 eV, respectively) and for silicon (0.09 eV and 0.10 eV,
respectively), at the special Σ5 〈100〉 (36.9◦) symmetrical tilt grain bound-
ary [34, 53, 54]. This success should not be overestimated: for P in α-iron the
predicted values of segregation energy vary within wide limits: from 0.8 to
2.25 eV as compared to experiments: ∼0.22 – 0.4 eV [34, 55, 56].

The last question we promised to consider in this chapter is how the grain
boundary structure is determined by impurity segregation. Actually, the de-
scription of grain boundary (generally, interface) segregation as a distribution
of impurity atoms between a certain number of active segregation sites is a
model. In reality, the structure of the interface is a function of the nature and
amount of impurity atoms in it; in other words, the segregated atoms should
change the structure of the interface, and in turn the structure of the interface
should determine the number of possible adsorbed atoms and their adsorption
characteristics. Inspite of the first steps in this direction were made almost 15
years ago by Sutton, Lundberg and Srolovitz [35], [57]–[59], it is too early to
talk about the definite results.

The next problem we would like to consider is which types of isotherms of
segregation discussed above apply to grain boundary segregation. The first
who pointed out that grain boundary segregation can be described on the ba-
sis of the classical theory of interface phenomena were supposedly Mehl [60]
and Stout [21]. The term “intercrystalline adsorption” was introduced by
Arharov [61].

The Gibbs equation (1.50), which connects the change of the surface tension
with the variations in temperature, pressure and chemical potentials of the
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bulk phases, is true for any surface which is in equilibrium with the volumes
subdivided by it. At constant T and V , Eq. (1.50) can be transformed into
the relation (1.53):

Γi = −
(
∂γ

∂μi

)

T,V,S

(1.169)

The Gibbs equation in the form of Eq. (1.169) and in its simplest form (Eq.
(1.60)) may be used to determine the grain boundary adsorption (segrega-
tion). It was implemented for the grain boundary segregation by Hondros and
Seah [36, 62, 63]: P in γ-Fe, Sn, Si and S in δ-iron. Even for a binary solution
this is not a very easy measurement. But actually the crucial point is not the
difficulty of experiment and calculation, but rather to understand which law
governs grain boundary segregation.

The Langmuir-Zhuchovitskii-McLean isotherm (Eqs. (1.152),(1.153)) [23]
was historically the first isotherm of surface adsorption which was applied to
explain the concentration dependence of grain boundary segregation. Exam-
ples of systems described successfully by this isotherm are: P in α-Fe [64], In
in Ni [65].

The isotherm of multilayer adsorption (Eqs. (1.165)–(1.167)) was also used
to describe experimental data [36, 66]. This isotherm was first put forward by
Brunauer, Emmet and Teller (BET) [67] to explain the gas adsorption at a
free surface in a close vicinity of the condensation point: C → C0; Γ → ∞.
The “infinite” adsorption in this case physically means condensation, i.e. the
formation of a liquid film. Similarly, an “infinite” segregation at grain bound-
aries indicates the formation of a new phase or at least the pre-precipitate
stage. The grain boundary segregation of tin, sulfur, phosphorus and anti-
mony in iron and nickel [36, 63, 66] was explained on a basis of a multilayer
grain boundary segregation.

An important feature of the adsorption isotherms, mentioned above, is that
the physical act of adsorption is independent of the degree of filling of the
adsorbed layer (of the number of atoms, which have been adsorbed before); in
other words, these isotherms do not take into account the interaction between
the adsorbed atoms. This type of isotherm was considered above (Eqs. (1.128)–
(1.133)). One of the “isotherms with interaction,” the Fowler-Guggenheim
isotherm (Eq. (1.131)), was repeatedly applied to different systems to explain
the peculiarities of adsorption (segregation) behavior (selenium and tellurium
in α-iron [66], Bi in Cu [68], and antimony in α-iron [69]).

1.3.2 Grain Boundary Surface Tension

Unfortunately, direct experimental investigation of boundary adsorption is
only possible in a very few systems. In this case the only way to calculate the
equilibrium grain boundary segregation Γi is to use the Gibbs equation (1.57)
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FIGURE 1.15
Methods of grain boundary surface tension measurement: (a) equilibrium an-
gles at triple function; (b) rotating ball method: sintering of small signal crys-
tal balls to single crystal substrate; (c) thermal groove method; (d) zero-creep
method; (e) method of a “floating” wedge; (f) hypothetical method of an
“equilibrium” grain boundary thermal groove; (g) balance of grain boundary
surface tension and volume diving force.

and to relate it to macroscopic parameters such as the grain boundary surface
tension γ and the chemical potentials μi of the components in the grain. In
this case the surface tension of the grain boundary should be measured for a
number of alloys and preferably at different temperatures. Let us consider the
— unfortunately few — experimental methods, which give us an opportunity
to measure the grain boundary surface tension. A brief summary of different
schemes of the measurement of grain boundary surface tension is shown in
Fig. 1.15 [70].

The first method can be called the triple junction method [71, 72] (Fig.
1.15a). If there is a mechanical equilibrium at the triple junction and the grain
boundary surface tensions do not depend on the orientation of the boundaries,
the relation between the surface tension of different boundaries can be found
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from Young’s theorem:

γl

sin α1
=

γ2

sin α2
=

γ3

sin α3
(1.170)

where αi indicates the contact angles opposite to γi. If the surface tensions
of the grain boundaries depend on their orientation, the dependency ∂γi/∂Θi

should be taken into account where Θ is the inclination of the boundary with
regard to a reference plane [73]. These terms are associated with the forces
which tend to rotate the boundary into the position with minimum energy;
according to Herring [73]

γ1

(1 + ε2 − ε3) sinα1 + (ε3 − ε1) cosα1
=

=
γ2

(1 + ε1 − ε3) sinα2 + (ε1 − ε3) cosα2
= (1.171)

=
γ3

(1 + ε1 − ε2) sinα3 + (ε2 − ε3) cosα3

where εi = ∂ lnγ
∂Θi

denotes the dependence of the grain boundary surface ten-
sion on grain boundary orientation. These εi are referred to as torque terms.

The influence of the torque terms is important in the vicinity of special mis-
orientations (see Chapter 2). For random grain boundaries and far from special
misorientations the values of (∂γi/∂Θi) are small enough and Eq. (1.170) gives
a reasonable approximation.

This method was used in many experimental investigations [74]–[76]. It is
especially suitable for grown tricrystals, where two grain boundaries have the
same misorientation and the surface tension of the third can be calculated, or
when the observation of the change of the surface tension of the third grain
boundary is the main purpose of investigation (Fig. 1.16). Such experiments
make it possible to compare the surface tensions of different grain bound-
aries, or grain boundaries with different orientation in the same material. It
was shown, in particular, that the minima of the misorientation dependence
of the grain boundary surface tension correlate with special misorientations
in the coincidence site lattice theory (see Chapter 2).

Another relative method of investigation of the grain boundary surface ten-
sion was proposed by Wilson and Shewmon [77] and was applied in many
experimental studies [78]–[80]. If a number of small single-crystal balls would
be put on a single-crystal substrate of the same material at diffusion temper-
ature, they then would rotate during sintering to the substrate to decrease
the surface tension of the newly formed grain boundary. The main condition
for the proper conduct of the experiment is: the misorientation dependence
of the grain boundary surface tension must have singularities, sharp minima
with a discontinuity of the derivative of the surface tension with respect to
misorientation angle α, but not a usual minimum as mentioned in [35] (Fig.
1.15b). As the driving force of the rotation of the balls is proportional to the
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Sequential junction position during measurement of temperature dependence
of γ1/γ2.

derivative (∂γ/∂Θ), the driving force is kept up in the case of a singular dis-
continuity until the balls reach the minimum energy position, whereas for a
usual minimum the derivative — the driving force for rotation — tends to zero
with the misorientation angle tending to the special misorientation. Fig. 1.17
[81] gives an example of the positions at special misorientations as estimated
by the method (Fig. 1.15b) discussed in [77].

To determine the absolute value of the grain boundary surface tension,
the tension of the reference surface must be known. For a known tension of
the free surface we can determine the grain boundary surface tension from
the equilibrium of the surface tensions at the root of a thermal groove (Fig.
1.15c). Unfortunately, there are only few methods to determine the tension of
a free surface of the crystal.

One of them is the method of zero creep [82] (Fig. 1.15d). Let us imagine a
wire of small diameter D or a thin foil with perimeter π ·D which is loaded
with a weight P at diffusional creep temperatures. The free energy of the wire
(or foil) can be defined as

F = Px + γsπDL (1.172)

where x is the coordinate of the weight P relative to the arbitrary point on
the normal to the earth surface, L is the length of the wire, γs is the surface
tension of the free surface of the wire. The equilibrium (δF = 0) corresponds
to such changes of x and length which compensate each other. Taking into
account that δx = − δL, we get

(
∂F

∂x

)

x=0

= P0 − γsπD = 0 (1.173)
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1

2

FIGURE 1.17
Corresponding sections through the pole figures of two specimen (1 and 2)
of the same type, demonstrating the reproducibility of the method used to
identify low energy boundaries. Both curves show similar peaks of diffracted
X-ray intensity at identical orientations [81].
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and γs = P0/πD, where P0 is the so-called zero-creep weight.
A more correct description takes into account the area of the grain bound-

aries and their shape [83]–[85]. Evidently, the value of the free surface tension
determined in this way is averaged over a large number of crystallographic
planes.

The method of “float wedge,” put forward and realized for the first (and
the last) time by Shewmon, is free of the disadvantages mentioned above. The
scheme is given in Fig. 1.15e. The sharp hard wedge, which is not wetted by
the tested metal, is pressed to its surface by a known force P at diffusion
temperature. A groove which is similar to the thermal groove of the grain
boundary will form under the wedge. As we know the force acting on the tip
of the groove from the side of the wedge, we can calculate the surface tension
of the free surface, if the dihedral angle is measured. If, as shown in Fig. 1.15e,
a grain boundary comes to the same surface, the surface tension of the grain
boundary is equal to

γ =
P sin Θb

L sin Θp
(1.174)

where L is the length of the wedge perpendicular to the plane of Fig. 1.15e.
Admittedly, the described method has not been used and developed in the

30 years since the Shewmon paper was published. Apparently, this method is
extremely laborious, the main reason that it has fallen into oblivion.

The principle of another method to determine the absolute value of the sur-
face tension of both the free surface and a grain boundary meeting this surface
is given in Fig. 1.15f [70]. A plate of a material, which is not wetted by the
tested metal, is placed on the smooth flat surface of the sample. (Graphite
is not wetted by many metals, like Cu, Au and so on.) The grain boundary
intersects the surface of the sample as well.

Under these conditions the groove will not grow unlimitedly, as would hap-
pen at the free surface. The growth of the groove will stop the sooner the
larger the load, comprised by the plate on the surface, i.e. as soon as the
excess chemical potential of the atoms at the curved surface of the groove,
which is γsΩa/R (Ωa is the atomic volume), becomes equal to the increase of
the chemical potential which is caused by the pressure of the plate: pΩa/Ã (Ã
is the contact area under the plate). Then the surface tension of the external
surface of the crystal is γs = pR/Ã, and the grain boundary surface tension
can be determined from the dihedral angle at the root of the groove. Never-
theless, this method, which may be called the method of equilibrium groove,
has not yet been realized.

Let us use this opportunity to consider the question of how large the ther-
mal groove of the grain boundary could get under terrestrial conditions. The
development of the thermal groove will stop if the hydrostatic (capillary) pres-
sure which results from the curvature of the groove equals the gravitational
force:

γs/R = ρgh (1.175)
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where h is the depth of the groove, and ρ is the density of the metal.
Assuming h ∼= R, we get

R ∼=
√
γs

ρg
(1.176)

The expression under the root sign is known as the capillary constant. For val-
ues which are typical for metals, the limiting value of the radius of curvature
R, i.e. for the depth of the thermal groove h, is approximately ∼0.3 cm. Of
course, it is impossible to obtain such a groove in a reasonable time. Usually,
the depth of the thermal groove does not exceed some ten micrometers, and
this result is important for us, less from the general point of view than for
pragmatic reasons.

We discussed above that the grain boundary is a degenerate kind of in-
terphase, and if an external tensorial field is applied to the system, the de-
generation will be removed and, from the thermodynamical standpoint, the
grain boundary can be described as an interphase. This provides a method
to measure the absolute value of the grain boundary surface tension. If an
external field is applied to a system with a grain boundary, which is locked at
the surface of the sample, a difference in the specific free energies of the grains
will arise (g2 − g1); due to this difference the initially flat grain boundary will
bend like a membrane under the pressure. In this case the grain boundary
surface tension can be estimated as (Fig. 1.15g)

γ = R (g2 − g1) (1.177)

The difference in the specific free energies of the grains (g2 − g1) should be
large enough, otherwise the radius of grain boundary curvature R will be too
large to be measured with sufficient accuracy. Such a scheme, as can be seen,
provides a unique opportunity to determine the absolute value of grain bound-
ary surface tension. Firstly, this method was applied to the measurement in
polycrystalline Bi in a magnetic field [86], and, quite recently, to the grain
boundary in bicrystals of Bi in a magnetic field [87].

The modern techniques of determination of the chemical content of surface
layers in solids together with the thermodynamics of surfaces suggest a new
method of “experimental calculation” of the surface tension of free surfaces
of solid alloys [88]. As shown in [89], modern methods like low-energy ion-ion
scattering permits us to determine the content of a surface monolayer. Hence,
the surface tension of a free surface can be estimated by integrating the Gibbs
adsorption equation. This method, together with the determination of the
dihedral angle at the root of the grain boundary groove, holds considerable
promise for the study of grain boundary and interface phenomena in metals
and alloys.
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FIGURE 1.18
Dependence of grain boundary surface tension in Cu-Au on (atomic) Cu con-
centration [90].

1.3.3 Examples

In the following we will show how to determine grain boundary segregation
and how to obtain an estimation of the activity of the atoms in the boundary
solution in the event that the dependence of the grain boundary surface ten-
sion on the concentration has been measured, using the example of the binary
system Cu-Au [90]. The point is that there is very little information about
the isotherms of the surface tensions. Even if the dependence of the surface
tension on composition is known, it is only over a very narrow range of con-
centrations. Moreover, the isotherms of the activities (chemical potentials) of
the components usually are not known, and without sufficient evidence the
conclusion is drawn that the solutions are dilute.

There appear to be only two studies in which the surface tension of grain
boundaries has been measured for the entire range of concentration, namely
of the systems Cu-Au and Cu-Ni [24, 91], and there are isotherms of the bulk
activities of both components for these systems. For the system Cu-Au the
surface tension was determined by the zero-creep technique, while for the sys-
tem Cu-Ni the technique described above was applied using the measurement
of the chemistry of the surface monolayer and the Gibbs adsorption equa-
tion [88, 89, 91]. Because the method of thermodynamic treatment of grain
boundaries considered above (Eqs.(1.82)–(1.116)) was first applied to the sys-
tem Cu-Au [24], the explanation of how this method works in detail will be
given using this system as an example.

The experimentally determined dependence of the grain boundary surface
tension on the atomic fraction of Cu in the system Cu-Au is depicted in Fig.
1.18. The grain boundary surface tension γ was determined at 1123 K by
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measuring the equilibrium angle at the root of a thermal groove:

cos Θ/2 = γ/2γs (1.178)

where γs is the surface tension of the free surface was determined by the
zero-creep technique at the same temperature (Fig. 1.18). The isotherms for
the activities ai of Cu-Au components at 800 K were taken from reference
books [92, 93] and converted to 1123 K using the equation

∂ ln ai

∂T
=

ΔHi

RT
(1.179)

assuming that the partial molar enthalpy of dissolution of the i-th component
ΔH̄i does not depend on temperature in the range from 800 to 1123 K.

We would like to reiterate once again that the model of a homogeneous grain
boundary used in Eqs.(1.82)–(1.116) and taken as a basis for the calculations
in [24, 90] coincides with the model for the surface layer of Guggenheim and
Adam [8]. The same model was used by Zhuchovitskii in his theory of sur-
face solutions [25]. Zhuchovitskii treated a surface layer as a two-dimensional
solution with its own thermodynamic properties and in equilibrium with a
volume solution. The dependence of the surface tension on composition in
such a system is defined by Eqs.(1.93)–(1.105):

γ − γi = z RT ln as
i /ai

where z is the total number of adsorption centers in a unit boundary area; z
is assumed to be independent of composition. In our notation z = λρs. The
combined solution of Eqs.(1.103)–(1.104) and the Gibbs equation in the form

z RT [Cs
1 d ln a1 + (1 − Cs

1) d ln a2] = −dγ (1.180)

provides a means for obtaining the activity isotherm of each component of a
binary surface (boundary) solution: as

i (Cs
i ). But if the adsorption isotherm

Γ′
i is calculated, then the composition of the surface solution Ns

i can be found
from Eq. (1.115)

Γ′
i = z (Cs

i − Ci)

The relation between the activities of the components in surface and volume
solutions according to Zhuchovitskii (Eq. (1.97)) is given by

as
1

as
2

=
a1

a2
exp

(
γ2 − γ1

z RT

)

where, obviously, (γ2−γ1)/z means the heat of adsorption, which is a constant
in the discussed model.

Eqs.(1.103)–(1.105) can be generalized to the case of several “types of sites”
at the grain boundary [24]:

γ − γi = RT
∑

k

zk ln
(
as

ik

ai

)
(1.181)
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FIGURE 1.19
Isotherm of Cu adsorption on grain boundaries in Cu-Au at 850◦C [24].

as
1k

as
2k

=
(
a1

a2

)
exp (qk/kT) (1.182)

where zk is the number of sites of the k-th type, as
ik and qk are the activity

and heat of adsorption of the component i in a site k of the grain boundary.
The adsorption of the i-th component is given by

Γ′
i =

∑

k

(Cs
ik − Ci) (1.183)

Cs
ik is the atomic fraction of the component i in a site k of the grain boundary

(Cs
1k + Cs

2k = 1).
The boundary adsorption was calculated from Eq. (1.53) due to the fact

that dμi = RT d ln ai and Γ′
Cu + Γ′

Au = 0. Using the Gibbs-Duhem equa-
tion the value of Γ′

Cu can be calculated from either aCu (c1) or aAu (c1). The
isotherm of the boundary adsorption of copper ΓCu (c1) is given in Fig. 1.19.
The dependence Γ′ (c1) is oscillating because of the minimum of the curve of
γ (c1).

The experimental data, given above, were treated thermodynamically in
[24], modifying the model until a reasonable agreement between experiment
and calculation is reached. So, for the Langmuir adsorption and a non-ideal
bulk solution (γi = ai/Ci. q

′ = q +RT lnγ1/γ2) we have

Γ′
1 = zc1 (1 − c1)

eq′/RT − 1
c1eq1/RT − c1 + 1

(1.184)

It is evident from the equation that Γ′
1 has the same sign as q′. As can

be seen from Eq. (1.184), the dependence γ (c1) must have a maximum. Since
the experimentally determined dependence γ (N1) is quite different, this model
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FIGURE 1.20
Isotherm of Cu adsorption on grain boundaries in system Cu-Ni at 950◦C [91].

cannot explain the behavior of grain boundary surface tension.
The model of an inhomogeneous non-ideal solution for two types of sites

at the boundary leads to unreasonably large values for the heat of adsorption
for both types of sites:

q1 ∼= −4 eV, q2 ∼= 4 eV

Finally, the authors of [24] came to the conclusion that the best agreement
between experiment and calculations was observed for a homogeneous bound-
ary and a non-ideal boundary solution.

The same result was obtained for grain boundary solutions in the binary
system Cu-Ni [91]. Contrary to the system Cu-Au, the boundary solution is
enriched by copper for all concentrations of the alloy (Fig. 1.20).

In general, systems with an unlimited solubility in the solid are exceptions.
By far the majority of them are systems with a limited, and furthermore
with a small, solubility. These systems have been our main interest inasmuch
as all effects associated with the grain boundary adsorption clearly manifest
themselves in these systems. The alloys Fe-P, Fe-S, Mo-C and others in which
extremely small amounts of the second component drastically change the me-
chanical properties belong just to such a class of systems. The analysis of
the thermodynamics of adsorption in the systems with limited solubility in
the solid is given in [94]. Inasmuch as for systems with a narrow interval of
solubility the thermodynamics of the bulk solution is unknown as a rule, the
information regarding the properties of the grain boundary solution necessar-
ily has to be extracted from the properties of the solvent and the dependence
of the grain boundary surface tension on concentration. The expressions for
the chemical potential of the solvent (μ1) and the solute (μ2) with regard to

© 2010 by Taylor and Francis Group, LLC



1.3 Experiments 63

the corrections to the equations for ideal solutions up to square terms are
adaptable both for the bulk and the grain boundary solutions [94]:

μ1 = μ10 + kT ln (1 − c) + εc2 (1.185)

μ2 = (μ20 + ε) + kT ln c+ 3(1 − c)2 (1.186)

where ε is a parameter, which can be described as a heat of mixing, though it
can include entropy terms, which are absent in the classical theory of regular
solutions.

Introducing the thermodynamic activities

μi = μi0+kT ln ai (1.187)

we can determine the thermodynamic characteristics of the boundary solution
from the dependence γ(c), Eqs. (1.85) and (1.103)–(1.104), (1.116). Actually,

εs

kT
=

1
cs

ln
as
1

1 − cs
(1.188)

The boundary activity as
1 can be found from Eq. (1.103), and the boundary

concentration cs from Eq. (1.116).
In accordance with the Gibbs adsorption equation and the Gibbs-Duhem

equation the component concentration of the adsorption can be represented
as

Γ2 = −(1 − c)
∂γ/∂c

∂μ2/∂c
= c

∂γ/∂c

∂μ1/∂c
(1.189)

(The adsorption capacity z enters into these equations as a parameter.)
It is reasonable for systems with a very narrow interval of solubility to

consider the values of the thermodynamic characteristics of the boundary
solution at c→ 0. In this case the “heat of mixing” ε and the heat of adsorption
q take the form

εs

k
=

ε
kT (1 − 2αγ′) − 1

2

[
αγ′′ − α2 (γ′)2

]

(1 − αγ′)2
(1.190)

q = kT ln (1 − αγ′) (1.191)

where γ′ = (∂γ/∂c)c=0; γ
′′ =

(
∂2γ/∂c2

)
c=0

; α = 1/(z kT); ε is the “heat of
mixing” in the bulk solution.

So, for the determination of the main characteristics of the boundary phase
it is sufficient to know, apart from the data of the bulk solution thermody-
namics and the parameter z, the values of the first and second derivatives of
the grain boundary surface tension with respect to the impurity concentration
at c = 0.

In Fig. 1.21 the concentration dependencies of the grain boundary surface
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FIGURE 1.21
Concentration dependence of surface tension in S-Fe-P (◦); Cu-Sb (•); Fe-
Sn(Δ) [94].

tension for the systems δ-Fe-P, Cu-Sb and δ-Fe-Sn [95] are presented. The au-
thors of [94] transformed the data to coordinates (γ− γ(0)) vs. c. The results
of the calculation of the heat of adsorption and the heat of mixing in the grain
boundary solution as a function of z are shown in Figs. 1.22 and 1.23. For
comparison the results of the discussed calculation for the system Cu-Au [24]
are shown too.

Of course, the value of the parameter z can only be determined from direct
microscopic experiments. A reasonable value of z, which was discussed above,
is apparently given by 2z0 ≤ z ≤ 4z0, where z0 is the capacity of a monolayer.

Let us sum up our experience in consideration of the data of macroscopic
thermodynamic experiments. We have seen how the described scheme of ther-
modynamic analysis “works” in the case of grain boundaries, how it enables
us to obtain quantitative data regarding the interaction of the atoms in the
boundary solution from macroscopic measurements. However, the value of
the adsorption capacity of grain boundaries can be obtained from direct mi-
croscopic experiments, so in this case the thermodynamic and microscopic
investigations complement each other.

It would be very attractive to extract insight into the adsorption capacity
from model theories of the grain boundaries, but currently there is no way
to realize it. We conclude from the results that the heat of adsorption is rel-
atively small in systems with unlimited solubility in the solid (∼0.05 eV for
Cu-Au and 0.02 eV for Cu-Ni), but the heat of mixing in the grain boundary
solution is close to its magnitude in the volume value (for example, for the
system Cu-Ni 0.13 and 0.11 eV, respectively) for all reasonable values of z.
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FIGURE 1.22
Calculated heat of adsorption on grain boundaries in Cu-Sb (1); δ-Fe-Sn (2);
δ-Fe-P (3); Cu-Au (4) as a function of the adsorption capacity z.
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FIGURE 1.23
Calculated heat of mixing of grain boundary solution in δ-Fe-Sn (a):(1) δ-Fe-P
(2); Cu-Sb (3) and Cu-Au; (b) as a function of the adsorption capacity z.
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The situation is quite different in systems with a narrow solubility range.
Here the heat of adsorption is high (∼0.7–0.9 eV), and thus the surface solu-
tion ceases to be dilute even if the amount of impurities in the system is so
small that the bulk solution still can be considered as fully dilute. The values
of the heat of mixing in the surface layer, on the other hand, are small for all
reasonable values of the parameter z, even smaller than in systems with an
unlimited solubility in the solid (less than 0.1 eV).

1.3.4 Adsorption of Vacancies at Grain Boundaries

A crystal of a pure material is a single component system, by definition. On
the other hand, even in the ultra-pure material there is a defect, which may be
considered as an impurity. The case at hand is the vacancies. Usually, the con-
centration of vacancies in the crystal is rather small (even at the melting point
ceq
v ∼ 10−4 where ceq

v is the equilibrium concentration of vacancies). However,
due to the adsorption, at grain boundaries the vacancy concentration and the
associated thermodynamical effects can be much higher. The salient feature
of vacancies as impurities should be taken into account. Contrary to ordinary
impurity atoms, the number Nv of vacancies is determined by the minimum of
the free energy G of the crystal. So, for vacancies ∂G/∂Nv = 0 at T, p = const.
Since (∂G/∂Nv)T,p = μv, where μv is the chemical potential of the vacancies,
the chemical potential of the vacancies in the equilibrium is zero. For dilute
solutions μv = μ0v + kT ln cv, since μv (T, ceq

v ) = 0; μ0v = −kT ln ceq
v and

μv = kT ln cv/ (ceq
v ).

So, in accordance with Eq. (1.50), the adsorption of equilibrium vacancies
does not change the thermodynamic properties of the grain boundary. The
situation changes if the concentration of vacancies in the crystal deviates from
equilibrium. Such a possibility has been discussed often in the literature. Ac-
tually, inasmuch as the formation and disappearance of vacancies do not occur
at regular lattice points, but require diffusion from sources or to sinks, a non-
equilibrium concentration of vacancies can be kept for a long time [96]. The
redistribution of vacancies over short distances proceeds much faster. That
is why a crystal can be obtained where a partial equilibrium between grain
boundaries or interphases has been established whereas the concentration of
vacancies in the crystal is not in equilibrium. Such a situation — high concen-
tration of excess vacancies, regarding the equilibrium concentration of course,
and their adsorption at the grain boundary — was considered in [96]. The re-
sult of such an adsorption can be a decrease of the grain boundary (generally,
interface) surface tension, which is essential for recrystallization, formation
of a new phase and so on. The relation between surface tension and vacancy
concentration is determined by the Gibbs adsorption equation, on the one
hand, and by one of the considered adsorption isotherms, on the other hand.
Of course in the case of vacancy adsorption at an internal interface each ad-
sorption site can be occupied by not more than one particle (vacancy). As a
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result we obtain an equation where the left-hand side is the Gibbs equation
for the dilute solution, while the right-hand side is the Langmuir isotherm [96]

− cv
kT

dγ

dcv
=

z B cv
1 +B cv

(1.192)

where cv is the vacancy concentration, B = (cev)b / (cev)bulk = B0 exp(U/kT) is
the adsorption constant, (cev)b and (cev)bulk are the solubility of vacancies at the
boundary and in the bulk, respectively, i.e. the equilibrium concentration of
vacancies in these parts of the crystal. Bearing in mind that (cev)b and (cev)bulk

are the equilibrium thermal vacancy concentration for a given temperature in
the grain boundary and the bulk, respectively, we obtain from Eq. (1.192) by
integration

γ − γ0 = −z kT ln
(

1 +Bcv
1 +B (cev)bulk

)
(1.193)

where γ0 is the equilibrium grain boundary surface tension.
It is evident from Eq. (1.193) that any increase in vacancy concentration

of the sample to a level above equilibrium (which is maintained for a time
necessary to establish the equilibrium between grain boundary and bulk) re-
sults in a decrease of the free energy of the boundary. The estimation used in
[96] shows that an oversaturation of the sample by vacancies by cv/cev = 105,
which corresponds to quenching an aluminum sample from 900 K to room
temperature, reduces the grain boundary surface tension by ∼0.15 J/m2. In
[97] this problem was considered from a general thermodynamic viewpoint. It
was shown that the equilibrium grain boundary surface tension γ0 in a system
with vacancies is given by

γ0 = γ1 − kT

Ã
ln

{
1 − (cev)bulk + exp

(
γ1Ã

kT

)
(cev)b

}
(1.194)

where γ1 is the surface tension of a grain boundary in a sample without
vacancies and Ã is the partial area of the first component (matrix) in the
boundary.

If the entropy part of the free energy of vacancy formation is small enough,
then Eq. (1.194) can be simplified to

γ0
∼= γ1 − kT

Ã
ln

{
1 + exp

(
γ1Ã−Hb

v

kT

)}
(1.195)

where Hb
v is the enthalpy of vacancy formation in the bulk of the sample on

the grain boundary.
If the exponential term is much smaller than one, the vacancy relaxation

does not give any noticeable contribution to the grain boundary free energy.
Certainly we are not able to estimate accurately the numerator in the expo-
nent by thermodynamical means, but it can be shown that it is close to zero
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[97]. An interesting corollary to this part of the discussion arises from further
simplifying Eq. (1.194)

γ0
∼= γ1 − kT

Ã

{
γ1Ã

kT
− Hb

v

kT

}
(1.196)

This means that if the vacancy concentration of the system is at equilibrium
level, the grain boundary surface tension is determined by the enthalpy of
vacancy formation alone. It was shown in [96, 97] also that the contribution
of the vacancy concentration to the temperature dependence of the grain
boundary surface tension is negligibly small.

This analysis of the influence of vacancies on the surface properties of defects
in solids is fairly general and applicable to a variety of defects, such as grain
boundaries, phase boundaries, dislocations, etc. Until now the studies of the
influence of vacancies on the behavior of defects have mainly focused on the
purely kinetic aspect of the effect, e.g. on the fact that an increase in vacancy
concentration accelerates diffusion processes. We can see that there is also
another aspect of this problem, and that is the reduction of the free surface
energy due to the equilibrium adsorption of non-equilibrium vacancies.

The behavior of vacancies in an external stress field imposed on a system
by rotary motion was considered in [97]. A practical application might be a
running turbine blade. The distribution of vacancies across the sample can be
expressed by

cv = exp
(
Sv

k

)
exp

((−Hv − 1
2
mω2R2

)

kT

)
(1.197)

where Sv, Hv are the entropy and enthalpy of vacancy formation, respectively,
m is the mass of the atoms in the system, ω is the angular velocity and R is the
radius of rotation of a given point in the sample. As can be shown, the chemical
potential of the atoms must be kept constant for any part of the system during
angular motion. But Eq. (1.197) indicates that Nv decreases with the radial
distance R from the rotation axis. The formula (1.197), nevertheless, describes
the equilibrium concentration of vacancies in an external field, created by
angular motion.

Consideration of Eq. (1.53) shows that if the concentration of impurities,
particularly vacancies, varies across the sample but the chemical potential
is constant, then the adsorption will also be constant, even though the bulk
concentration is changing. It was mentioned in [97] that although the enthalpy
of vacancy formation Hv changes moderately (∼0.01 eV) the climb rate of
dislocation may be affected and, therefore, may influence the creep behavior
of a material.
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1.4 Applications of Grain Boundary Thermodynamics

1.4.1 Grain Boundary Phase Transitions

The problem of phase transitions at grain boundaries now attracts consid-
erable attention from scientists in solid state physics and materials science.
There are several reasons for this interest. Firstly, the progress in research in
the field of free surfaces stimulates investigations of grain boundaries. Phase
transformations at external surfaces of solids is a well-studied part of surface
science with its own theoretical and experimental base. Secondly, successes
in the theoretical description of grain boundaries, grain boundary thermody-
namics and the kinetics of processes at grain boundaries have spurred their
physical consideration and analysis. This is especially true with respect to the
progress in experimental techniques, in particular bicrystal techniques. Fur-
ther, the grain boundary phase transformations, by changing the structure of
the grain boundaries, modify some of their physical properties, in particular
the grain boundary mobility and the adsorption ability. Finally, the problem
of grain boundary phase transformations is of great practical importance. In
many cases grain boundaries determine the mechanical, chemical and electri-
cal properties of a polycrystal. An illustration of the keen interest in grain
boundary phase transitions is the number of review papers, dedicated to the
problem [98]–[100].

The problem of phase transitions at the grain boundary has been dealt with
for a long time. The fact that a grain boundary is a thin layer in a crystal with
properties which are essentially different from the bulk ones gives cause to ex-
pect some specific transitions. On the other hand, phase transitions which are
inherent in the bulk of the crystal might occur at grain boundaries at dif-
ferent magnitudes of the thermodynamic parameters (temperature, pressure,
concentration, etc.).

Since the grain boundary symmetry is significantly lower than that of the
crystal phase transitions at grain boundaries accompanied by a formation
of dissolved interlayers near the boundary (or replacing) are likely to occur.
Grain boundary melting is a most interesting phenomenon among many tran-
sitions and historically the first kind of grain boundary phase transition the
existence of which was searched for experimentally and discussed theoreti-
cally [98, 99].

1.4.1.1 Is Grain Boundary Melting Possible?

Grain boundary melting implies that the grain boundary consists of melt,
whereas the bulk of the adjacent grains is solid. It is presumed that a ther-
modynamic effect is responsible, inasmuch as we try to exclude kinetic factors
from consideration. Sometimes, grain boundary melting is confused with a
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lowering of the melting point by ΔT of a polycrystal due to the presence of
grain boundaries.

As early as 1957 P. Shewmon came to recognize that the melting of a grain
boundary at a temperature different from the bulk melting point is impossi-
ble [101]. If the grain boundary is in equilibrium with the bulk the chemical
potentials of the atoms (both of matrix and solute) at the grain boundary μs

i

must be equal to the chemical potentials of the atoms μi in the bulk.
The melting point, by definition, is the point of equality of the chemical

potentials of crystal and liquid, which is why the grain boundary should melt
simultaneously with the bulk of the crystal. Equilibrium effects (segregation
of solute atoms, vacancies) cannot change this result.

Nevertheless, not all scientists were convinced by the thermodynamically
clear conclusions of Shewmon. Li [102] proposed a thermodynamic cycle in
accordance with which the grain boundary transforms into liquid at a tem-
perature below the melting point. In accordance with Li’s approach the grain
boundary is considered as a strongly “deformed” layer of perfect crystal. Be-
cause of this, the melting temperature of such a “deformed” or “strained”
crystal must be lower than the one of the perfect crystal. As an illustration
Li considered a thermodynamic cycle 1–5, the final result of which is a liquid
phase 5. The liquid phase is reached by the melting of the perfect crystal from
one side, and by grain boundary melting from the other side (see the diagram
on the next page). Ssolid and Siquid are the entropies of the solid with a perfect
structure and the liquid, respectively.

Since

ΔG1 + ΔG2 + ΔG3 + ΔG4 = 0 (1.198)

the decrease of the melting temperature ΔT in accordance with Li is equal to
(1.199)

ΔT =
ΔGdef

Sliquid − Ssolid
=

ΔGdef

q
Tm (1.199)

where q is the latent heat of fusion and Tm is the melting point of a perfect
single crystal.

Nonetheless, the question put forward by Shewmon still remains unan-
swered: if the grain boundary is in equilibrium with the bulk of the crystal,
its transformation into the liquid phase at a temperature below the melting
point of the perfect crystal means that at this temperature (T0) the crystal is
in equilibrium with its own melt, which, in turn, signifies that at T = T0 < Tm

the relationμliq
i > μsolid

i holds.
How does all of this fit into the thermodynamic scheme of Shewmon? Cau-

tion must be exercised in reducing equations from thermodynamic cycles. One
of J.W. Gibbs’ students recollected that Gibbs once had confused him with
the derivation of the Carnot cycle. With the restrictions imposed by Li–the
boundary of constant volume is formed by elastic deformation of the perfect
crystal — equilibrium is possible if the chemical potentials of the atoms in
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the bulk and at the grain boundary are equal:

μs (ps, T ) = μ (p, T ) (1.200)

As this takes place, the pressure in the bulk of the crystal differs from the
pressure at the grain boundary. Actually, the deformed crystal can be “con-
fined” only if a definite pressure is applied. The grains in a bicrystal play the
role of a source of pressure with respect to the grain boundary; ps = p+ p0.
(The material inside the grain boundary is stretched and p − 0 is negative:
p0 < 0.) The conditions for an equilibrium will not be violated if we remove
one of the grains and apply instead the corresponding pressure p:

psV s = μ (p, T )− μs (p, T ) (1.201)

where V s is the specific volume of the material inside the grain boundary.
The situation when two phases in equilibrium occur under different pressure

is not very rare in thermodynamics. The droplet in an oversaturated vapor
or small piece of solid in an oversaturated liquid can be cited as an example
of a situation mentioned, when the droplet or solid particle is under higher
pressure than the surrounding medium. The osmotic pressure, no doubt, is
one of the most important effects in this series of similar phenomena (see
Appendix A).

The difference in the chemical potentials in the right-hand side of (1.201)
constitutes the work of deformation (with an opposite sign) for an isothermal
transition from the perfect lattice to the grain boundary in Li’s cycle as ΔGdef

(ΔG2 in the scheme of the cycle). At grain boundary melting ΔG3 does not
vanish, as it was reasoned by Li, but is equal to pV s [103]

ΔG3 = psV s = −ΔGdef (1.202)

Correspondingly, the temperature of melting for grain boundary is equal to:

T0 = Tm +
ΔGdef + ΔG3

Sliquid − Ssolid
= Tm (1.203)

The change of the grain boundary melting point is given by Li’s expression
(1.199). Let us try to derive this relationship under the repeatedly mentioned
assumption of the equality of the chemical potentials at the grain boundary
and in the bulk. The introduction of a grain boundary into the single crystal
changes the chemical potential of its atoms by dμ

μs − μ = dμ ∼= ΔGdef

N
(1.204)

where N is the number of atoms in the former single crystal.
Let us consider the differences between the chemical potentials of the atoms

in the perfect crystal (μ), in the “deformed” one μs (in the bicrystal) and in
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the liquid (μL) (in the melt of the mentioned crystal), respectively. Expanding
these differences into a series with respect to the temperature in the vicinity
of the melting point of the perfect crystal (Tm) and of the crystal with a
grain boundary (T0), respectively, and restricting ourselves to the first term,
we obtain:

μ− μL =
(
μ− μL

)
Tm

+

[
∂
(
μ− μL

)

∂T

]

Tm

ΔT + ... (1.205)

μs − μL =
(
μs − μL

)
T0

+

[
∂
(
μs − μL

)

∂T

]

T0

ΔT ′ + ... (1.206)

where ΔT and ΔT ′ is the temperature deviation from the melting point Tm

and T0, respectively.
Let us consider the difference of the relationships (1.205) and (1.206) at the

temperature T = T0:

μs − μ ≡ (
μs − μL

)
T0

− (
μ− μL

)
Tm

+

+

[
∂
(
μs − μL

)

∂T

]

T0

ΔT ′ −
[
∂
(
μ− μL

)

∂T

]

Tm

ΔT + ... (1.207)

By definition, the terms
(
μs − μL

)
T0

,
(
μ− μL

)
Tm

on the right-hand side are
equal to zero. The term

[
∂μs − μL/∂T

]
T0

ΔT ′ is also equal to zero, because
at T = T0 we have ΔT ′ = 0. So we come to the relationship

μs − μ ∼=
[
∂
(
μ− μL

)

∂T

]

Tm

ΔT = (ΔS)Tm ΔT =
q

Tm
ΔT (1.208)

But, on the other hand, the quantity μs−μ is equal to ΔGdef/N (Eq. (1.204)).
Consequently

μs − μ = dμ =
ΔGdef

N
=

q

Tm
ΔT (1.209)

and the decrease in the melting temperature of a bi- or polycrystal, associated
with the grain boundaries, can be expressed as:

ΔT =
ΔGdef

NL
Tm (1.210)

The decrease in the melting temperature of a polycrystal with grains of vol-
ume V , derived in the framework of similar assumptions, is equal to (see, for
example, [70])

ΔT =
ΔγTm

qV 1/3
(1.211)

where Δγ is the difference of the grain boundary surface tension γ and the
solid-liquid interface.
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Representing ΔGdef as ΔGdef
∼= γN2/3 and taking into account that the

surface tension of the solid interface wetted by its own melt is very small, we
come to the conclusion that the decrease in the melting point of the grain
boundaries obtained by Li:

ΔT =
ΔGdef

Nq
Tm =

γ

qN1/3
Tm (1.212)

practically fits the expression for the decrease in the melting point of a poly-
crystal caused by the presence of grain boundaries.

From the physical point of view this result is quite understandable: the
crystal can be in equilibrium with its own melt at the temperature of melting,
which is common for the whole crystal regardless of whether there are some
defects in it or not. In other words, in systems of thermodynamical equilib-
rium the melting point is common for all parts of it. Strictly speaking, in such
a system all properties reflect the property of the system, but not of a definite
part of it. Unfortunately, the understanding of it has not been universally
adopted. As an example, the statement that in an equilibrium crystal the en-
ergy of vacancy formation depends on the place where the vacancy was formed
(dislocation, grain boundary, etc.), violates the first law of thermodynamics.
Apparently, a vacancy being formed at a defect where the formation energy
is smaller, for instance, than in the perfect crystal, and that vanishes in the
perfect lattice gives us energetic profit, which, naturally, violates the first law.

On the other hand, the question arises whether or not the analysis given
above implies that grain boundary melting is forbidden in the wide sense,
in other words, whether a first-order phase transformation is possible at the
grain boundaries.

A first-order phase transformation at the grain boundary means that at
the point of phase transformation one bulk and two surface (grain boundary)
phases, separated by the interphase line, are allowed to exist simultaneously.
The possibility of such a transition follows from Gibbs’ phase rule, and for the
interphase in a single component system not more than two surface phases
may be in equilibrium whereas for grain boundaries three surface phases may
exist simultaneously. Actually, for a single component system with an inter-
phase (two bulk phases) the number of degrees of freedom f is equal to zero
when the total number of phases is equal to 4: because the number of the
intensive parameters, including the surface tension, is equal to 3.

The additional degree of freedom in the system with grain boundaries is due
to the fact that a grain boundary separates two regions of the same phase and
distinguished by the orientation only. This permits the three grain boundary
phases to be in equilibrium simultaneously [70].

Quite a number of investigations have been carried out to establish this
experimentally. The most direct way is the study of the wetting of a grain
boundary by the melt. In this case the boundary melting is accompanied by
the angle Θ going to zero, where Θ is the dihedral angle at the root of a grain
boundary groove, formed at the site of contact of a solid metal with its liquid.
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This method was realized in [104]. Bismuth films were observed in the column
of the electron microscope under the condition that they were melting under
the electron beam. Thus, the site of contact of a solid sample containing a
boundary with its own melt has been studied in situ. It appeared that the di-
hedral angle Θ was decreasing as long as the misorientation angle ϕ of grains
increased, and at ϕ∗ ∼= 7.5◦ it fell abruptly from Θ∗ = 34◦ down to zero.
Such behavior of Θ may be connected with the peculiarities of the orientation
dependence of the surface tension σsl “crystal-melt.” Rottman [105] showed,
however, that the values ϕ∗ and Θ∗ obtained from experiments, are not con-
sistent with the symmetry conditions. Therefore, it is highly questionable if
thermodynamic equilibrium was obtained in the measurements [104].

Hsieh and Balluffi tried to reveal grain boundary melting in Al bicrystals
with tilt boundaries [100]Σ13(510), Σ17(410), Σ1(45◦) and the twist bound-
ary [100]Σ1(45◦). A delocalization of the secondary grain boundary dislocation
cores was not observed up to T = 0.96Tm. What is more, the aluminum foil
was heated in the microscope column so that this portion was melted. At this
point the expected amounts of a liquid phase were observed at a distance of
15 μm from the boundary “foil-melt.” Estimates with the aid of the thermal
conductivity equation demonstrated the fact that on this portion of the foil
the temperature differed from the melting temperature by not more than 1◦.

On this basis the authors [106] came to the conclusion that grain bound-
aries in aluminum do not melt up to 0.999Tm although the boundaries are
being wetted by their own melt at T ∼= Tm. In quite a number of works the
question of high temperature behavior of grain boundaries was investigated by
computer simulation techniques. The most interesting among them are those
where the molecular dynamics method was utilized.

In the molecular dynamics computations the trajectory of each atom com-
prising the studied sample is simulated by means of an immediate solution of
Newton’s equation of motion. Thus the molecular dynamics method yields a
true picture of the dynamic behavior of the system.

The results of all investigations performed on the large-angle boundary Σ5
show that, approaching the temperature of crystal melting, the degree of dis-
order contributed by thermal vibrations grows faster in the boundary region
than in the bulk. For the quantitative characteristic of thermal disorder the
order parameter is usually employed [107]:

ρJ (K) =
1
NJ

NJ∑

�=1

〈Re {exp (iKr�)}〉

where r� is the coordinate of the atom �, K is the fixed vector of the reciprocal
lattice, the brackets denote averaging over all generated trajectories and NJ

is the total number of atoms in a selected part of the sample. Vanishing of
ρJ means that a corresponding part of the crystal is melted and a long-range
order in the atom disposition is absent. Structure and self-diffusion along the
boundary [100](310)Σ5 in fcc material were studied. The thermal dependence
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of ρJ suggests that a phase transition in the boundary occurs. It means that ρJ

decreases faster with the increase of temperature than the corresponding value
for atomic planes far from the boundary. Although the extrapolation of the
value ρJ to the melting point of the crystal, Tm, yields zero (liquid), at lower
temperatures ρJ remains finite. It indicates conservation of long-range order at
the boundary. At T = Tm the grain boundary self-diffusion coefficientD′ is the
same as for the liquid; however, at T < Tm it is less than for the correspond-
ing supercooled liquid. Based on these data the authors [107] confirm the fact
that the boundary retains some order up to the crystal melting temperature.
J.Q. Broughton and G.H. Gilmer chose another, “thermodynamic” approach
to analyze the problem [108]. The criterion of grain boundary melting is: the
grain boundary melts when twice the surface tension of a “crystal-melt” inter-
face becomes less than that of the boundary. By determining the frequencies
of normal oscillations of atoms at the boundary at T = 0, its entropy and the
thermal dependence of the surface tension may be found. Then comparing it
to the surface tension of a “crystal-melt” interface one may distinctly conclude
whether this boundary is capable of melting or not. The authors performed
such an analysis for three boundaries ([100]Σ5(310), ϕ = 36.9◦; [011]Σ11(332),
ϕ=20.05◦; [011]Σ123(443), ϕ = 14.65◦). It appeared that the tendency of the
boundaries to melt diminishes as the misorientation ϕ decreases. It should
be noted that such a conclusion is a qualitative one, because a temperature
dependence of the boundary surface tension (the boundary entropy) has not
been taken into account.

Wolf was the first to use embedded atom potentials for molecular dynam-
ics simulation of the high-temperature behavior of grain boundaries. For the
twist boundary [001]Σ29 in Cu up to T = 0.94Tm the order parameter had a
non-zero value in all atomic planes adjacent to the boundary [109], and the
authors confirmed that grain boundary melting did not take place.

It should be noted that in a number of theoretical studies the high temper-
ature behavior of various simplified grain boundary models (the lattice-gas
model [110, 111], q-state Potts model [112]) was investigated. It was observed
that a liquid layer occurs at the grain boundary significantly below the bulk
melting point Tm. The thickness of the layer grows logarithmically when ap-
proaching Tm. It is not clear, however, whether these models describe the
high-temperature behavior of grain boundaries adequately.

In summary, the authors [100] came to the conclusion that grain boundary
melting in pure metals is rather doubtful.

1.4.1.2 Grain Boundary Wetting

We have discussed above the problem of grain boundary melting and arrived
at the conclusion that it does not occur below the bulk melting point, while
complete wetting of the grain boundary by the melt at the melting point
does occur. Wetting of grain boundaries by the melt was repeatedly observed
in two-component systems (Zn-Sn [113], Al-Sn [114], Al-Pb [115]). On the
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two-phase coexisting line and below the wetting temperature Tw, the contact
angle at the intersection of a grain boundary and the interface “solid-melt”
is constant and roughly equals 180◦. When T → Tw, this angle decreases
rapidly, and at T > Tw a melt layer appears on the grain boundaries. So in a
two-component material a liquid (or quasi-liquid) layer can occur on a grain
boundary beyond the solid liquid coexisting line.

It was Cahn [116] who first understood that in a two-component solution
the transition from incomplete to complete wetting must always occur at a
temperature close to the critical point of immiscibility, and such a transition
may have a “satellite” in a single-phase region prewetting or premelting phase
transition. Consider a two-component liquid with miscibility gap δ+ β which
is in contact with a solid phase α (Fig. 1.24). The two-phase region is bounded
by an arc-like curve with the critical point c. It has been shown by Cahn that
when T → Tc the surface tension γβδ of the interphase boundary between
β and δ decreases faster than the difference between the surface tensions
γαδ − γαβ . This means that there should be a temperature Tw above which
there must be a layer of phase β between the container wall α and the phase
δ. At the temperature Tw a wetting transition occurs on the tie line PP′.
Cahn showed also that a thin thermodynamical equilibrium layer of phase β
at the α/γ boundary may exist even beyond the two-phase region of the phase
diagram: when the line PC′ is crossed, the prewetting transition occurs along
the interphase boundary α/δ: a layer of phase β of finite thickness appears
abruptly.

As shown in [100], Cahn’s speculations are of rather universal character,
and they allow one to make some fruitful generalizations:

(1) Wetting transformation may occur even if the phases β and δ are solid.
It is only important that γβγ → 0 when T − Tc → 0.

(2) For these phase transformations the third phase α is unnecessary. The
layer of β may appear at grain boundaries of phase δ if γδδ > 2γβδ.

(3) If the value of mixing enthalpy of the components A and B is positive
and large enough then the critical point “C” may be “virtual.” In other
words, it may be situated, for example, above the liquidus line (Fig.
1.24b).

Important for the wetting transition is only that in the vicinity of such a vir-
tual point C the surface tension γβδ should decrease rapidly. Then we could
observe, for example, the transition to complete wetting of a grain boundary
by the melt.

In principle, the wetting phase may be solid. Actually, all the speculations
which are true for the virtual decomposition curve (Fig. 1.24b) are true not
only for the eutectic diagram, but also for a eutectoid system (Fig. 1.24c).
Some data show indirectly that solid-phase wetting does exist. Such a phase
transition can explain the stability of the grains of the α-phase in the β-phase
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FIGURE 1.24
(a) Phase diagram for two-component liquid with miscibility gap. The wetting
transition exists at Tp (by T > Tp the phase β wets the boundary between
liquid phase δ and solid container α). Between PC′ and PC lines a thin layer
of phase β exists on the interphase boundary δ/α. (b) Eutectic phase diagram
with virtual critical point C. The wetting transition on the δ/δ boundaries
exists at Tw, near the temperature of the small slope of the liquidus line. (c)
Same situation as in (b), but for the eutectic diagram. In this case by T > Tw

the solid phase β must wet the grain boundaries δ/δ.
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FIGURE 1.25
The temperature dependence of indium bulk interdiffusion coefficient D in
tin. The discontinuity on the temperature at Tc corresponds to the critical
point of the β−γ′ transition. Note the deviation from the Arrhenius law near
Tc.

matrix in the two-phase (γ+β) region for different superplastic alloys [117] as
well as the existence of a temperature threshold of grain boundary plasticity
enhancement [118].

Two different situations of wetting near the critical point can be distin-
guished: the first one, when a layer of new phase is formed on the grain
boundary (prewetting phase transition) and, secondly, when a grain bound-
ary is replaced by a layer of the new phase (premelting phase transition). At
prewetting transition the difference between the two phases must be small,
while at a premelting transition the wetting phase may differ drastically from
that of the bulk.

There is strong evidence for the occurrence of a prewetting phase transition
at grain boundaries in the Sn-In system [119, 120]. In these works bulk and
grain boundary diffusion of indium in tin was studied, and it was shown that
there is a discontinuity in the temperature dependence of the bulk interdif-
fusion coefficient at the temperature of the critical point of the β − γ′ bulk
phase transition. Analogously, but at lower temperature, discontinuities were
also observed in the temperature dependence of grain boundary diffusivity,
while at the bulk critical temperature these dependencies exhibited no sin-
gularities (Figs. 1.25–1.26). Such behavior may be understood according to
the model of the prewetting transition given in Fig. 1.27. Suppose that an
interlayer of high temperature β phase is formed at the temperature T b

c at
the grain boundaries. As the temperature is increased further, the thickness of
this interlayer grows also, the structure of the grain boundary itself becoming
analogous to the β-phase grain boundary structure rather than to that of the

© 2010 by Taylor and Francis Group, LLC

http://www.crcnetbase.com/action/showImage?doi=10.1201/9781420054361-c1&iName=master.img-976.jpg&w=159&h=107
http://www.crcnetbase.com/action/showImage?doi=10.1201/9781420054361-c1&iName=master.img-976.jpg&w=159&h=107


80 1 Thermodynamics of Grain Boundaries

2.2 2.3 2.4

1000/T  [1/K]

10 -12

10 -13

10 -14

10 -12

10 -13

10 -12

10 -13

10 -12

10 -13

10 -12

10 -13

1

2

3

4

5

180 160 140

T [°C]

D
bδ

[c
m

3 /
s]

2.2 2.3 2.4

1000/T  [1/K]

10 -12

10 -13

10 -14

10 -12

10 -13

10 -12

10 -13

10 -12

10 -13

10 -12

10 -13

1

2

3

4

5

180 160 140

T [°C]

D
bδ

[c
m

3 /
s]

FIGURE 1.26
The temperature dependency of Db · δ for indium in 〈100〉 twist boundaries
of tin for boundaries with different misorientation angles α: 1—28.1◦; 2—29◦;
3—27.5◦; 4—30◦;5—31◦.

γ′-phase. The thickness of this layer approaches infinity at the temperature
of the bulk transition Tc, but this, indeed, does not affect the structure of the
grain boundary. This is why the temperature dependencies of grain boundary
diffusion coefficients have no singularities at Tc. The temperature T b

c can be
seen to decrease with increasing deviation of the misorientation angle from
the coincidence misorientation ϕΣ17 = 28◦ (Fig. 1.28).

The premelting phase transition was discovered in grain boundaries of the
quasi-binary system Fe(Si)-Zn in the course of a study of Zn diffusion along
tilt grain boundaries in Fe-Si alloys [121]–[125]. It was found that the pene-
tration profiles of Zn along grain boundaries in Fisher coordinates consist of
two sections, one with a small slope at high Zn concentration and one with a
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FIGURE 1.27
(a–c) Prewetting transition. Three interfaces are forming in place of the single
GB, a new GB and two crystal-wetting-phase interfaces: (a) GB in the α−β-
transition, and (c) GB in the β-phase. (d–f) Premelting transition. The GB is
completely replaced by the wetting phase interlayer; (d) GB in the α-phase;
(e) thin liquid layer between two α-crystals near the solid-liquid transus and
(f) liquid phase for T > Tm.
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FIGURE 1.28
Dependence of the β − γ′-transition temperature T b

c on grain boundaries in
tin on the misorientation angle ϕ. Tc is the temperature of the critical point
of the β − γ′-transition in the bulk. (•) boundaries close to Σ17, (◦) general
boundary, ϕΣ = 28.1◦ (17).
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FIGURE 1.29
The dependencies of GB zinc concentration cb on depth δ in a Fe-5at.%Si alloy.
(a) At concentration cbt the value of GB diffusivity sδDb changes abruptly at
a constant temperature of 735◦C and various annealing times t. Note that cbt
does not depend on t. (b) At concentration cbt the value of diffusivity sδDb

changes abruptly. The concentration cbt depends on temperature.

large slope at low Zn concentrations (Fig. 1.29). The transition from one type
of behavior to the other was found to occur at a definite Zn concentration cbt
at the GB. As shown, cbt is independent of the annealing time. Consequently,
this concentration is an equilibrium characteristic of a grain boundary (Fig.
1.29). It is an equilibrium characteristic of a grain boundary and depends on
temperature. The ratio of the grain boundary diffusivities in the two regions
was approximately 102, which is an indication of the quasi-liquid nature of the
layer present in the grain boundary at high Zn concentration. The dependence
of cbt on temperature (grain boundary phase diagrams) has been determined
for alloys with different Si contents. Let us summarize the main features of
the diagrams.

1. For all Si contents sharp peaks directed toward low Zn concentrations
were observed in the grain boundary phase diagrams at the peritectic
temperature of the Fe-Zn systems (782◦C) (Fig. 1.30a,b). The nature
of the peaks is connected with the fact that in the Fe-Zn system the
virtual point of solid solution decomposition lies only slightly above the
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peritectic temperature. It was shown [121] that the concentration cbt at
which a grain boundary phase transition occurs depends on the grain
boundary surface tension γ and the surface tension γSL of the solid-
liquid interface according to the expression

cbt = c0 − (γ − 2γSL)
n+1

n

b(Wn)1/n (1 + n−1)
n+1

n

(1.213)

where c0 is the solubility limit of Zn in the alloy, W and n are the
constants describing the repulsive interaction between two solid-liquid
interfaces and b is a constant which may be determined from the thermo-
dynamic data describing the alloy. Actually, all the miscellany of wetting
phenomena may be obtained from an analysis of the free energy Ωs of
the wetting layer:

Ωs = 2γSL + λΔg + V (λ) (1.214)

where λ is the thickness of the wetting layer, Δg is the excess free energy
of the wetting phase. The latter term describes the interaction of the
“crystal-wetting phase” interfaces. The situation that the thickness of
the wetting layer gets infinitely large when the line of phase coexistence
is approached (Δg → 0) is called complete wetting. Because the equi-
librium thickness of the wetting layer is determined by minimization of
Eq. (1.214) with respect to λ, complete wetting can be observed only in
the case when the two following conditions are satisfied:
(1) 2γSL < γ
(2) V (λ) must have a global minimum for � → ∞, in other words, the
interfaces “crystal-wetting phase” must repel one another. In [100] it
was assumed that V (λ) depends on λ by a power law

V (λ) = W/λn (1.215)

Expanding Δg into a power series in (c0 − cb), where c0 is the bulk
solubility limit (solvus or solidus) and restricting ourselves to the first
term we obtain

Δg = b (b0 − cb) (1.216)

The function Ωs(λ), determined by means of Eqs. (1.214)–(1.216), has a
minimum at λ0 =

[
b (c0 − cb/nW )−1/n+1

]
, where at Ωs (λ0) = Ω0 = γ

the premelting transition occurs. Under this condition the relationship
(1.213) was obtained. In the vicinity of the critical point, γSL decreases
drastically, and, according to Eq. (1.213), cbt also decreases.

2. In the alloy containing 5at%Si a peak in the grain boundary phase dia-
gram directed toward low Zn content was observed in the temperature
vicinity of the Curie point (Fig. 1.30). Such effects are often observed at
the intersection of a line of a second order phase transition with a line

© 2010 by Taylor and Francis Group, LLC



84 1 Thermodynamics of Grain Boundaries

0 5 10 15 20 25 30 35 40

cZn [at.%]

T
 [°

C
]

950

900

850

800

750

700

650

c0

(Fe-5at.%Si)

(pure Fe)

α

α+L

α+Γ

Tper = 782°C

cbt

(a)

cZn [at.%]
0 10 20 0 10 100

700

900

800

T
 [°

C
]

Fe-5at.%Si Fe-10at.%Si Fe-12at.%Si

cbt

cs

cs
cbt

cs

α+L

α+Γ

cs

cbt

Tw

Tper

(b)

0 5 10 15 20 25 30 35 40

cZn [at.%]

T
 [°

C
]

950

900

850

800

750

700

650

c0

(Fe-5at.%Si)

(pure Fe)

α

α+L

α+Γ

Tper = 782°C

cbt

(a)

cZn [at.%]
0 10 20 0 10 100

700

900

800

T
 [°

C
]

Fe-5at.%Si Fe-10at.%Si Fe-12at.%Si

cbt

cs

cs
cbt

cs

α+L

α+Γ

cs

cbt

Tw

Tper

(b)

FIGURE 1.30
(a) The temperature dependencies of cbt and co vs. Zn concentration. The
solubility limit of zinc in pure iron is also displaced (solidus and solvus). Γ is
an intermetallic compound and L is the liquid. (b) Section of Fe-Si-Zn phase
diagrams for alloys with different silicon contents. The dotted lines show the
temperature dependencies of the concentration cbt at which the GB diffusivity
changes drastically (premelting phase transition). cs is the bulk solubility limit
of Zn in the Fe-Si alloys. Tper is the peritectic temperature of the binary Fe-Zn
system.
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Three-dimensional grain boundary premelting surface in “Zn concentration-Si
concentration-temperature” space.

of a first-order phase transition [126, 127]. Here, a transition from com-
plete to incomplete wetting may occur. The transition of the alloy into a
ferromagnetic state creates a force of attraction between the grains. Ac-
curate calculations show that the “magnetic” part of the function V(λ)is
comparable with the “non-magnetic” part [128, 129]. All of the above
may be illustrated by a three-dimensional grain boundary phase dia-
gram with the coordinates “temperature-concentration-concentration”
(Fig. 1.31). Such a diagram looks like a two-dimensional surface below
which (at low Zn concentrations) grain boundaries with low Zn adsorp-
tion are stable and above which grain boundaries exist in a premelting
state.

3. Below the Curie point the premelting line is very close to the line of
the bulk solubility limit, and below the temperature of atomic ordering
A2-B2 in an alloy containing 12at%Si the complete wetting disappears
simultaneously with the grain boundary premelting phase transition. So
it can be concluded that atomic and spin ordering shorten the region
of stability of a grain boundary in a premelted state. In the case of a
ferromagnetic transition it is connected with the long-range attractive
contribution to the free energy of the premelting layer, the origin of
which was discussed above.
In the case of atomic ordering A2B2 in the bulk, an additional contribu-
tion to the free energy of both the grain boundary and the premelting
layer arises due to the disorder in the interface core. Since the premelt-
ing layer with a liquid-like structure is more disordered than the grain
boundary, such a contribution should be greater for a premelting layer,
and it loses its stability in the ordered state of the bulk.

4. It was shown [130] that when the hydrostatic pressure is increased the re-
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FIGURE 1.32
Three-dimensional phase diagram with the locations of the bulk solubility
limit of Zn (cs) and the concentration of the premelting transition on grain
boundaries, cbt.

gion of stability of the premelting layer at the grain boundary decreases,
and at some critical pressure pw one can observe the transition from com-
plete to incomplete wetting of the grain boundary by the Zn-rich melt
with the simultaneous disappearance of the grain boundary premelting
transition. In Fig. 1.32a schematic three-dimensional grain boundary
phase diagram in coordinates “temperature - Zn concentration-pressure”
is shown in two sections, at p = 0 (isobaric) and at T = 905◦C for differ-
ent pressures (isothermal). The disappearance of grain boundary wetting
and premelting is connected with a higher excess volume of the premelt-
ing layer as compared with that of an “ordinary” grain boundary.

As mentioned at the beginning of the discussion of this item, wetting of grain
boundaries by the melt was repeatedly observed [100, 113, 114]. Cahn’s paper
[116] gave a new impetus to research in this area [131]–[134]. Unfortunately,
the exploration of wetting phenomena at solid/solid interfaces is much more
poorly developed than, in part, that for planar solid substrates and fluid mix-
tures. From our point of view this is due to the considerable experimental
difficulties connected with measurements of the boundary which is “hidden”
inside the sample.

There is a good reason to believe that the experimental technique developed
in [135]–[137] permits us to improve our understanding of this phenomenon.
What is a wetting transition? Let us consider a system in which a solid bicrys-
tal is in contact with a melt. The equilibrium of a bicrystal in contact with
a liquid metal can be characterized by the dihedral angle Θ at the site of
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FIGURE 1.33
Partial (a) and complete (b) wetting of a grain boundary by a melt (schemat-
ically); γ and γSL are the excess free energies of the grain boundary and
solid/liquid interface, respectively. L and S denote the solid and liquid phases,
respectively.

intersection of the grain boundary and the solid/liquid interface (Fig. 1.33).
The angle Θ is defined by the condition of equilibrium

cos
(

Θ
2

)
=

γ

2γSL
(1.217)

The two situations Θ > 0 and Θ = 0 correspond to a partial and complete
wetting, respectively. If some intensive thermodynamic parameters like tem-
perature, composition, pressure or the grain boundary misorientation angle
are altered, a transition from partial to complete wetting can occur. This is
a wetting phase transition, which can be of first or second order (Fig. 1.33b).
When the situation is reversed and the temperature is decreased or the pres-
sure is increased the angle Θ changes from zero to non-zero values. This is
called the dewetting phase transition (Fig. 1.34).

First of all we would like to discuss the effect of grain boundary misorienta-
tion on the wetting parameters, then the influence of high pressure on the grain
boundary wetting. Finally, the important physical problem will be discussed
— to which order of phase transition the grain boundary wetting relates.
There are few experimental data concerning the effect of the grain boundary
misorientation on the wetting parameters. In the Cu-In system the value of
the wetting temperature (Tw) for a symmetrical 〈011〉 tilt grain boundary
close to the symmetrical coherent twin boundary was only about 30◦C higher
than for the general 141◦〈011〉 grain boundary, though the excess free energy
difference for these grain boundaries was about 50% in pure Cu [135]. In the
Al-Sn system the value of Tw for a symmetrical 38.5◦〈011〉 grain boundary
close to the Σ9 coincidence misorientation was about 13◦C higher than for
the general 32◦〈011〉 grain boundary [136].

One can see that there is an influence of the grain boundary misorientation
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FIGURE 1.34
Optical micrographs of contact areas between Fe-Si bicrystals (bottom, bright)
and Zn-rich melts (top, dark) after annealing at 950◦C under different hydro-
static pressure.
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FIGURE 1.35
Pressure dependence of contact angle Θ for various grain boundaries. As the
pressure increases, the dewetting transition from complete to partial (incom-
plete) wetting occurs at pw.

and energy on the value of Tw. However, the magnitude of the temperature
change cannot be predicted in a straightforward manner.

In [137] the influence of pressure on the wetting of grain boundaries in
bicrystals of Fe-Si by a Zn-rich melt was studied. The transition from com-
plete (Θ = 0) to partial (Θ > 0) wetting was found to occur as the pressure
increased (Fig. 1.35). The dewetting transition pressure is higher for special
boundaries than for general ones (Fig. 1.36). The investigation of the dewet-
ting under a high hydrostatic pressure enables us to estimate the resulting
excess volume of grain boundary and solid-liquid interfaces. Actually, from
Eq.(1.217) it follows that

Θ = 2 arc cos
{

γ0 + pΔVb

2 (γ0
SL) + pΔVSL

}
(1.218)
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FIGURE 1.36
Dependence of grain boundary phase transition pressure pw on deviation from
Σ5 coincidence misorientation. The region of existence of the special Σ5 grain
boundary is shaded.

where γ0, γ0
SL are the excess energies of the grain boundary and solid-liquid

interfaces at fixed constant Zn concentration; ΔVb and ΔVSL are the excess
volumes of these interfaces, respectively. It was found that the excess volume
ΔVSL for all four boundaries studied is ΔVSL = 2.5 ± 1.4Å.

The problem of the order of the grain boundary wetting phase transition
was discussed in [136]. If the grain boundary wetting transition is of first-
order a discontinuity in the grain boundary and surface entropies should be
observed, which in our case leads to a discontinuity of the temperature deriva-
tive of the grain boundary energy at Tw : [∂γ/∂T − ∂ (2γSL) /∂T ]T=Tw

�=
0 [116, 134]. If the grain boundary wetting follows the second order,
[∂γ/∂T ]T=Tw

= [∂ (2γSL) /∂T ]T=Tw
. The theory [131] predicts the law of

the temperature dependence Θ(T ) in the vicinity of the wetting point: for the
first-order phase transition

Θ ∼
(
Tw − T

Tw

)1/2

;

for the second order

Θ ∼
(
Tw − T

Tw

)3/2

Grain boundary wetting in the system Al-Sn was studied with bicrystals with
symmetric tilt 〈011〉(001) grain boundaries with the misorientation angles
32◦ (random grain boundary) and 38.5◦ (near Σ9). The observed hysteresis is
consistent with the assumption that the wetting transition is of first-order.

An additional reason for grain boundary wetting phase transition to be of
first-order is the temperature dependence of the contact angle in the vicinity
of the wetting point (Fig. 1.37). As mentioned above, the theory predicts a
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Θ ∼ (Tw − T )1/2 / (Tw)1/2 behavior for a wetting transition of first-order and
Θ ∼ (Tw − T )3/2

/ (Tw)3/2 for a transition of second order. As is easy to see,
for both investigated grain boundaries the experiments count in favor of the
first-order phase transition [136].

1.4.1.3 Structural Phase Transitions

Another type of grain boundary phase transitions which is very important
both for theory and applications is the structural phase transitions1. By using
the method of thin film bicrystals Sickafus and Sass found a change in the
dislocation structure of small-angle 〈101〉 twist boundaries in bicrystals of a
Fe-Au alloy when the content of gold was increased [138], a change of the dis-
location structure both of low- and high-angle boundaries, in iron bicrystals
with antimony and sulphur [139, 140]. Although the authors postulated the
change in the structure was a sign of a grain boundary phase transition, it
needs to be analyzed in more detail. A first-order phase transformation repre-
sents itself in a large, abrupt change in the structure and properties. So, only
the changes in the grain boundary structure associated with the increased
content of impurities cannot be taken as proof of the grain boundary phase
transition.

It is known that special grain boundaries of arbitrary orientation are
faceted, which is connected with the anisotropy of the surface tension. The
facets are located in those planes where the surface tension is minimal. A sim-
ilar phenomenon is observed also at the surface of solids: many single crystals
are of a faceted shape with flat faces corresponding to low-index crystalline
faces which manifest extremely low surface tension. At a small deviation of
a face orientation from a low-index one, steps occur on the surface and the
energetically favorable orientation is practically conserved. With increasing
temperature the contribution of the steps to the entropy increases and at a
definite temperature the formation of steps may become energetically favor-
able.

In principle, the same phenomenon can be observed also at grain bound-
aries. At a definite temperature the boundary may become unstable with
respect to the concentration of steps and transform into an atomically rough
interface. The surface tension of such a boundary must be isotropic, the bound-
ary becomes flat (if this shape corresponds to the minimal energy) but some-
what diffuse. It is noted that the vanishing of faceted boundaries was observed
in experiments with polycrystals, but it was doubtful whether this effect was
connected with the roughening transition or was of kinetic nature. A special
experiment with a defined single grain boundary was performed by Balluffi et
al. [141]. In his experiments Σ3〈111〉 asymmetric tilt boundaries in Au and Al

1The reader is referred to Chapter 2 for an overview and the terminology of grain boundary
structure.
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and an asymmetric Σ11 boundary in Al manifested clearly defined facet struc-
ture at room temperature. In situ observation during heating of the samples
with grain boundaries demonstrated that with increase in the temperature the
facets gradually diffused and at high temperatures the boundaries flattened.
What is of importance is that it was shown that this effect was reversible.
Similar effects of reversible faceting/defaceting of grain boundaries in a Cu
film was observed under deposition/evaporation of Bi [142].

Structural changes of grain boundaries must be accompanied by a change
in their properties such as surface tension, mobility, diffusion permeability,
sliding rate along the boundaries and so on. Therefore, one can study a grain
boundary phase transition by observing the change of these and other prop-
erties. Watanabe [143] investigated the temperature dependence of the grain
boundary sliding rate for seven different symmetric tilt boundaries in zinc.
For six of the seven investigated boundaries distinct changes of slope were
observed at various temperatures Tp. The maximal value of Tp was observed
for the special misorientation Σ9〈101̄0〉 and for the boundary with a misori-
entation angle of 16.5◦ — the smallest of all the investigated misorientation
angles — a change of slope was not observed at all. The authors reasoned
that a grain boundary phase transition at temperature Tc had been observed
in the studied boundaries.

The surface tension and the mobility of the special boundary Σ17 and in
the vicinity of the special boundary Σ17 in tin at different temperatures were
studied in [144]. The ratio of the surface tension γ1 of the special bound-
ary to that of the non-special boundary γ was measured at a triple junction,
where one special and two non-special (random) boundaries were in contact
(Fig. 1.38). In the investigated temperature range (0.85–1.0Tm) the tempera-
ture dependence of the ratio γ1/γ showed a change of slope (Fig. 1.38) which
is a characteristic feature of a first-order phase transition. In this work the
mobility of the same special boundaries was studied in the same tempera-
ture interval. For the same boundaries an abrupt decrease in the mobility
with increasing temperature was observed. The temperatures Tc at which an
abrupt change of the mobility occurred were in good agreement with the tem-
peratures of the change of slope of the temperature dependence of the grain
boundary surface tension. It is believed that the phase transition “special
grain boundary-random grain boundary” was observed in the discussed work
[144]. The equilibrium phase diagram “special grain boundary random grain
boundary,” based on the mentioned results, is presented in Fig. 1.39. The
“special boundaries,” strictly speaking, the boundaries with the properties of
special boundaries, are located under the curved part of the diagram. It was
also demonstrated that with an increasing content of surface-active impuri-
ties in tin the temperature Tc decreases proportionally to the logarithm of
impurity concentration. To understand the dependence of the temperature of
the grain boundary phase transition on misorientation of the grains and the
impurity concentration, a surface analogy of the Clausius-Clapeyron equation
is required. This relation connects the change in the phase equilibrium tem-
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FIGURE 1.38
Temperature dependence of the surface tension of special grain boundaries
((γ) and of general boundaries (γ) γ2 = γ3 = γ. Misorientation angles: (a)
25.5◦; (b) 26.0◦; (c) 26.5◦; (d) 27.0◦; (e) 27.7◦; (f) 28.2◦; (g) 28.5◦; (h) 29.0◦;
(i) 29.5◦; (k) 30.0◦ [144].

perature with the change in other intensive variables.
Let us consider the Gibbs adsorption equation written for both of the grain

boundary phases [144, 145]:

dγ = −SpdT −
∑

i

Γidμi + ξ̂dn̂ (1.219)

where γ is the surface tension of a boundary, Sp is the surface excess of the
boundary entropy (in a solution), Γi is the adsorption of the ith component at
a boundary, dn̂ means a small change in the macroscopic geometric parameter
of a boundary. The role of the geometric parameter can be played by angle of
misorientation, the angle of inclination, the deviation of the tilt (twist) axis
from a given value and so on. For instance, if the angle of misorientation is
ϕ, then ξ̂ = ∂γ/∂ϕT,μi . At the point of grain boundary phase transition the
surface tension of both grain boundary phases must be equal (in accordance
with the condition of mechanical equilibrium). Then for a binary alloy

(Sp
A − Sp

B) dT + (ΓA − ΓB) dμ+ (Γ′
A − Γ′

B) dμ′ +
(
ξ̂B − ξ̂A

)
dn̂ = 0 (1.220)

where A and B are the indices denoting the two different grain boundary
phases; the values with the primes refer to the atoms of a dissolved substance
and those with the superscript p to the solution in general. Furthermore, we
shall consider the bulk solution to be ideal. Then

dμ′ = RTd (ln c) + (R · ln c− S′
v) dT (1.221)
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FIGURE 1.39
Range of existence (phase diagram) of Σ17 special boundaries an Σ1 general
boundaries in tin constructed with respect to Tc — the temperature of the
maximum in Fig. 1.38. Open circles — Tc values obtained from the temper-
ature dependence of the surface tension, solid circles — Tc values obtained
from the temperature dependencies of the boundary migration rate. The lower
part of the figure represents published data on the structures of special Σ17
twist boundaries in gold at T/Tm = 0.2 [W. Bollmann, in: Crystal Defects
and Crystalline Interfaces, Springer, Berlin (1970), p. 316] and in magnesium
oxide at T/Tm = 0.1 [G. Masson, S.-Y. Boos and J. Merbeuval, Surf. Sci., 31
(1972) p. 115]. Solid squares — boundaries which exhibited secondary grain
boundary dislocations, open squares — boundaries formed exclusively by pri-
mary grain boundary dislocations [144].
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dμ = −RTdc− (Rc+ Sv) dt (1.222)

where c is the bulk impurity concentration, Sv is the molar entropy in the bulk
solution. From (1.220) and (1.222) we obtain the relationship between the
temperature of a grain boundary phase transition and the bulk concentration
of the impurity, the values of grain boundary adsorption and the macroscopic
geometric parameters n̂:

dT = RT
(Γ′

A − Γ′
B) d(ln c) − (ΓA − ΓB) dc+

[(
ξ̂
)p

B
−
(
ξ̂
)p

A

]
dn̂
RT

Sp
B − Sp

A − (Γ′
A − Γ′

B) (R ln c− S′
v) + (ΓA − ΓB) (Rc+ Sv)

(1.223)
Equation (1.223) is effective for an analysis of the experimental results. Fol-
lowing [145], let us consider the dependence of the grain boundary phase tran-
sition temperature in pure tin on the misorientation angle of grains around
the tilt axis 〈100〉. Three phases (two grain boundary phases and the bulk
one) are co-existing at the grain boundary transformation point. The chemi-
cal potentials of the atoms of these phases are equal:

μs
A (γ, T, ϕ) = μs

B (γ, T, ϕ) = μv(p, T ) (1.224)

At p = const.

−AAdγ − SAdT +
(
∂μs

A

∂ϕ

)
dϕ =

= −Adγ − SBdT +
(
∂μs

B

∂ϕ

)
dϕ = −SvdT (1.225)

Then we come to

(
dT

dϕ

)

e

=
AA

(
∂μs

B

∂ϕ

)
−AA

(
∂μs

A

∂ϕ

)

AA (SB − Sv) −AB (SA − Sv)
=

=
AAAB

{(
∂γ
∂ϕ

)

A
−
(

∂γ
∂ϕ

)

B

}

SB · AA − SA ·AB − Sv

(
AA −AB

) (1.226)

where [∂μs
i/ (∂μb)] = −Ai is the specific area occupied by one mole of grain

boundary substance. With the assumption AA = AB = A we come to the
Clausius-Clapeyron equation:

(
dT

dϕ

)

e

≡ A

ΔS

[(
∂γ

∂ϕ

)

A

−
(
∂γ

∂ϕ

)

B

]
(1.227)

The index “e” means that the change of the value is considered along the curve
of equilibrium of two grain boundary phases; ΔS is the change in the molar
entropy of the grain boundary under the phase transition: ΔS = q/Ttrans. In
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FIGURE 1.40
Correspondence of Σ17 − Σ1 equilibrium line with dislocation model for the
transition temperature Tc (solid line), ϕ is misorientation angle, ΔT = 220◦C-
Tc.

[140] the idea was put forward that the peculiarities observed in grain bound-
ary behavior are conditioned by the phase transition “special grain boundary
— non-special (random) grain boundary.” Taking into account that the sur-
face tension of a random grain boundary depends weakly on the misorienta-
tion angle, it may be assumed that (∂γ/∂ϕ)B ∼= 0; the change of a special
boundary misorientation angle by Δϕ gives rise to a wall of secondary grain
boundary dislocations with the period of the boundary. The surface tension
of tilt boundaries increases by Δγ:

Δγ =
μb

4π(1 − ν)
sin Δϕ

(
1 + ln

b

2πr0
− ln Δϕ

)
(1.228)

Here r0 is the cut-off radius which is approximately equal to the dislocation
core width, μ and ν are the shear modulus and the Poisson ratio. From (1.227)
and (1.228) one obtains

ΔT = − A

ΔS

[
μb sin(Δϕ)
4π(1 − ν)

(
1 + ln

b

2πr0
− ln Δϕ

)]
(1.229)

The linearity of (1.221) is shown in Fig. 1.40 in corresponding coordinates.
The heat of grain boundary phase transition L estimated in [144] from exper-
imental data using Eq.(1.229), appeared to be close to the heat of melting of
pure tin, and the value r0 equals approximately 5b, which confirms the ideas
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of the large width of grain boundary dislocations [146].
The influence of impurities on the grain boundary phase transition tem-

perature was quantitatively analyzed by [147] on the basis of Eq. (1.226),
assuming that the grain boundary was completely saturated by the impuri-
ties, i.e. all adsorption sites were occupied. In this case the temperature of the
grain boundary phase transition is supposed to be proportional to the loga-
rithm of the impurity concentration, which has been observed experimentally.

As another example for the use of (1.226) we consider the question: how
does a rigid-body translation r of a lattice, breaking down the coincidence
geometry at the boundary, affect the temperature of grain boundary melt-
ing? A high temperature grain boundary phase slides without any resistance,
therefore, ξB = [∂γ/ (∂r)]B ∼= 0 while [∂γ/ (∂r)]A > 0. Hence dT < 0, which
means that upon the described shift the transition temperature decreases. In-
deed, such a decrease was observed in [148], where the influence of the grain
boundary premelting transition has been simulated on the basis of a lattice
gas model. In the experiments of [139] the temperature of the grain bound-
ary phase transition also decreased with the deviation of the misorientation
angle from the special value Σ29. This proves the fact that the energy of a
high temperature grain boundary phase depends on the misorientation to a
weaker extent than that of a low temperature phase. Such behavior of the
physical properties in a low and high temperature phase was observed for
grain boundary diffusion in Cu bicrystals [149]. A conspicuous feature of this
investigation was the high accuracy of the identification of the crystallography
of the samples (0.02–0.05◦), which permitted us to study grain boundaries in
very close vicinity of the special misorientation 〈100〉Σ5.

In Fig. 1.41 the misorientation dependence of the grain boundary diffusion
coefficient (strictly speaking the product Dbδ where δ is a grain boundary
width) is presented for different temperatures [149]. It is easy to see that at
temperatures above 725◦ an abrupt jump of the lines D′

b(Δϕ) was observed.
What is important is that after this the diffusion coefficient is independent
of the deviation Δϕ from the special misorientation. Authors interpreted this
jump as evidence of the phase transition special grain boundary — random
one. It gives an explanation for the mentioned misorientation independence of
the diffusion coefficient. Actually, the random grain boundaries, and what is
more, in such narrow interval of misorientation angles, are indistinguishable
in properties.

An additional reason for the presumed nature of the phenomenon is the
change in the misorientation coordinate of the phase transition with the tem-
perature, namely, the higher the temperature is, the closer is the coordinate of
the boundary transformation to the special misorientation (Fig. 1.41). Tradi-
tionally, grain boundaries are divided into two broad classes, namely, special
boundaries and general boundaries (non-special, see Chapter 2). The proper-
ties of special boundaries differ dramatically from those of random (general)
boundaries. Orientational dependencies of thermodynamic and kinetic param-
eters have a sharply non-monotonic character with extrema on special “an-
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FIGURE 1.41
Orientation and temperature dependences of Dbδ of Ni diffusion along 〈100〉
tilt grain boundaries in Cu in the vicinity of the special misorientation Σ5.

gles.” The geometrical models predicting the existence of special boundaries
were developed rather a long time ago. The first of these was the coincidence
site lattice model (CSL), in terms of which it was shown that at particular
misorientation angles a portion of sites of the interpenetrating lattices coin-
cide. The CSL is characterized by the Σ value, that is, the reciprocal density of
coincidence sites. Conventionally, this is attributed to the fact that the grain
boundary occurring in a CSL with low Σ shows a periodic structure and a
lower energy compared to random boundaries. Although the CSL is lost at
any small departure from the exact angle, the properties of special boundaries
are maintained in a certain finite interval of misorientation angles. This is at-
tributed to the accommodation of the special boundary structure by means
of grain boundary dislocations. The available geometrical models enable us,
in principle, to describe the structure of any special boundary. The authors of
these models realized that large Σ values and small lengths of Burgers vectors
of grain boundary dislocations have no physical sense. The limits of applicabil-
ity of geometrical models of the grain boundary structure have been discussed
for a long time, but the question remains obscure so far. The authors of [150]
embarked on an attempt to solve some problems, associated with the stability
of the structure and properties of the special grain boundaries, in particular,
what is the maximal value of Σ, at which special boundaries are still different
in properties from random grain boundaries; whether the properties of special
boundaries remain “special” in those temperature intervals; if there is Σmax

then how does it depend on the temperature; what determines the width of
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FIGURE 1.42
Range of existence (phase diagram) of special and non-special 〈100〉 grain
boundaries: � — boundaries with special properties; Δ — boundaries with
non-special properties; • — boundaries with special structure; ◦ — boundaries
with non-special structure.

the angular interval wherein a special boundary manifests its special proper-
ties. The method of attack of the problem chosen by the authors [150] can be
thought of as a “statistical” one. The authors considered a large body of ex-
perimental material, which permitted them, first of all, to extract the regions
of existence of special grain boundaries in the “temperature-misorientation
angle” coordinates. In Fig. 1.42 the diagram for 〈100〉 boundaries (tilt and
twist) is presented, where the ordinate shows the homologous temperature —
the ratio of the temperature of the experiment to the melting point — the
abscissa is the misorientation angle. The lines in Fig. 1.42 separate the region
of existence of special grain boundaries with different Σ from the single region
of existence of non-special (random) grain boundaries. It appears that only
special boundaries with low Σ manifest themselves as special up to the melting
point. The boundaries with higher Σ remain special only up to a certain finite
temperature. The angular interval of existence of special boundaries narrows
with increasing Σ.

One of the most important results of [150] is the conclusion that there is a
threshold value of Σ, i.e. Σmax at which the properties of special boundaries
are still different from those of general, random ones, the value Σmax decreases
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when temperature increases (Fig. 1.43). The problem of Σmax is considered, in
particular, in [151], where the authors analyzed the temperature stability of
the geometric structure of special grain boundaries. The special grain bound-
ary preserves its specific properties as long as the depth of its potential relief
— the DSC-lattice period [152] — is larger than the amplitude of thermal
fluctuations, in other words, kT.

Consequently, the temperature T0 is the temperature of the phase transi-
tion “special grain boundary — random (general) grain boundary.” In the
framework of the considered approach it should be a phase transition of first-
order, which is corroborated by a definite temperature of the transition and
the crystallographical differences of the boundary phases.

When Σ increases, the vector b0 — the DSC lattice period — decreases. For
instance, for the rotation axes with small Miller indices a good approximation
for b0 is [153]

b0 ∼= b/
√

Σ (1.230)

where b is a Burgers vector of lattice dislocation.
On the other hand, the depth of the potential wells ΔU0 , which corresponds

to the lattice points of the DSC lattice, decreases with increasing Σ. So, if

ΔU0
∼= kT (1.231)

the grain boundary is no more energetically favorable and, in this sense, it can-
not be considered a special one. Therefore, the condition (1.231) determines
Σmax. Unfortunately, the dependence ΔU0(Σ) is unknown, so it is easier to
estimate the value of Σmax considering the geometrical instability of the DSC
lattice [151].

In accordance with Lindemans’ criterion the root-mean square amplitude
u of atomic oscillations in the vicinity of the melting point is about 10% of
the lattice constant. Assuming that this criterion can be applied, at least, in
a first approximation to grain boundaries and the atomic vibrations at the
grain boundaries are harmonic, then u at temperature T which is higher than
the Debye temperature can be written [154]

u(T ) ∼= 0.1b [T/Tm]1/2 (1.232)

(The authors [151] took into account the possible difference between the melt-
ing temperature of the bulk and the grain boundary. As shown above, for a
grain boundary which is in equilibrium with the bulk, its melting temperature
coincides with the bulk melting point.)

Not every lattice point of the DSC is occupied by an atom, but all of them
are “smeared out” equally on the value of 2ū. A DSC can be considered de-
stroyed if 2ū is comparable with b0. Consequently, the condition of existence
of an energetically favorable special grain boundary is

0.2b [T/Tm]1/2
< b0(Σ) (1.233)
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FIGURE 1.43
Temperature of transition “grain boundary with special properties-grain
boundary with non-special properties” as a function of reciprocal density of
coincidence sites Σ.

From (1.233) and (1.230) we come to [147]

Σmax < 25 (Tm/T ) (1.234)

In other words, a grain boundary with the reciprocal density of coincidence
sites Σ exists like a special one in the definite temperature interval only

T < T0 =
25Tm

Σ
(1.235)

Relation (1.234) is presented in Fig. 1.43 (solid line). One can see that the
agreement is reasonable. Moreover, Fig. 1.43 shows evidence that for Σ < 25
the temperature of existence of the special grain boundaries extends up to the
melting temperature.

1.5 The Equilibrium Shape of Grain Boundaries

We would like to start this section with the question of whether it is possible
to discuss the equilibrium shape of grain boundaries which are traditionally
believed to be non-equilibrium defects of a crystal. A partial answer to this
question was given when we discussed the problem of how to legitimate the ap-
plicability of equilibrium thermodynamics to grain boundaries. It was shown
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that the existence of grain boundary (along with interphase) thermodynam-
ics is a forced existence. It is a result of the external bonds imposed on the
system: of the constancy of the thermodynamic conditions in the case of an
interphase or the geometric conditions in the case of a grain boundary.

However, the question is which is an equilibrium shape of the crystal and
whether it is possible to discuss the equilibrium shape of a grain boundary on
the analogy of the equilibrium shape of a crystal! The equilibrium shape of a
crystal surface is determined by the extremum of the variational isoperimet-
rical problem, which correlates to a minimum of the free energy of the crystal
at constant volume and number of particles

Ωs =
∮
γdA =

∫
γ (p̃, q̃)

√
1 + p̃2 + q̃2dx dy = min. (1.236)

at isoperimetrical conditions

V =
∫
Z dx dy = const. (1.237)

where Z(x, y) is the equation of the crystal shape; p̃ = ∂Z/∂x, q̃ = ∂Z/∂y;
γ (p̃, q̃) is the surface tension of the specific crystal face; gamma is a function
of its orientation.

The solution of the problem (1.236) and (1.237) is the interior envelope of
the set of planes

p̃x+ q̃y − Z =
1
λ
γ (p̃, q̃)

√
1 + p̃2 + q̃2 (1.238)

where Z(x, y) is a constant which is given by the bonding equation (1.198).
The equilibrium shape of the crystal can be determined in the following

way. From the origin of the coordinates draw the radius vector with the di-
rected cosines p̃ and q̃; the length of the radius vector be proportional to the
surface tension γ (p̃, q̃) of the given face. Then draw the planes perpendicular
to the radius vectors through their ends. The interior envelope of these planes,
i.e. Eq.(1.238), gives us the crystal shape. This construction reflects the Wulff
plot.

As was shown by Landau [5, 155], the function γ (p̃, q̃) has some special
features. Contrary to the widespread opinion that (with regard to the orien-
tation) closely related faces (planes) of a crystal can diverge considerably in
the surface tension, γ is a continuous function, i.e. the surface tension of two
faces (planes) of a crystal with infinitely small difference in orientation differs
with infinitesimal quantity.

As early as 1915 Ehrenfest showed in the paper “Comments to the capil-
lary theory of the crystalline shape” [156] that compensating steps formed on
crystal faces deviating from a face with a low surface tension, which “remove”
the difference in orientation and contribute to the free energy of the crystal.
It is just the existence of these steps which causes the second peculiarity of
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the function γ, namely the absence of a definite value of the derivative with
respect to the orientation. Actually, by increasing the deviation of a crystal
face from a special face with low γ, we increase the number of steps and vice
versa; so, taking a deviation of the face by dΘ in different directions, we get
two values of the derivative dγ/dΘ. The difference between these values is
determined by the energy of the compensating steps — for a singular face,
and by the energy of interaction of the steps — for the faces with intermediate
orientations. This difference Δ(dγ/dΘ) decreases as fast as the orientation of
the crystal face recedes from the singular orientation. As a consequence of
the first special feature of the function γ, the face of a crystal which is close
to special one, i.e. to a face with a small surface tension, has steps which are
widely separated. As can be seen, the distance (in units of the lattice constant)
between the steps is the index of the face (plane). As a result of the second
peculiarity of the function γ, the area of the crystal face, constructed in the
way mentioned above, is proportional to the difference Δ(dγ/dΘ) between
two values of the derivative of the surface tension.

Thus, the equilibrium shape of the crystal is created by the flattening of
different faces (planes); in doing so, the larger the crystallographic indices of
the plane are, the smaller is its area. It means that the equilibrium shape
of the crystal consists of a small number of flat sections with a low energy,
which are connected by curved parts, where all crystallographic planes are
represented.

What prevents us from applying the given scheme to an individual grain,
and to the grain boundary? For the grain boundary the variational problem
is not an isoperimetrical one — there is no reason to fix the volume of the
bulk while varying its shape, because on each side of the grain boundary
there is the same phase. The situation changes if an external anisotropic field
— magnetic field, stress field, etc. — is imposed on a system with a grain
boundary. Thermodynamically different phases will be located on either side
of the grain boundary, and the grain boundary itself becomes an interphase.
So the results discussed above can be applied to it. If the space is isotropic,
the grain boundary separates two regions with the same phase, and the role
of the linkage (Eq. (1.237)) should be played by the geometrical restrictions.
So, the grain boundary may be fixed to the external surface of the sample by
a thermal groove, forced to extend through certain points, lines and so on.
Once the grain boundary surface tension does not depend on the orientation
in the crystal, a surface of zero Laplace curvature corresponds to the equi-
librium shape of the grain boundaries. Just this idea is the basis of Mullins’
witty analysis of the grain growth in thin sheets and foils [157]. The special
feature of grain growth in thin foils is that the moving grain boundary is sta-
bilized at the external surface of the foil or sheet by a thermal groove. The
grain boundary can leave the groove only, if the angle between the boundary
and the slope of the groove is larger than π/2. Consequently, the shape of an
isotropic grain boundary in thin sheets and foils corresponds to the minimum
of rotational geometries which are stretched on two circumferences of radius

© 2010 by Taylor and Francis Group, LLC



1.5 The Equilibrium Shape of Grain Boundaries 105

A

B

2

ψ

1

A

B

22

ψ

11

FIGURE 1.44
Two possible grain boundary shapes when boundary inclination deviates from
special orientation. (1) — compensating steps; (2) — macroscopic facets. A
and B are the points where grain boundary is locked.

r. This is the property of a catenoid — which is the rotational figure of a
chain line and the Laplace curvature of it is zero in every point. The dihedral
angle between the catenoid and the plane of the sheet is ω = δ/2r, where δ
is the thickness of the sheet. Grain boundaries of small grains will move until
their size reaches the critical value, which is determined by the mentioned
condition (ω = π/2). Estimations yield a critical size which is approximately
equal to the sheet thickness, and the experiment confirms them.

Grain boundaries, at least the special grain boundaries and those close to
them, are anisotropic [35]. That is why it is of interest to consider the behav-
ior of anisotropic grain boundaries where the shape of the grain boundary is
concerned. Like in the case of the external surface of the crystal, some of the
orientations of the grain boundary fit the minima of the surface tension. If
the misorientation of the grains corresponds to a special one, such orientations
can be called orientations of good coincidence, or good orientations.

For small deviations from the good orientation in a crystal compensating
steps might appear at the grain boundary, much like the steps on the exter-
nal surface of the crystal. The second possible configuration is macroscopic
facets, oriented along the nearest good orientations (Fig. 1.44). The equilib-
rium configuration should include only one facet of such a kind, because the
total length of the grain boundary along all the rectilinear sections does not
depend on the number of facets and each zigzag introduces additional energy
to the system. (The driving force of disappearing for the “additional” facets
drops down with increasing size. So the final state with one zigzag should be
observed in experiments.)

The shape of a special grain boundary having regard to the anisotropy of its
surface tension was considered in [158]. The external geometrical condition,
imposed on the system, is that the grain boundary is locked in the points A
and B (Fig. 1.44). Let γ1 and γ2 be the surface tensions of two adjacent good
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orientations, let the angle between these orientations be Ψ, γ1 and γ2 the en-
ergies of the steps related to their heights h1 and h2. If the grain boundary is
isotropic its equilibrium shape represents the part of the straight line, which
connects the points A and B in the two-dimensional case. If the surface tension
is strongly anisotropic (γ1 > γ2, γ2 > γ1), the formation of steps is energeti-
cally not favorable. The equilibrium configuration, corresponding to this case,
consists of facets in the planes of good orientations. If γ1 < γ2, γ2 < γ1, the
formation of steps in this case is energetically possible, the shape of the grain
boundary resembles the arrangement of steps AB. There is no sole element
in the described picture, i.e. the interaction of the steps. The question arises
whether the appearance of qualitatively new configuration is conceivable if
this factor will be taken into consideration. The calculation shows that it is
possible.

The energy of a grain boundary can be written as

E = γ1 (�1 − χ1) + χ2γ̃1 + χ2ε1ξ
2
1 + γ2 (�2 − χ2) + χ1γ̃2 + χ1ε2ξ

2
2 (1.239)

where ξ1, ξ2, are the ratios of heights h1, h2 to the distances between the
steps, respectively; the constants ε1 and ε2 describe the interaction intensity
between the steps; the sense of the lengths �1, �2, ξ1 and ξ2 is clear from Fig.
1.44. The interaction between the steps was assumed to be an elastic one, its
energy is inversely proportional to the square of the distance [159].

Thus, the problem is reduced to the search for values of ξ1 and ξ2 which,
by minimizing the expression (1.239), give non-vanishing values for the angles
Θ1 and Θ2:

ξi =
tanΘi

sin ψ − (cos ψ) · tan Θi
(1.240)

In this case, in accordance with the physical sense of the values ξ, the problem
is solved by the values of ξi which are in the range from 0 to 1.

The required conditions for aluminum are

∂E

∂χ1
= γ̃2 − γ1 + 3ε2ξ22 + 2ε1ξ21 = 0

∂E

∂χ2
= γ̃1 − γ2 + 3ε1ξ21 + 2ε2ξ22 = 0 (1.241)

In [158] the simple situation is considered, where the “good orientation” is
the crystallographic equivalence

γ1 = γ2 = γ, γ̃1 = γ̃2 = γ̃, ε1 = ε2 = ε (1.242)

Then the system (1.241) degenerates into
{

3ξ21 + 2ξ22 = a

3ξ22 + 2ξ21 = a
(1.243)
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where a = (γ − γ̃) /ε.
For a < 0 the system does have positive solutions. This situation corre-

sponds to a pure facetting — there are no steps. For a > 5 both positive
solutions of (1.242) cannot be less than 1. This solution corresponds to the
absence of facets.

For 0 < a < 5 all solutions of Eq.(1.242) can be divided into two groups. The
first group can be related to solutions, which satisfy the condition ξ1 = ξ2 = ξ;
for the second group ξ1 �= ξ2 = ξ, respectively. For ξ1 = ξ2 = ξ = ξ the cubic
equation

3ξ2 + 2ξ3 = a (1.244)

has one positive root in the interval 0 < a < 5. The consideration shows that
in the range 0 < ξ1, ξ2 < 1 the system (1.243) does not have unequal roots.

Thus, depending on the value of the parameter a = (γ − γ̃) /ε, three qual-
itatively different versions of the equilibrium shape of the grain boundary are
possible.

1. a < 0 — the grain boundary is split into facets which are located exactly
in the planes with special orientation;

2. a > 5 — there are no facets of the grain boundary;

3. 0 < a < 5 — facets contributed by steps deviate from the planes of good
orientation by definite angles.

The “magic” value a = 5 results from the assumption that the law of in-
teraction of the steps is valid for distances, which are comparable with the
interatomic ones. So, the exact value can be different, but the qualitative con-
sequences remain valid.

The possibility of an occurrence of the last situation mentioned was con-
firmed by electron microscopy investigations of the geometry of 180◦ and 60◦

twin boundaries in films of Ag on mica [160]. It was found that the major
part of such grain boundaries is split into facets which are located in planes
close to the special orientation {112} but with a small angle of deviation of
±6◦ from these planes.
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1.6 Problems

PROBLEM 1.1
Use Carnot’s cycle to find the temperature dependence of grain boundary
surface tension.

PROBLEM 1.2
One of the disadvantages of a rivet as a structural connection element is the
change in its length with temperature. Due to thermal expansion the length of
the rivet increases, which weakens the connection, especially for base materials
with low thermal expansion. The proposed temperature-compensation rivet is
manufactured from a metal with a nanocrystalline grain microstructure. An
increase in temperature leads to grain growth which, in turn, decreases the
total grain boundary area in the rivet and the excess of grain boundary free
volume.
Determine:
(1) The change in the length of an Al rivet in the course of grain growth when
the mean grain size increases from D0 = 10 nm to D = 100 nm.
(2) The change in the length of the rivet due to two concurrent effects: grain
growth and thermal expansion.
(3) The stress in the rivet caused by grain growth and thermal expansion.
Grain boundary excess free volume V ex = 1.35 · 10−10m3/m2; thermal expan-
sion coefficient of Al α = 2 · 10−5K−1; temperature increase ΔT = 200 K.

PROBLEM 1.3
Assume that the grain boundary excess free volume is the result of vacancy
adsorption. Compute for grain boundaries in Al:
(1) The adsorption constant B in the frame work of the Henry isotherm.
(2) The heat of adsorption Q.
Compare the value of the enrichment coefficient β = Γ

zc
with the diagram of

Seah and Hondros (Chapter 1).
Compare the value for the quantity B, extracted from the Henry isotherm,
with the value extracted from the Zhuchovitskii-McLean isotherm.

PROBLEM 1.4
Let us consider two cubic polycrystals in a furnace. One of them rests on
a support (bottom plate, etc.) whereas the second is suspended on a rigid
bracket (see Fig. 1.46).
(1) Calculate the increase in size of a polycrystal by the grain boundary excess
free volume; autoadsorption Γ0 = 6.4 · 10−6mol/m2

, Ω0 = 10−5m3/mol.
(2) Evaluate the equilibrium grain size after a long annealing time for these
polycrystals. Hint: take into account the influence of gravity.
(3) It is known that an isolated system cannot change by itself the position
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FIGURE 1.45
Two arrangements of a polycrystal in a furnace.

of the center of mass (center of gravity). During grain growth the center of
mass of a sample will shift since the specimen will expand in all directions.
How can these contradictory statements be reconciled?

PROBLEM 1.5
A nanocrystalline aluminum sample is quickly heated close to the melting
temperature Tm.
(1) Determine the change of the melting temperature of a nanocrystalline Al
sample with mean grain size D = 10 nm; γ = 0.45 J/m2.
(2) Derive the Clausius-Clapeyron equation for the sample at the melting
point.
(3) Calculate dP/dT at the melting temperature for a mean grain size:

I D = 5 nm
II D = 7 nm
III D = 25 nm

Hint: The volume change during the phase transformation solid-liquid
ΔΩSL = 0.066Ωs.
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Structure of Grain Boundaries

“... A trifling matter, and fussy of me, but we all
have our little ways.”
“There must be somebody there, because somebody
must have said Nobody.”
— A.A. Milne

2.1 Terminology and Definitions

Grain boundaries are the lattice defects that have been known for the longest
time but they are also the least understood. A grain boundary separates
two regions of the same crystal structure but of different orientation. In very
coarse-grained materials it can be discerned by the naked eye if the surface is
properly prepared (Fig. 2.1). Our deficiency of fundamental knowledge of grain
boundaries is mainly due to their complex structure, which requires an exten-
sive mathematical description for its macroscopic characterization. Already
in the two-dimensional case four parameters are needed to define mathemati-
cally exactly a grain boundary (Fig. 2.2), namely an angle ϕ which describes
the orientation difference between the adjacent crystals (orientation relation-
ship), an angle Ψ which defines the spatial orientation of the grain boundary
“plane” (grain boundary orientation) with respect to one crystal and the com-
ponents t1, t2 of the translation vector t that characterizes the displacement
of the two crystals with respect to each other (translation vector). For the
three-dimensional case (the real case) one even needs eight parameters to un-
ambiguously define a grain boundary, namely three terms for the orientation
relationship, for instance the Euler angles ϕ1, Φ, ϕ2, two parameters for the
spatial orientation of the grain boundary by means of the normal to the grain
boundary plane n = (n1, n2, n3), with respect to one of the adjacent crys-
tals (keeping in mind that |n| = 1) and finally the three components of the
translation vector t = (t1, t2, t3). The properties, in particular energy and
mobility of a grain boundary, are, in principle, a function of eight parameters.
Five of these eight can be influenced externally, i.e. orientation relationship
and spatial orientation of the grain boundary. The translation vector will be
forced by the crystals such that the total energy will be minimal; however,

111
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FIGURE 2.1
Microstructure of recrystallized α-brass. The grain boundaries separate areas
of uniform orientation represented by a uniform shade of gray.

the vector t need not be unambiguous as evident from computer simulations.
To determine the dependency of grain boundary properties, for instance the
mobility, on the five macroscopic parameters, it would be necessary to keep
all parameters but one fixed and to systematically vary that free parameter.
In real life, however, only few of the external parameters are systematically
varied, and usually this is the orientation relationship in terms of a fixed ro-
tation axis and a variable angle of rotation, and for a given rotation axis and
rotation angle, the inclination of the grain boundary with regard to a refer-
ence position.

The orientation relationship between two crystal lattices is a transforma-
tion, which has to be applied to one of the crystals to make both crystal
lattices coincide. If a common origin is assumed, this transformation is a pure
rotation, since the relative positions of the crystal axes in both crystals are the
same. We will see in Chapter 6 that there are many ways to define a rotation.
Frequently the three Euler angles are used, but it is easiest to picture a grain
boundary when the rotation is represented in terms of an axis and angle of
rotation. In many instances it is very important to know the dependency of a
property on the rotation angle for a given rotation axis. In this case it would
be desirable to keep the crystallographic orientation of the grain boundary
plane constant in order to obtain the dependency on the rotation angle only.
If the grain boundary plane is perpendicular to the rotation axis, the bound-
ary is referred to as a twist boundary (Fig. 2.3a). In such a case the choice of
the grain boundary plane is unambiguous, no matter what the rotation angle
is. In contrast, grain boundaries are called tilt boundaries, if the rotation axis
is parallel to the grain boundary plane. Since there is an infinite number of
possible planes parallel to a given direction, there is an infinite number of tilt
boundaries for a given rotation. If the adjacent crystals are mirror images of
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FIGURE 2.2
Four parameters are needed to mathematically define a two-dimensional grain
boundary.

each other, then the grain boundary is referred to as a symmetric tilt bound-
ary (Fig. 2.3c). All other tilt boundaries are called asymmetric tilt boundaries
(Fig. 2.3b). In a symmetric tilt boundary the grain boundary plane has equiv-
alent Miller indices with regard to both adjacent crystals; for instance in Fig.
2.3c the boundary normal would be (210)1 and (21̄0)2 for a 36.9◦ [001] sym-
metric tilt boundary. By definition, the normal to the grain boundary plane
must be perpendicular to the rotation axis for tilt boundaries. However, it
is impossible to keep the Miller indices of the grain boundary plane constant
when changing the angle of rotation. At least with regard to one of the crystals
this has to change corresponding to an asymmetric tilt boundary. Therefore,
to investigate boundary structure — property relationships it is sensible to
first confine oneself to symmetric tilt boundaries and then treat asymmetric
tilt boundaries as a deviation from the symmetric position.

As an example the dependency of grain boundary energy on the angle of
rotation for a 〈110〉 rotation axis in aluminum is given in Fig. 2.4 for sym-
metrical tilt boundaries. Obviously, there are orientation relationships with
particularly low energy boundaries. One example is the 70.5◦ 〈110〉 orien-
tation relationship, which is a particularly low energy boundary, namely a
coherent twin boundary. However, also when in both crystals a {311} plane is
parallel to the grain boundary, a very low grain boundary energy is observed.
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FIGURE 2.3
Relative orientation of grain boundaries and rotation axes for different types
of grain boundaries. (a) Twist boundary; (b) asymmetrical tilt boundary; (c)
symmetrical tilt boundary.
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FIGURE 2.4
Dependence of the energy of symmetrical 〈110〉 tilt boundaries in Al on the tilt
angle ϕ. The indices given in the figure are Miller indices of the corresponding
grain boundary planes (see text) (after [174]).

2.2 Atomic Structure of Grain Boundaries

2.2.1 Low-Angle Grain Boundaries

If the misorientation between adjacent grains is small (low-angle grain bound-
ary), then the boundary is entirely comprised of a periodic crystal dislocation
arrangement. This becomes obvious already from a simple soap froth model
of a boundary, but also has been confirmed by high resolution electron mi-
croscopy. Symmetric tilt grain boundaries consist of a single set of dislocations
(Burgers vector b) (Fig. 2.5a), where the dislocation spacing d decreases with
increasing rotation angle ϕ (Fig. 2.5b)

b

d
= 2 sin

ϕ

2
≈ ϕ (2.1)

For asymmetric low-angle tilt boundaries at least two sets of edge dislo-
cations are required, the Burgers vectors of which are perpendicular to each
other (Fig. 2.6a). The fraction of dislocations of the second set increases with
increasing deviation from the symmetric tilt boundary that is only comprised
of the first set of dislocations. If the grain boundary is composed only of the
second set of dislocations, another symmetric tilt boundary is obtained (Fig.
2.6b) which is normal to the symmetric tilt boundary that is comprised only
of the first set of dislocations (Fig. 2.6a). Low-angle twist boundaries require
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FIGURE 2.5
(a) Dislocation configuration of a symmetrical 〈100〉 low-angle grain bound-
ary with tilt angle ϕ in a simple cubic crystal. (b) Measured and calculated
dislocation spacing in a symmetrical low-angle tilt boundary in germanium.

at least two sets of screw dislocations (Fig. 2.7a). Mixed boundaries are com-
posed of dislocation networks of three Burgers vectors. This dislocation model
of low-angle grain boundaries, which is due to Read and Shockley [161], has
been frequently confirmed by transmission electron microscopy (Fig. 2.7b)
and is supported by measurements of grain boundary energy (Fig. 2.8).

The free energy of a low-angle grain boundary can be calculated exactly.
As shown by Read and Shockley [161] the stress field of a dislocation in an
infinite periodic arrangement is confined to a range in the order of the dislo-
cation spacing d. The energy of an edge dislocation per unit length, therefore,
reads

Ed =
μb2

4π(1 − ν)
ln

d

r0
+ Ec (2.2)

μ — shear modulus, ν — Poisson ratio, r0 ≈ b— radius of dislocation core, Ec

— energy of dislocation core. Correspondingly, for a symmetrical tilt boundary
with tilt angle ϕ, the number of dislocations per unit length n = 1/d ∼= ϕ/b,
and thus, the grain boundary energy per unit area

γSTB =
ϕ

b
·
(

μb2

4π(1 − ν)
ln

1
ϕ

+ Ec

)
= ϕ (A−B · ln ϕ) (2.3)

with A = Ec/b and B = μb/4π(1 − ν).
The curve in Fig. 2.8 was calculated according to Eq. (2.3) for Pb and Sn

and obviously agrees very well for ϕ < 15◦.
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FIGURE 2.6
(a) Dislocation configuration of an asymmetrical low-angle tilt boundary with
tilt angle ϕ and inclination Φ. (b) Symmetrical low-angle grain boundary
formed exclusively from second family dislocations.
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FIGURE 2.7
(a) Explanation of the basic dislocation configuration of a low-angle twist
boundary. A single family of parallel screw dislocations results in a shear
deformation, but two perpendicular families of dislocations result in a pure
rotation. (b) TEM image of a low-angle twist boundary in α-Fe. The hexagonal
dislocation configuration is composed of screw dislocations with three different
Burgers vectors [165]

© 2010 by Taylor and Francis Group, LLC

http://www.crcnetbase.com/action/showImage?doi=10.1201/9781420054361-c2&iName=master.img-098.jpg&w=103&h=61
http://www.crcnetbase.com/action/showImage?doi=10.1201/9781420054361-c2&iName=master.img-098.jpg&w=103&h=61


118 2 Structure of Grain Boundaries

ϕ [deg]

γ
[1

0-2
J/

m
2 ]

tin

lead

0 7 14 21 28 35
0

6

12

18

24

ϕ [deg]

γ
[1

0-2
J/

m
2 ]

tin

lead

0 7 14 21 28 35
0

6

12

18

24

FIGURE 2.8
Measured (points and dashed lines) and calculated (using the dislocation
model) (solid curves) energy of tilt boundaries in lead and tin (after [166]).

2.2.2 High-Angle Grain Boundaries

For low-angles of rotation the specific grain boundary energy (energy per unit
area) increases exactly as predicted by the dislocation model. For angles of
rotation in excess of 15◦; however, measurements of grain boundary energy
reveal no further change with increasing rotation angle, in contrast to the
dislocation model which would predict an energy decrease for high-angles of
rotation (Fig. 2.8). For rotation angles larger than 15◦ the dislocation model
fails, because the dislocation cores tend to overlap. Thus, the dislocations lose
their identity as individual lattice defects so that Eq.(2.3) does not apply any
more. Therefore, grain boundaries with rotation angles in excess of 15◦ are
distinguished from the low-angle grain boundaries and are termed high-angle
grain boundaries. At first glance a high-angle grain boundary appears like a
zone with random atomic arrangement (Fig. 2.9). In fact, early models of grain
boundary structure assumed grain boundaries to represent an under-cooled
liquid. We will show below that this is a deception and that grain boundaries
do have a defined atomic structure. However, this very simple model of grain
boundary structure proves already that the thickness of a boundary can only
be on the order of a few atomic diameters, i.e. of atomic dimensions. Since
the grain boundary energy per atom γa corresponds to the atomic heat of
melting qa = kT , where k is Boltzmann constant

γ =
nb

b3
· kT (2.4)

and b is the atomic diameter and nb is the thickness of the boundary. With the
magnitude of grain boundary energy γ ≈ 0.5J/m2, we obtain n ≈ 1. Although
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FIGURE 2.9
High-angle and low-angle tilt boundaries in a soap bubble model.

this model is certainly too simple to account for any structural dependence of
grain boundary properties, it is often useful for providing rough estimates of
thermodynamic properties of grain boundaries.

The island model proposed by Mott [162] and refined by Gifkins [163] was
a first attempt to account for grain boundary structure as observed by field
ion microscopy. In this model the grain boundary consists of perfectly crys-
talline islands floating in a perturbed environment, e.g. in an undercooled
melt. Again the model fails to properly predict grain boundary structure, but
it is the first and simplest model to treat grain boundary motion differently
from simple rate theory of jumps of individual atoms across the boundary as
proposed by Turnbull [164]. Rather, perfect islands comprising many atoms
may detach from and attach to the adjacent crystal boundaries. This depar-
ture from a single atom model to a cluster model will drastically increase
activation energy and entropy of grain boundary motion, as will be discussed
in Chapter 3.

Our current understanding of the structure of high-angle grain boundaries
is derived from geometrical concepts, based on dislocation models of low-angle
grain boundaries [35], [165]–[167]. A fundamental reason for the failure of the
lattice dislocation concept for larger angles of rotation is the requirement of a
strictly periodic dislocation arrangement to minimize grain boundary energy.
The spacing of dislocations, however, changes discretely, namely at least by
one atomic distance. What ensues is that the angle of rotation ϕ = b/d also
changes in steps rather than continually. For low-angles ϕ, b � d so that ϕ
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changes quasi-continually. For larger rotations the orientation difference be-
tween two consecutive periodic dislocation arrangements becomes substantial.
If, for instance, there is an arrangement with dislocation spacing d = 4b, then
ϕ = 14.3◦. Changing the dislocation spacing to three atomic spacings requires
an angle of rotation of ϕ = 19.2◦. Therefore, the problem arises of what is the
grain boundary structure for 14.3◦ < ϕ < 19.2◦, or, in general, between rota-
tions that represent a periodic arrangement of (primary) crystal dislocations.

In a perfect crystal the atoms have a defined (average) position, which is de-
termined by the minimum of the free energy. Any deviation from this position
necessarily increases the free energy. Therefore, it can be assumed that the
crystal will try to keep the atoms as much as possible in their ideal position,
also in the grain boundary. There are orientation relationships, where crys-
tallographic planes continue through the grain boundary from one crystal to
the other, i.e. there are atomic positions in the grain boundary which coincide
with ideal positions of both adjacent lattices. Such lattice points are called
coincidence sites. Since the orientation relationship between the adjacent crys-
tals is described by a rotation, it can be investigated under what conditions
coincidence sites will occur. A simple example (Fig. 2.10) is a rotation of
36.87◦ about a 〈100〉 axis in a cubic lattice (respectively — 53.13◦ because of
the 90◦〈100〉 crystal symmetry). If we consider the atomic positions of both
adjacent lattices in a (100) grain boundary plane, i.e. perpendicular to the ro-
tation axis (right part in Fig. 2.10) then the occurrence of many coincidence
sites is evident. Since both crystal lattices are periodic, the coincidence sites
also must be periodic, i.e. they also define a lattice, the coincidence site lattice
(CSL). The elementary cell of the CSL is larger than the elementary cell of
the crystal lattice, of course. As a measure for the density of coincidence sites
or for the size of the elementary cell of the CSL, we define the quantity

Σ =
volume elementary cell of CSL

volume elementary cell of crystal lattice
(2.5)

For the rotation 36.87◦〈100〉 is Σ =
a(a

√
5)2

a3 = 5 (Fig. 2.10).
Fig. 2.10 is only a very simple two-dimensional case. In reality the coinci-

dence site lattice is a three-dimensional lattice, the generation of which can
be imagined as follows. We take a crystal lattice, each lattice point of which
carries two atoms, for instance one round and one triangular like in Fig. 2.10.
Now we rotate the triangular atoms while the round atoms remain unchanged.
Of course, the origin for the axis of rotation is a lattice point. After this rota-
tion there are again lattice points where triangular and round atoms coincide.
These are the coincidence sites and because of the periodicity of the crys-
tal lattices they generate a three-dimensional lattice, the CSL. To apply this
crystallographic construct to grain boundaries, we have to define the spatial
orientation of the grain boundary plane. Having defined this plane, we remove
on one side of the plane the round atoms, on the other side of the plane the
triangular atoms. This generates a bicrystal with a boundary, and the struc-
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FIGURE 2.10
Coincidence site lattice (CSL) and structure of a 36.9◦〈100〉(Σ = 5) grain
boundary in a cubic crystal lattice. Right side of figure: grain boundary plane
|| plane of the paper (twist boundary); Left side of figure: grain boundary
plane ⊥ plane of the paper (tilt boundary).

ture of the boundary is given by the atoms located in the boundary. If
good fit of the atoms — and coincidence sites represent atoms with ideal fit
— is associated with a low energy, we can expect that the grain boundary
strongly favors running through coincidence sites rather than non-coincidence
sites. Grain boundaries between crystallites which have an orientation rela-
tionship corresponding to a high density of coincidence sites are called CSL
boundaries or special boundaries. The smaller the Σ (which is always an odd
integer), the more ordered is the grain boundary. Low-angle grain boundaries
can be characterized by Σ = 1, since almost all lattice points, except for the
atoms of the dislocation cores, are coincidence sites. Grain boundaries be-
tween crystallites with twin orientation relationship are defined by Σ = 3,
and in the coherent twin boundary all lattice sites are coincidence sites. This
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TABLE 2.1

Rotation angle ϕ for lattice
coincidence with Σ < 100 in a cubic
lattice with 〈100〉 axis of rotation.
ϕ Σ

8.80 85
10.39 61
12.68 41
14.25 65
16.26 25
18.92 37
22.62 13
25.06 85
25.99 89
28.07 17
30.51 65
31.89 53
36.87 5
41.11 73
42.08 97
43.60 29

is not a contradiction to Σ = 3, since the CSL is a three-dimensional lattice
which also extends perpendicular to the grain boundary, and only every third
plane parallel to the coherent twin boundary is in perfect coincidence. This is
evident for the fcc lattice when the coherent twin boundary is a {111} plane.
Because of the stacking sequence ABC of {111} planes, a coincidence of the
3D crystal lattices will produce coincidence sites only in every third plane
parallel to the coherent twin {111} boundary.

If we want to apply this crystallographic concept to real grain boundaries,
there is the fundamental problem that the coincidence site lattice occurs only
for very special defined rotations, and Σ does not change continually with
the angle of rotation (Table 2.1). This problem is entirely complementary to
the requirement of a discrete change of the angle of rotation in order to ob-
tain a periodic crystal dislocation arrangement as described above. In essence,
a strictly periodic arrangement of crystal dislocations is absolutely identical
with the relaxed structure of a CSL grain boundary (Fig. 2.11). However,
even for tiny deviations from the exact rotation relationship the long range
coincidence gets lost. In much as the crystal tries to compensate a small mis-
orientation by a periodic arrangement of crystal dislocations, we expect that
the bicrystal will try to maintain its ideal fit and to compensate deviations
from this perfect fit by localized perturbations, i.e. dislocations. These dislo-
cations need to have a Burgers vector, which will conserve the CSL as much

© 2010 by Taylor and Francis Group, LLC



2.2 Atomic Structure of Grain Boundaries 123

as lattice dislocations conserve the crystal lattice when forming a low-angle
grain boundary. As in the most trivial case the CSL will not be changed, if
dislocations are introduced, the Burgers vectors of which are lattice vectors
of the CSL. Equivalently, it is possible that the Burgers vector would be a
vector of the crystal lattice. However, the elastic energy of dislocations in-
creases with the square of the Burgers vector: Ed ∼ b2. Therefore, the energy
of the grain boundary would increase dramatically if dislocations with a very
large Burgers vector would be implemented into the grain boundary. How-
ever, the density of coincidence sites will determine only the energy, not their
location. As a consequence we can relax the requirement that the location of
the coincidence sites has to be conserved. There are very small vectors which
conserve the size of the CSL if the location of the coincidence sites are allowed
to change. The displacement vectors which satisfy this condition define the so-
called DSC lattice. DSC is the abbreviation for displacement shift complete.
This means that the CSL will displace as a whole, if one of the two adjacent
crystal lattices is shifted by a translation vector of the DSC lattice. The DSC
lattice is the coarsest grid, which contains all lattice points of both crystal
lattices (Fig. 2.12). Of course, all translation vectors of the CSL and the crys-
tal lattices are also vectors of the DSC lattice, but the elementary vectors of
the DSC lattice are much smaller. Since the dislocation energy increases with
the square of the Burgers vector, only base vectors of the DSC lattice qual-
ify for Burgers vectors of the so-called secondary grain boundary dislocations
(SGBDs). Dislocations with DSC Burgers vectors are referred to as SGBDs,
in contrast to primary grain boundary dislocations, which are crystal lattice
dislocations, the periodic arrangement of which generates the CSL.

SGBDs are confined to grain boundaries, since their Burgers vectors are not
translation vectors of the crystal lattice and their introduction in the crystal
lattice would cause a local destruction of the crystal structure. With regard
to their geometry and correspondingly, to their elastic properties, secondary
grain boundary dislocations can be treated like primary dislocations. As much
as primary dislocations can compensate a misorientation of the perfect crys-
tal by a low-angle grain boundary, so much can secondary grain boundary
dislocations compensate an orientation difference to a CSL relationship while
conserving the CSL. Since SGBDs also have an elastic strain field as does any
dislocation, they can be imaged in a TEM (Fig. 2.13). The larger the orien-
tation difference to the exact coincidence rotation, the smaller the spacing of
the SGBDs according to Eq. (2.1).

SGBSs can be treated with regard to their geometrical and elastic proper-
ties like ordinary dislocations except for their much smaller Burgers vectors
bB. The orientation difference Δϕ to the reference CSL orientation relation-
ships is described in complete analogy to Eq. (2.1) by their spacings dGB

bB
Δϕ

= dGB (2.6)
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FIGURE 2.11
Relationship between the coincidence site lattice and the primary dislocation
structure at a grain boundary. If two identical, interlocking lattices (a) are
turned symmetrically toward each other about an axis perpendicular to the
plane of the page (b), a coincidence site lattice forms. The coincidence points
are marked by overlapping circles and squares. The associated configuration
of the resulting double dislocation is relaxed along the boundary (c), and the
structure of a symmetrical low-angle tilt boundary forms (d).

© 2010 by Taylor and Francis Group, LLC



2.2 Atomic Structure of Grain Boundaries 125

DSC

CSL

DSC

CSL

FIGURE 2.12
Coincidence site lattice (CSL) and DSC lattice at 36.9◦〈100〉 rotation in a
cubic lattice.
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FIGURE 2.13
Grain boundary dislocations in a tilt boundary in stainless steel (after [175]).

Correspondingly, the energy of a periodic SGBD arrangement γ(Δϕ) adds on
to the energy of the reference CSL structure, according to Eq. (2.3)

γ(ϕ) = γCSL + γ(Δϕ) = γCSL + Δϕ (Ab −Bb ln Δϕ) (2.7)

with Ab = Eb
c/bB and Bb = μbB

4π(1−ν) .
The observed cusps of grain boundary energy at CSL orientation relation-

ships (Fig. 2.4) are actually caused by the infinite slope of γ(Δϕ) for Δϕ→ 0
owing to the logarithmic dependency.

A special property of the SGBDs is that at the location of the disloca-
tion core the grain boundary usually has a step (Fig. 2.14). This step is a
consequence of the fact that the CSL is displaced when an SGBD is intro-
duced. If an SGBD moves along the grain boundary, the step moves along
with the dislocation and thus, the grain boundary is displaced perpendicular
to its plane, i.e. the grain boundary will migrate by the distance of the step
height. A fundamental property of all dislocations is that they cause a shear
deformation upon their motion. Therefore, the motion of a grain boundary
dislocation will always cause a combination of grain boundary migration and
grain boundary sliding. In the case that the Burgers vector of the SGBD is
parallel to the grain boundary plane the dislocation needs only to glide to have
the grain boundary displaced. This is the case, for instance, in symmetrical
tilt grain boundaries (Fig. 2.14a). If the Burgers vector is inclined to the grain
boundary plane, the dislocation can only move by a combination of glide and
climb (Fig. 2.14b), which requires the diffusion of vacancies, and, therefore, is
a thermally activated process.

The concept introduced is based on geometrical arguments only. Such a con-
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FIGURE 2.14
Atomic configuration of a grain boundary edge dislocation at a Σ = 5 grain
boundary in an fcc lattice. (a) Burgers vector parallel to the grain boundary.
(b) Burgers vector inclined to the grain boundary (after [168]).

sideration cannot make predictions about the force equilibrium of the atomic
arrangements considered. This problem can only be solved by computer sim-
ulations, which allow us to calculate the position of the atoms at an equilib-
rium of interatomic forces, i.e. by relaxation of the geometrical arrangement
[35],[167]–[169] (Fig. 2.15). In contrast to the basis of the geometrical consider-
ations, coincidence almost always gets lost upon relaxation, but the periodicity
remains and that means the conceptual framework is still correct. A more de-
tailed analysis reveals that the arrangement of atoms in the grain boundary
can be described by polyhedra, and surprisingly enough, only seven differ-
ent polyhedra are necessary to describe all possible arrangements of atoms in
a grain boundary [170] (Fig. 2.16). These polyhedra represent characteristic
structures of the grain boundary and are therefore referred to as structural
units. Computer simulations prove that grain boundaries of particularly low
energy consist of only one type of polyhedron. If the orientation relationship
is slightly changed, other structural units (polyhedra) will be introduced into
the structure, and these new structural units are identical with the cores of
the SGBDs (Fig. 2.17). With increasing misorientation the density of the new
structural units increases until they finally will represent the majority and
therefore, on further rotation, the grain boundary structure will eventually
consist of only this type of polyhedron. This structural unit concept of grain
boundaries and its dependence on orientation relationship represents our cur-
rent conception of grain boundary structure [171]. The computer simulations
of grain boundary structure have also been confirmed by high resolution elec-
tron microscopy [172, 173] (Fig. 2.18). Of course, these are considerations
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FIGURE 2.15
Structure of a symmetrical 36.9◦〈100〉(Σ = 5) tilt boundary in aluminum,
calculated by computer simulation: (a) Configuration after rigid rotation of
the crystallites, (b) and (c) structure of grain boundaries after relaxation.
The staggered vertical lines at the grain boundary indicate the shift of the
crystallites. Hence, for a given misorientation there can be more than one
structure (after [168]).

(β)

(γ) (δ)

(ε) (ξ)

(η)

(α) (β)

(γ) (δ)

(ε) (ξ)

(η)

(α)

FIGURE 2.16
The seven different Bernal structures that grain boundaries (in structures
formed of hard spheres) can consist of: (α) tetrahedron; (β) octahedron;
(γ) trigonal prism; (δ) truncated trigonal prism; (ε) archimedean square an-
tiprism; (ξ) truncated Archimedean square antiprism; (η) pentagonal double
pyramid (after [170]).
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FIGURE 2.17
Calculated dependence of grain boundary structure on the tilt angle of a sym-
metrical 〈100〉 tilt boundary in aluminum for various tilt angles. For every tilt
angle there is a certain arrangement of structural units (A,B,C). If this ar-
rangement is interrupted, this forms a grain boundary dislocation (illustrated
for Σ = 41) (after [171]).
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(a) (b) (c)(a) (b) (c)

FIGURE 2.18
Atomic structure of a Σ7 boundary in aluminum: (a) HREM image; (b) sim-
ulated HREM image using the relaxed grain boundary structure; and (c)
computed by molecular dynamics [173].

which do not include the thermal agitation of atoms. In fact, the structure
may change at high homologous temperatures, when entropy becomes impor-
tant, and, indeed, structural phase transformations of low Σ CSL boundaries
(special boundaries) have been reported. Molecular dynamics computer sim-
ulations are now being employed to address this important issue.
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2.3 Problems

PROBLEM 2.1
Compute the surface tension of a low-angle 〈112〉 symmetrical tilt grain
boundaries in Al with following angle of misorientation ϕ: 0.5◦; 3◦; 5◦; 8◦.

PROBLEM 2.2
Find the equilibrium angles at a triple junction with the following grain
boundary energies γ1 = 0.323 J/m2; γ2 = 0.620 J/m2; γ3 = 0.460 J/m2

(see Fig. (2.19)).

γ1

γ2 γ3

α1

α2α3

γ1

γ2 γ3

α1

α2α3

FIGURE 2.19
Equilibrium of three grain boundaries at a triple junction.

PROBLEM 2.3
Consider a grain boundary to be a supercooled liquid. Use the Clausius-
Clapeyron equation to find the pressure which should be applied to the grain
boundary from the bulk to maintain the grain boundary in a liquid state for:
Al (at 400◦C); Pb (at 100◦C); Au (at 600◦C).

PROBLEM 2.4
Prove that in a uniform 2D grain boundary system a quadruple junction is
unstable.

PROBLEM 2.5
In problem 2.4 it was shown that for uniform grain boundaries quadruple
junctions in a 2D grain boundary system are unstable.
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FIGURE 2.20
System of grain boundaries with quadruple junction.

Δχ0

ϕ0

Δχ0

ϕ0

FIGURE 2.21
Sample with a bamboo grain boundary microstructure.

(a) Find the conditions under which it is possible to maintain a quadruple
junction in the configuration given in Fig. 2.3.
(b) Assume that the Burgers vectors of the grain boundary dislocations are
the same. Find the misorientation of a grain boundary with surface tension
γ2, if the misorientation of the first grain boundary is 5◦.
(c) Do the same as in (b) but for a misorientation of ϕ1 = 8◦.

PROBLEM 2.6
Given a sample with a bamboo structure composed of equidistant low-angle
grain boundaries with uniform misorientation angle ϕ0 (Fig. 2.21). Grain
growth is assumed to take place by unification of two neighboring grain bound-
aries.
(a) Show that such a process decreases the free energy of the system.
(b) Calculate the driving force for such grain growth.
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FIGURE 2.22
Geometry of thin-walled pipe with radius r and length x0.
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FIGURE 2.23
Grain boundary in a thin film which is considered as a beam.

(c) Determine the condition when this specific grain growth will be arrested.
(d) Find the grain size Δxn for this condition.

PROBLEM 2.7
A thin-walled pipe of circular cross section (R = 0.5 cm, wall thickness δ) is
twisted by the moment Mk. Find the length x0 for a given twist angle Δϕ
which makes it energetically advantageous to form a twist grain boundary
with misorientation angle Δϕ (see Fig. 2.22).

PROBLEM 2.8
Consider a thin film with a grain boundary which divides two free surfaces
with different surface tension. Two edges of the boundary are clamped, so
that the grain boundary can be bent (see Fig. 2.23).
Consider the grain boundary as an elastic beam to define:
(a) the free energy of the system expressed as a functional of the boundary
shape;
(b) the elastic modulus of the grain boundary.
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3

Grain Boundary Motion

“I am not a little pleased that this Work of mine
can possibly meet with no Censures: For what
Objections can be made against a Writer who
relates only plain Facts.”
— Jonathan Swift

3.1 Fundamentals

Grain boundaries separate regions of the same phase and crystal structure but
different orientation. A displacement of a grain boundary is entirely equiva-
lent to the growth of one crystallite at the expense of the shrinking neighbor.
In this sense the grain boundary constitutes the contact area of the internal
surfaces of adjacent grains. The association of grain boundary motion with
the displacement of the internal crystallite surfaces distinctly distinguishes
grain boundary motion from a diffusive flux of atoms across the boundary. Of
course, a non-zero atomic flux across the boundary will make one grain shrink
(the emitting grain) and the other grain grow (the receiving grain), and with
regard to an external reference frame opposite faces of a bicrystalline speci-
men would move (Fig. 3.1), but the grain boundary would remain stationary.
Thus, diffusion across a grain boundary does not necessarily correspond to
grain boundary motion with a displacement of crystallite surfaces. It is ev-
ident that grain boundary motion consists of the generation of lattice sites
at the surface of the growing grain and conversely a destruction of lattice
sites at the surface of the shrinking grain. Effectively, grain boundary motion
comprises the non-zero net exchange of lattice sites across the boundary (Fig.
3.2).

In line with the definition given in Chapter 1 we shall consider the grain
boundary as a layer of defined thickness comprising a phase with a specific
atomic arrangement, and we associate properties like energy, entropy or mobil-
ity with this phase. However, one should keep in mind that in reality the grain
boundary is only the location of a discontinuity of crystal orientation, defined
by the mutually constrained adjacent internal crystallite surfaces. That the
proposed simplified definition can cause problems is obvious from the fact

135
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136 3 Grain Boundary Motion

FIGURE 3.1
Diffusion across a grain boundary (left) and grain boundary motion (right)
will displace a boundary with regard to an interior sample reference. Boundary
motion will also displace the boundary with regard to an external reference.

grain 1 grain 2grain 1 grain 2

FIGURE 3.2
Grain boundary motion deletes and generates lattice sites on the surface of
the shrinking and growing grain, respectively.
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that grain boundary mobility can be different for motion in opposite direc-
tions, as observed recently. Nevertheless, following conventional perception we
shall tacitly assume the grain boundary to have specific but unique properties,
except as otherwise noted.

Despite extensive treatment in the literature, there is no real theory of
grain boundary migration. Rather, virtually all theoretical attempts to de-
scribe grain boundary motion are based on simple rate theory of atoms cross-
ing the grain boundary with net energy gain. It is tacitly assumed that the
atom detaching from a crystal to join the opposite surface destroys a lattice
site rather than creating a vacancy and that its attachment to the adjacent
crystal surface generates a new lattice site rather than eliminating a vacancy.
With these prerequisites grain boundary motion is reduced to the diffusive
motion of atoms across the grain boundary. In Sec. 3.8 we shall discuss vari-
ous mechanisms of grain boundary motion. In the simplest case, if the grain
boundary is narrow, i.e. can be crossed by a single atomic jump, and each
transferred atom displaces the boundary by the diameter of an atom, b, the
grain boundary velocity reads [164, 176]

v = b (Γ+ − Γ−) (3.1)

where Γ+ and Γ− are the jump frequencies in the respective directions. If
there is no Gibbs free energy differential between the adjacent crystals, the
net flux Γ+ − Γ− = 0, and the boundary will not move. If the Gibbs free
energy of both crystals per unit volume is different, the driving force P is
equal to

P = −dG
dV

(3.2)

Then each atom of volume Ωa ≈ b3 will gain the free energy Pb3 when becom-
ing attached to the growing grain but has to expend this free energy when
moving in the opposite direction. The corresponding free energy variation
across the boundary is schematically shown in Fig. 3.3. Correspondingly

v = b

(
ν+e

−G+
m

kT − ν−e−
G−

mPb3

kT

)
(3.3)

If the attack frequencies ν+ = ν− = ν ≈ νD (νD — Debye frequency) and the
migration free energy Gm is the same in both jump directions, then

v = bνDe
−Gm

kT

(
1 − e−

Pb3
kT

)
(3.4)

For all practical cases, including recrystallization in heavily cold worked met-
als1, Pb3 � kT at temperatures where boundaries are observed to move

1For heavily cold worked metals P ≈ 10 MPa. For Al kT ∼= 10−20J at T = 0.8Tm ∼= 450◦C,
i.e. with b = 3 · 10−10m; Pb3/kT = 0.01. It is noted at this point that in molecular
dynamics simulations where very high driving forces are applied to make the boundary
noticeably move in the small time interval allowed, this approximation may not hold.
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FIGURE 3.3
The free energy of a moving atom changes by the driving force Pb3 when it
crosses the boundary. Gm is the free energy barrier for bulk diffusion.

(T ≥ 0.3Tm) and, therefore,

exp
{
−Pb

3

kT

}
∼= 1 − Pb3

kT
(3.5)

which yields

v =
b4νD

kT
e−

Gm
kT · P ≡ m · P (3.6)

where m is referred to as grain boundary mobility.
This very simple model may be refined by assuming the detachments to

occur in a sequence of steps or that thermal grain boundary vacancies have
to assist diffusion [177]; however, these modifications will only modify the
preexponential factor m0 and the activation enthalpy H of the mobility
m = m0e

−H/kT , but the proportionality between migration rate v and driving
force P remains unaffected. Moreover, in this simple model the activation free
energy for the diffusive jump across the boundary is assumed to correspond
to the activation energy for volume diffusion. This will be an upper bound
for the activation energy for grain boundary motion in pure metals, since the
excess free volume in the grain boundary ought to facilitate diffusion and thus
lower the activation energy. Frequently, the activation energy for grain bound-
ary motion is assumed to equal the activation energy for diffusion along grain
boundaries, which is on the order of half the activation energy for volume
diffusion. Since diffusion along boundaries involves quite different activated
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(a) (b)(a) (b)

FIGURE 3.4
Structure of a wide (a) and narrow (b) grain boundary (schematically).

stages than diffusion across boundaries, this may be an invalid assumption2.
Several theoretical approaches have assumed a wide grain boundary struc-

ture, which implies that there is a layer of undercooled melt between the
crystallite surfaces [178, 179] (Fig. 3.4). Although grain boundary structures
computed even for high Σ CSL boundaries (see Chapter 2) and observed in
the HREM do not support this structure hypothesis, there may be special
cases where this concept applies, e.g. for alloys with strongly segregating, low
melting point solutes, like Ga or Pb in Al.

In such instances, grain boundary motion consists of three consecu-
tive stages, namely detachment from the shrinking grain surface, transport
through the grain boundary and attachment to the surface of the growing
grain. The first and third steps have been considered above for the narrow
boundary. Frequently, the transport through the boundary is considered to be
a diffusive flux. This is wrong, however. There may be a random diffusive flux
in the boundary, but it is irrelevant for the migration of the boundary. Since
the boundary moves during the transfer of atoms, the attaching grain surface
will eventually scavenge the detached atom, even if the latter does not move
at all after its detachment. Therefore, the flux through the boundary is only
the convection flux

jc = v/Ωa
∼= v/b3 (3.7)

owing to the motion of the boundary. An observer attached to the bound-
ary would see only this convection flux, and for steady state motion of the

2Since grain boundary mobility is strongly affected by segregated impurities, and since real
materials are never absolutely pure, there is no actual measurement of the grain boundary
mobility in pure metals to date. This issue, therefore, remains unresolved, so far.
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grain boundary this flux is constant. However, as pointed out above, real
grain boundary structures in pure metals are narrow boundaries, and thus
grain boundary motion is unlikely to be accounted for by evaporation and
condensation of atoms on the intercrystalline surfaces.

3.2 Driving Forces for Grain Boundary Migration

The driving force for grain boundary migration P has the dimension of en-
ergy per unit volume, which is conceptually equivalent to a pressure — a force
acting per unit area on a grain boundary. There are various sources of driving
force (Table 3.1). In general, a driving force for grain boundary migration
occurs if the boundary displacement leads to a decrease in the total free en-
ergy of the system. In principle, a gradient of any intensive thermodynamic
variable offers a source of such a driving force: a gradient of temperature, pres-
sure, density of defects, density of energy (for example, an energy of elastic
deformation), contents of impurity, a magnetic field strength and so on. How-
ever, not all theoretically possible driving forces can be practically realized.
To study grain boundary motion the following driving forces are relevant.

(1) An excess density of defects (e.g. dislocations) in one of the adjoining
grains is a powerful source of a driving force. There are several advantages
to this type of driving force: the ease of fabrication, excellent reproducibil-
ity, variation in the magnitude of driving force within a wide range up to
a very large force (P ∼= ρμb2/2, where b is the Burgers vector, μ the shear
modulus, and ρ the dislocation density). For ρ ∼ 1015 m−2, μ ∼= 1011 J/m3,
b2 ∼= 10−19 m2, P ∼= 107 J/m3 = 10 MPa. These advantages as well as their
relevance for recrystallization processes explain the widespread use of this
kind of driving force in spite of essential drawbacks — e.g. instability of P
during annealing owing to recovery, local variation of dislocation density etc.
(2) The energy of high-angle grain boundaries like in the classical experi-
ments of [180]–[182]. The authors emphasized that their observations proved
that the striation substructure provided the driving force for grain bound-
ary migration, since migration of a grain boundary frees the crystal from
the striations. Actually, these striations represented grown in low-angle grain
boundaries and thus, the driving force corresponded to the energy of these
low-angle boundaries. Aust and Rutter estimated the driving force to be on
the order of 4 · 10−4 MPa.

This kind of driving force can be considered as relatively reproducible and
sufficiently stable. The magnitude of the driving force cannot be changed over
a wide range, however. Furthermore, it was believed that a major advan-
tage of this driving force was the possibility of studying the motion of a flat
grain boundary, to which, strictly speaking, all microscopic theories of grain
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TABLE 3.1

The driving forces for grain boundary migration
Estimated

Source Equation Approximate value driving
of parameters force

Stored P = 1
2ρμb

2 ρ = dislocation density 10
deform- ∼ 1015/m−2 (MPa)
ation μb2

2 = dislocation energy
energy ∼ 10−8 J/m

Grain P = 2γ
R

γ = grain boundary energy 10−2

boundary ∼ 0.5 J/m2 (MPa)
energy R = grain boundary radius

of curvature ∼ 10−4 m

Surface P = 2Δγs

d d = sample thickness 2 · 10−4

energy ∼ 10−3m (MPa)
Δγs = surface energy
difference of two neighboring
grains ∼ 0.1 J/m2

Chemical P = R (T1 − T0) c0 = concentration 6 · 102

driving ·c0 ln c0 = max. solubility at T0 (MPa)
force T1(< T0) annealing

temperature
(5% Ag in Cu at 300◦C)

Magnetic P = μ0H2Δχ
2

Material: bismuth 3.5 · 10−4

field · (cos2Θ1 − cos2Θ2

)
H = magnetic field (MPa)
strength (107A/m)
Δχ = difference of
magnetic susceptibilities
∼ 1.8 · 10−7 (250◦C)
Θ angle between c-axis
and field direction
Θ1 = 0◦; Θ2 = 90◦

Elastic P = τ2

2

(
1

E1
− 1

E2

)
τ = elastic stress ∼ 10 MPA 2.5 · 10−4

energy E1, E2 = elastic moduli of (MPa)
neighboring grains ∼ 105MPa
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Estimated
Source Equation Approximate value driving

of parameters force

Tempera- P = ΔS·2λgradT
Ωa

ΔS = entropy difference 4 · 10−5

ture between grain boundary (MPa)
gradient and crystal (approx.

equivalent to
melting entropy)
∼ 8 · 103 J/K·mol
grad T = temperature
gradient ∼ 104 K/m
2λ = grain boundary
thickness ∼ 5 · 10−10 m
Ωa = molar volume
∼ 10 cm3/mol

boundary motion are related. As found recently, however, the triple junction
of a moving high-angle boundary and consumed low-angle boundaries exerts
a drag on the moving boundary and thus renders the interpretation of the
measured results uncertain [183].
(3) It was mentioned above that the driving force for grain boundary motion
can be considered as a pressure on the boundary from the grain with smaller
energy density. The driving force in several methods of investigation of grain
boundary motion is exerted by the pressure difference Δp on both sides of the
grain boundary

P = Δp (3.8)

Usually, the pressure difference Δp stems from the difference of capillary forces
on both sides of a curved grain boundary. A capillary pressure is equal to

Δp = γ

(
1
R1

+
1
R2

)
(3.9)

where γ is a surface tension [184], R1 and R2 are the main radii of curvature3.
Experimental procedures to study grain boundary migration by using the

free energy of the grain boundary itself as a driving force offer a number
of advantages, namely the possibility to control and to change the driving
force, a good reproducibility, and a good stability at a given temperature.
The magnitude of the driving force is on the order of 10−4 − 10−3 MPa.
(4) The anisotropy of any physical property, e.g. the elastic constants or the
magnetic susceptibility, can be utilized as a source of driving force for grain
boundary migration. The origin of the driving force for boundary migration

3Relation (3.9) is valid for an isotropic grain boundary.
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in a magnetically anisotropic material was considered by Mullins [185]. If the
volume density of the magnetic free energy w in a crystal induced by a uniform
magnetic field is independent of crystal shape and size and the susceptibility
ξ � 1 then the magnetic driving force acting on the boundary of two crystals
that have different susceptibilities is given by

P = gm1 − gm2 =
μ0H

2

2
(χ1 − χ2) (3.10)

where ξ1 and ξ2 are the susceptibilities of crystals 1 and 2, respectively, parallel
to the magnetic field H . In the case of Bi, which is magnetically anisotropic
with ξ � 1, Eq. (3.10) reads

P = μ0
Δχ
2
H2

(
cos2 Θ1 − cos2 Θ2

)
(3.11)

where Θ1 and Θ2 are the angles between the direction of the magnetic field
and the trigonal (or c or 〈111〉) axes in both grains of the Bi bicrystal, Δξ
is the difference of susceptibilities parallel and perpendicular to the trigonal
axis. The pressure P is directed toward the grain with the larger value of Θ
and does not depend on the sign of the magnetic field.

Bismuth is a suitable material for investigation of grain boundary migration
by the magnetic method, since it is magnetically anisotropic with different sus-
ceptibilities parallel and perpendicular to the trigonal (or c or 〈111〉) axis (at
22◦C χ|| = 1.05 ·10−6 and χ⊥ = 1.48 ·10−6 [186]) and, what is of importance,
the susceptibilities of Bi, as shown by Kapitza [187, 188], do not depend on
H up to 2 · 107A/m, and the energies associated with magnetostriction at
0.8 · 107A/m are less than 1% of the magnetic free energies and thus can be
neglected. The driving force obtained for this method is rather small: at a
field strength of H = 1.63 · 107A/m the driving force is about 3.5 · 10−4 MPa
[189].

The measurement of boundary motion under a constant magnetic driv-
ing force provides a unique opportunity to determine the absolute value of
grain boundary mobility. In contrast, experiments using other driving forces,
like low-angle boundaries or dislocations, need a very accurate estimate of the
subboundary or dislocation energy, which is, however, uncertain. Experiments
with curved grain boundaries allow us to determine grain boundary mobility
to an accuracy of the surface tension γ of the grain boundary [190, 191]; the
grain boundary also is not planar. The other significant advantage of a mag-
netic driving force is the possibility of varying it by changing the position of
the sample with regard to the magnetic field. However, the main advantage of
the magnetic method is that it permits us to measure the migration of planar
grain boundaries [189, 192]. The major disadvantage is the restriction of this
method to materials with a large magnetic anisotropy.
(5) The anisotropy of surface tensions of the free surfaces of a bicrystal rep-
resents a source for driving grain boundary migration. If the crystallographic
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planes that constitute the surfaces of the adjoining grains in a bicrystal have
a different surface tension Δγs, the boundary feels a driving force

P = 2ΔγS/λ (3.12)

where λ is the thickness of the crystals. Decreasing the thickness, e.g. by fab-
rication of a thin sheet, not only increases the driving force, but, as will be
shown below, a drag from the free surface. It is felt that the optimal value of
P in this case is about 10−4 MPa.

The list of potential driving forces for grain boundary migration is very
long and cannot be comprehensively covered here. Other major driving forces
are: a temperature gradient (∇T (P = ΔSδ∇T/(Ωa)), where ΔS is the en-
tropy difference between the bulk of a grain and the grain boundary, δ is the
grain boundary thickness, and Ωa the molar volume. Under optimal condi-
tions ∇T ∼= 105 K/m, ΔS ≈ ΔSm ≈ R, P ∼= 10−5 MPa; an anisotropy of the
elastic constants (P = τ2/[2 · [1/(E1) − 1/(E2)]]), where τ is the stress, E1,
E2 are Young’s moduli of the differently oriented crystals. For a stress on the
order of 10 MPa one obtains a driving force P ∼= 10−5 − 10−4 MPa.

The origin of these driving forces and their approximate magnitudes are
listed in Table 3.1.

3.3 Drag Effects During Grain Boundary Motion

3.3.1 Origin of Drag Effects

Whenever there is an interaction between a grain boundary and other imper-
fections in the crystal, this interaction will affect grain boundary motion. Such
imperfections can be vacancies, dislocations, interface boundaries or external
crystal surfaces. Their interaction with the grain boundary is of very different
nature and thus will be treated in separate sections below.

3.3.2 Impurity Drag in Ideal Solute Solutions

It is a common experience that grain boundary motion progresses much faster
in pure metals than in alloys, even dilute alloys. This must be due to the effect
of solute atoms on grain boundary motion [193]–[196]. If there is an interaction
energy U (energy gain) between boundary and impurity atoms, these solute
atoms will tend to segregate to the boundary. In fact, if thermal equilibrium
could be established at all temperatures, and the boundary could adsorb an
unlimited number of impurities — like in the case of the Henry isotherm —
all solute atoms would end up in the boundary at T = 0 K. Owing to thermal
agitation (entropy effect), for T > 0 the concentration in the boundary will
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be

cb = c0 exp
(
U

kT

)
(3.13)

where c0 is the volume impurity concentration4. When the grain boundary
moves, the segregated atoms will attempt to remain in the boundary, i.e. the
boundary has to drag its impurity load and can only migrate as fast as the
slowly moving impurities.

In the simplest approximation [193] one can assume that the segregated
impurities have to move along with the boundary and, therefore, exert a drag
force Pv

Pv = n · f = n0cb · f = n0f · c0 · eU/kT (3.14)

where n is the number of foreign atoms per unit area of the boundary, f is
the attraction force between boundary and a foreign atom (see, for instance,
[193]), n0 is the number of lattice sites per unit area of the boundary.

If boundary and foreign atoms move together the net velocity of the segre-
gated solutes read

v = B · f =
D

kT
f (3.15)

where D = D0 exp
(

−QD

kT

)
is the bulk diffusion coefficient of the solute atoms.

The boundary moves according to Eq (3.6) with the velocity

v = mb · (P − Pv) = mb (P − nf) = mb

(
P − n · v kT

D

)
(3.16)

and, therefore

v =
Pmb

1 + n·mbkT
D

≈ PD0

c0kT
exp

(
−HD + U

kT

)
(3.17)

When the driving force increases it will finally reach a critical value where the
segregated impurities will no longer be able to keep up with the boundary.
Then the boundary will detach from the impurity cloud and move as a free
boundary with the speed

v = mb · P (3.18)

In this very simple model all atoms will detach from the boundary at the
same time. For a more realistic approach one has to consider the diffusion
of the solute atoms with the moving boundaries as proposed by Cahn and
Lücke [194, 195].

Due to the motion of the grain boundary the concentration distribution of
solute atoms will be altered. We are interested in the steady-state concentra-
tion (c(x, y, z)) of solute atoms in the presence of a boundary moving with

4This is only true if there is no interaction between the solutes in the boundary. If this
constraint is relaxed a different isotherm has to be used, as will be addressed in Sec. 3.3.3.
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constant velocity v. If we assume a planar boundary moving in x-direction,
the problem can be reduced to a one-dimensional diffusion equation

∂c

∂t
= D

∂2c

∂x2
+

∂

∂x

(
Dc

kT

dU

dx

)
(3.19)

with D the volume diffusion coefficient and c = c0 for x→ ±∞. This diffusion
equation is time dependent, since the grain boundary changes position with
time, as does the concentration distribution attached to it. In a coordinate
system affixed to a grain boundary moving with constant speed the concen-
tration distribution remains stationary, i.e. ∂c/∂t = 0. For sake of simplicity,
we shall assume (Fig. 3.5a) that

U(x) =

{
0 |x| ≥ a

−H0 |x| ≤ a
(3.20)

Thus, dU/dx = 0 except for x = ± a. Using the Galilei transformation

x = x′ − vt (3.21)

we obtain the diffusion equation in the coordinate system moving along with
the grain boundary at its origin

∂c

∂t
= D

∂2c

∂x2
+ v

∂c

∂x
= 0 (3.22)

(x �= ±a; c = c0, x = ±∞) which yields the solution

c(x) = ca + cb e
− vx

D (3.23)

with ca, cb being integration constants. For range I (behind the boundary)

cI(x) = c0 (3.24a)

because of c(x) = c0 for x = −∞.
For range II (in front of the boundary)

cII(x) = c0 + (c2 − c0) e−
vx
D (3.24b)

with c2 = c(+a).
Owing to the discontinuity of the potential U for x = ± a the constant c2

and the concentration distribution inside the boundary cannot be calculated
in closed form5. However, during steady-state migration the diffusive flux

5A closed form solution is possible, when another shape of the potential U(x) is used, e.g. a
triangular potential, where |dU/dx| < ∞. This renders the solution of the diffusion equation
more difficult for the range dU/dx �= 0, but the analysis yields a result very similar to the
solution given here.
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must be constant everywhere, i.e. equal to the convective flux jc = vc0. For
a boundary comprising a single atomic layer B (Fig. 3.5c) we obtain for the
flux through the interface: range II/ boundary (B) (x = a)

cb
D

b
e−

H0
kT − c2

D

b
− vc2 = −vc0 (3.25a)

and the interface: boundary (B) / range I (x = −a)

c1
D

b
− cb

D

b
e−

H0
kT − vcb = −vc0 (3.25b)

The first two terms of Eq. (3.20a) represent the diffusion flux through the
interface B/II in terms of the difference of the number of atomic jumps from
plane B to plane 2 and from plane 2 to plane B:

cbν exp
(
−H0 +HD

kT

)
− c2ν exp

(
−HD

kT

)
(3.26)

where HD is the activation enthalpy of volume diffusion. The same holds for
Eq. (3.25b). Eqs. (3.24b, 3.25a,b) can be solved with regard to c2 and cb.

We obtain, using Φ = bv/D and Ψ = e−H0/kT

c1 = c0 (3.27a)

cb = c0
1 + Φ
Ψ + Φ

≥ c0 (3.27b)

c0 =
[
1 − Φ (1 − Ψ)

(1 + Φ) (Ψ + Φ)

]
(3.27c)

The corresponding concentration distribution is given in Fig. 3.5c.
The concentration c1 behind the boundary is here always equal to the initial

concentration c0. Since Ψ < 1, the boundary concentration cb > c1. Further,
c2 < c0, i.e. there is a concentration dip in front of the boundary.

As discussed above, the elementary step of grain boundary motion is as-
sumed to consist of the jump of single atoms across the boundary from one
crystal to the other. We consider boundary motion from left to right in Fig.
3.5 which corresponds to a net atom jump to the left. By such a jump the
total free energy of the system may be altered for two reasons:

(i) If there is a driving force P (free energy per cm3) causing the boundary
to move to the right, the energy is decreased by the amount PΩa ≈ Pb3

per jump, where Ωa is the atomic volume. Conversely, for backward
jumps the energy is increased by this amount.

(ii) If the boundary moves by one atomic step to the right, the impurities
located before in plane 2 are now situated in plane B and the ones of
plane B are now in plane 1. This corresponds to an energy change per
atom jump ΔH = c2H0 − cbH0. A backward jump leads to an increase
ΔH = cbH0 − c1H0.
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FIGURE 3.5
One-atomic boundary (a) energy level of an impurity in bulk and boundary;
(b) impurity concentration dependence across the boundary; (c) concentration
dependence in atomistic model; 1,2 denote atomic positions next to boundary
in the crystal, and B position in the boundary.

© 2010 by Taylor and Francis Group, LLC



3.3 Drag Effects During Grain Boundary Motion 149

Free

Loaded

T P

v
Free

Loaded

T P

v

FIGURE 3.6
Dependence of grain boundary migration rate on driving force in the presence
of impurity drag. In the interval denoted by T the transition from the loaded
to the free boundary and vice versa occurs discontinuously.

If one supposes that the basic activation energy Hm for such a jump is de-
creased in the case of a forward jump and increased in the case of a backward
jump by half of these energy changes, one obtains for the net velocity

v = bν

⎧
⎨

⎩
exp

(
−Hm−Pb3/2−H0(c2−cb)/2

kT

)

−exp
(
−Hm−Pb3/2+H0(cb−c1)/2

kT

)

⎫
⎬

⎭ (3.28)

Assuming that Pb3 � kT and H0 (c2 − cb) � kT the exponential function
can be expanded to give

v =
Dm

b

{
Pb3

kT
− H0

2kT
(c1 − c2)

}
= m (P − Pv(v)) (3.29a)

or

P =
kT

b3
· vb

Dm
+
H0

2b3
(c1 − c2) (3.29b)

with

m =
Dmb

2

kT
, Pv =

H0

2b3
· (c1 − c2) , Dm = νb2 exp

(
−Hm

kT

)
(3.29c)

m is the mobility of the grain boundary without impurity atmosphere, and
Pv is the retarding force due to the impurities. The important point is that c1
and c2 and thus also Pv depend upon the velocity v of the boundary so that
the dependence v = v(P ) is contained only implicitly in Eq. (3.29a). Only the
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inverse function P = P (v) can explicitly be written (3.29b).
The introduction of the expressions for c1 (Eq. (3.27a)) into Eq. (3.29b)

leads to an equation f(v, P ) = 0 which is of third order in v. The positive
roots of this equation represent the function v = v(P ). In general, the solution
v(P ) cannot be given in closed form; only for very high (vH) and very low (vL)
velocities are approximate expressions possible. In zero order approximation
one obtains

vF =
b2Dm

kT
P ; (3.30a)

vL =
2b3D

H0c0 [exp (H0/kT )− 1]
· P (3.30b)

The velocity vF describes the velocity of a free boundary, i.e. a boundary
broken away from the impurity atmosphere. The velocity vL is determined
by the diffusion of the impurities together with the moving boundary. At
intermediate values of v a transition from the boundary loaded with impurities
to the broken away boundary occurs. This transition range (T in Fig. 3.6) is
characterized by a very rapid increase in the velocity with increasing driving
force P . However, it is stressed that in this transition regime the boundary
also will move either as a loaded or as a free boundary or at some point
can change from one state to the other, as confirmed experimentally (Fig.
3.7). This implies that the boundary cannot remain in the transition state
over an extended period of time as claimed previously to explain a nonlinear
relationship between grain boundary velocity and driving force.

3.3.3 Impurity Drag in Regular Solutions

Eq. (3.30) predicts that the mobility of the loaded grain boundary ought to
decrease with increasing impurity concentrationm ∼ 1/c0 and that the activa-
tion enthalpy Hm of the mobility is different for the free and loaded boundary,
but in both cases Hm is independent of impurity concentration. This, how-
ever, is at variance with experimental results (Fig. 3.8). The concentration
dependence of the activation energy indicates that segregated atoms in the
boundary cannot be treated as a dilute solid solution, i.e. without interaction
of the segregated atoms. If there is solute-solute interaction in the bound-
ary, the impurity concentration in the boundary cannot be represented by
Eq. (3.13) (the Henry isotherm) anymore. Instead, the solutes in the bound-
aries have to be treated as a regular solution rather than an ideal solution
[197]. To simplify the mathematical treatment, we shall assume in the follow-
ing that the concentration profile of solute is always given by the equilibrium
concentrations in the bulk c0 and in the boundary cb.

When a boundary moves together with its segregated impurities, the ve-
locity of the impurity atoms vim should be equal to the boundary velocity
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FIGURE 3.7
Recording of grain boundary position with annealing time in an Al bicrystal.
At td the grain boundary unzips from its impurity cloud and moves freely.
Note discontinuous transition without intermediate stage.

vb. If the boundary moves under the action of an external driving force P , it
imparts the same driving force to the impurities carried along

vb = mbP = vim
P

Γ
(3.31)

where mb and mim are the mobilities of boundary and impurity atoms, re-
spectively. Γ = cb − c0 is the difference between the concentration of adsorbed
impurities in the boundary cb and the bulk concentration c0. With the Nernst-
Einstein relation

mim =
D

kT
(3.32)

where D is the respective diffusion coefficient, Eq. (3.31) yields

mb =
mim

Γ
=

D

Γ · kT (3.33)

For dilute (volume) solutions one may use the Henry isotherm

Γ = z ·B · c0 − c0 = c0

(
zB0 e

Hi
kT − 1

) ∼= zB0 e
Hi
kT c0 (3.34)

for c0 � cb. (B = eGi/kT , B0 = e−Si/k, Gi — Gibbs free energy of adsorp-
tion, Si — adsorption entropy, Hi — interaction enthalpy of impurity atoms
with the boundary, z — number of adsorption sites in the boundary.) Eqs.
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FIGURE 3.8
Dependence of activation enthalpy H and preexponential factor A0 of the
reduced grain boundary mobility for 38.2◦ (open symbols) and 40.5◦ (filled
symbols) 〈111〉 tilt grain boundaries on impurity content in pure Al: ◦, • —
AlI; ♦,� — AlII; �,� — AlIII; �,� — AlIV; �,	 — Al V.
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(3.31)–(3.34) render the known expression for the mobility of a boundary with
impurities:

mb =
D0 e

− (HD+Hi)
kT

zB0 kT · c0 (3.35)

where D0 is the diffusion pre-exponential factor,HD is the activation enthalpy
for (volume) diffusion of the impurity atoms. According to Eq.(3.35) the ac-
tivation enthalpy for grain boundary migration is the sum of two activation
enthalpies, impurity diffusion and impurity adsorption. The pre-exponential
mobility factor changes inversely proportionally to the impurity concentration
contrary to experimental results. As evident from Fig. 3.8, even at the low-
est impurity content, the activation enthalpy rises with increasing impurity
concentration, whereas the pre-exponential factor remains essentially at the
same level.

If there is a strong tendency toward segregation, the boundary impurity
concentration may be high although the volume impurity concentration is
small. For high impurity concentrations in the boundary it is necessary to
take into account the mutual interaction of adsorbed atoms in the bound-
ary. Also, grain boundaries are inhomogeneous, i.e. not every site in the grain
boundary is equally favorable for impurity segregation. The essential point
here is that this inhomogeneity plays an important role in the adsorption dur-
ing the process of migration and thus has to be taken into account.

In the following we shall consider the interaction of impurities with grain
boundaries in terms of adsorption. This allows us to express an influence of
adsorption on both the activation enthalpy and the pre-exponential mobility
factor. We consider a true binary system with bulk concentrations c1 and c2
and assume that the grain boundary chemistry is in equilibrium with the bulk,
in spite of grain boundary motion

μb
1

(
γ1, T, c

b
1

)
= μv

1 (p, T, c1) (3.36)

μb
2

(
γ2, T, c

b
2

)
= μv

2 (p, T, c2) (3.37)

where μb
1, μ

b
2, and μv

1 , μ
v
2 are the chemical potentials of the first and second

component in the bulk and in the boundary, respectively, and cb1,2 denote the
respective boundary concentrations. The activities of atoms in both the bulk
(a1, a2) and the boundary

(
ab
1, a

b
2

)
are related by

ab
1

a1
=
(
ab
2

a2

)ω1
ω2

· eω1(γ2−γ1)
kT (3.38)

where γ1 and γ2 are the grain boundary surface tensions of the pure first and
second component, respectively, and

ω1 = −
(
∂μb

1

∂γ1

)

p,T,γ2

and ω2 = −
(
∂μb

2

∂γ2

)

p,T,γ1

(3.39)
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are the partial areas of the atoms of both components in the boundary6. Eq.
(3.38) constitutes the general adsorption isotherm, expressed in terms of ac-
tivities. The relation between activity and chemical potentials of components
in real and ideal solutions reads

ai = ci exp
(
μi − μideal

i

kT

)
(3.40)

For consideration of the adsorption of impurities, which interact in the bound-
ary, and bulk solution, we can apply the Bragg-Williams approach for regular
solutions, i.e. entropy changes are neglected.

With the known expressions for the enthalpy of components in a regular
solution the activity in such a solution can be represented as

a1 = c1 exp

[
zε · (c2)2
kT

]
, a2 = c2 exp

[
zε · (c1)2
kT

]
(3.41)

where z is the coordination number, ε = ε12 − 1/2 (ε11 + ε22) is the heat of
mixing and εij (i, j=1,2) are the interaction enthalpies of the components.

Eqs. (3.38) and (3.41) yield for a regular solution in both bulk and boundary

cb1
c1

=
exp

(
zε·(c2)

2

kT

)

exp
(

zbεb·(cb
2)

2

kT

)

⎡

⎢⎢⎣
cb2 exp

(
zbεb·(cb

1)
2

kT

)

c2 exp
(

zε·(c1)2

kT

)

⎤

⎥⎥⎦

ω1
ω2

· exp
[
ω1 (γ1 − γ2)

kT

]
(3.42)

where εb, zb are the heat of mixing and the coordination number in the grain
boundary, respectively.

Some special cases are of particular interest for an analysis of experimental
results.
1. Both (bulk and boundary) solutions are regular (i.e. the heat of mixing
and coordination number in both solutions are the same) and the partial
areas of the different species in the boundary are equal, i.e. εb = ε, zb = z,
ω1 = ω2 = ω.

Then

cb1 =
Bc1 exp

[
2zε
kT

(
cb1 − c1

)]

1 − c1 +Bc1 exp
[

2zε
kT

(
cb1 − c1

)] (3.43)

where B = eω(γ2−γ1/kT ) = B0e
Hi/kT ,Hi is the enthalpy of interaction between

the boundary and an adsorbed impurity atom.

6It should be pointed out that the partial areas as defined by Eq. (3.39) are in general
not identical with the physical area fraction occupied by the respective elements in the
boundary but are thermodynamical quantities exactly defined by this equation and may
even assume negative values.
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2. The bulk solution is ideal, whereas the boundary solution is regular, i.e.
ε = 0, εb �= 0, ω1 = ω2 = ω. In this case

cb1 =
Bc1 exp

[
zbεb

kT

(
2cb1 − c1

)]

1 − c1 +Bc1 exp
[

zbεb

kT

(
2cb1 − c1

)] (3.44)

For c1 � 1, Eq. (3.44) is known as the Fowler-Guggenheim isotherm.
3. The same as case 2, but the partial areas of the species in the boundary
are different, i.e. ε = 0, εb �= 0, ω1 �= ω2. In this case

cb1 = c1 exp

(
−z

bεb · (cb2
)2

kT

)
· B

{
cb2
c2

exp

[
zbεb · (cb1

)2

kT

]} ω1
ω2

(3.45)

The condition closest to experiments is the case of an ideal bulk and a reg-
ular boundary solution. From Eqs. (3.35) and (3.44) (denoting the impurity
concentration as c and using the values for ε and z in the boundary)

mb =
mim

cb − c
∼= mim

cb
=

m0

B0c
·

exp
[
−HD+Hi+zε(2cb−1)

kT

]

{
1 − c+Bc exp

[
zε
kT (2cb − 1)

]}−1 (3.46)

For ω1 �= ω2 Eqs. (3.33) and (3.44) yield

mb =
mim

cb − c
∼= mim

cb
=

m0

B0c
·
exp

[
−HD+Hi+(β−1)zε(1−cb)2

kT

]

(
1−cb

1−c

)β
(3.47)

with β = ω2/ω1. An important consequence of Eqs. (3.46) and (3.47) is that
the migration activation enthalpy includes the enthalpy HD of impurity mo-
tion involved in boundary migration, the adsorption energy Hi (segregation
of atoms in the pure boundary) and, in particular, the energy of interaction
between adsorbed atoms. Therefore, the activation enthalpy of grain bound-
ary migration becomes dependent on concentration, as indeed is observed in
experiment (Fig. 3.8).

Figs. 3.9 and 3.10 show the dependence of boundary mobility and its pa-
rameters (A0, H) on impurity concentration for 38.2◦ and 40.5◦〈111〉 tilt grain
boundaries as obtained by experiment and as calculated from Eqs. (3.46) and
(3.47), respectively. The calculations are in a good agreement with experiment
at reasonable values of HD, Hi and zε. (The magnitude of B0 = exp(−S/k)
changes in a very narrow range and was taken to be B0 = 5.)

The best agreement between theory and experiment for the concentration
dependence of boundary mobility was found for the isotherm, which takes into
account a difference of the partial areas of the components in the boundary
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FIGURE 3.9
Experimental data (points) and results of calculations (lines) based on Eq.
(3.41) for two 〈111〉 tilt grain boundaries in Al. Dependence of (a) activation
enthalpyHm; (b) preexponential factor A0; (c) reduced boundary mobility Ab;
(d) compensation temperature Tc; (e) impurity concentration in the boundary
cb on the bulk impurity content c. Parameters used for 38.2◦〈111〉 boundary:
HD = 0.6 eV; Hi = 0.84 eV; (zε) = 0.17 eV; (m0γ) = 8 · 10−5 m2/s, and for
40.5◦〈111〉: HD = 1.5 eV; Hi = 0.82 eV; (zε) = 0.21 eV; (m0γ) = 90 m2/s.
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FIGURE 3.10
Experimental data (points) and results of calculations (lines) based on
Eq. (3.42) (β = 0.05) for two 〈111〉 tilt grain boundaries in Al. Dependence of
(a) activation enthalpy Hm; (b) preexponential factor A0; (c) reduced bound-
ary mobility Ab; (d) compensation temperature Tc; (e) impurity concentra-
tion in the boundary cb on the bulk impurity content c. Parameters used for
38.2◦〈111〉 boundary: HD = 0.68 eV; Hi = 0.86 eV; (zε) = 0.17 eV; and for
40.5◦〈111〉: HD = 1.57 eV; Hi = 0.86 eV; (zε) = 0.24 eV.
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158 3 Grain Boundary Motion

with β = 0.05 and the fitting parameters as given in the Fig. 3.10 caption.
This becomes particularly obvious from Fig. 3.10. It is interesting that the
fit parameter m0γ for the Σ7 boundary amounts to m0γ = 3 · 10−4 m2/s.
The term m0γ represents the reduced mobility of the boundary in the pure
matrix. If boundary migration would proceed by the transfer of individual
atoms across the boundary from the shrinking to the growing grain, then m0

ought to follow simple rate theory, i.e. m0γ ≡ 10−5 for Al. For the same
reason the activation energy for a jump across the boundary ought to be com-
parable to the activation energy of grain boundary diffusion, i.e. for Al in
the range of 0.6–0.7 eV for the Σ7 boundary. Obviously, the motion of the
special boundary Σ7 is reasonably described in the framework of this simple
theory, and the experimentally observed deviations of HD and A0 from rate
theory can be attributed to the effect of segregated impurities according to
the theory outlined above. Non-special boundaries, in this case the 40.5◦〈111〉
boundary, behave quite differently: both the activation energy for grain bound-
ary motion (HD = 1.57 eV) and the preexponential reduced mobility factor
(m0γ = 3.5 · 102 m2/s) are much higher (even orders of magnitude for m0γ)
than expected for grain boundary motion caused by the exchange of individ-
ual atoms across the boundary. This indicates that the mechanism of grain
boundary motion at least in this non-special boundary is different from the
migration of special boundaries. In fact, the magnitude of activation energy
and preexponential factor as well as other experimental results for the non-
special boundary hint at a correlated or cooperative motion of atoms during
boundary migration.

3.3.4 Vacancy Drag

Not only impurities may interact with and segregate to grain boundaries.
The same principle holds for intrinsic defects, like vacancies. In principle,
vacancy drag can be treated completely in analogy to impurity drag. However,
it is complicated by the fact that there is no conservation rule for vacancies;
rather, vacancies may be produced and eliminated [198]–[200]. In fact, there
is experimental evidence that grain boundaries can act as sources and sinks
for vacancies [200, 201]. If there is a concentration cs of sites which may act as
sinks or sources (imagine a ledge on the crystallite surface in the boundary)
then the production rate for vacancies is

q̇+ = csνc
∗ exp

(
−HFB +HDB

kT

)
(3.48)

where ν is a frequency factor, c∗ an entropy factor, HFB and HDB represent
the activation enthalpy for grain boundary vacancy formation and diffusion,
respectively.
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3.3 Drag Effects During Grain Boundary Motion 159

The annihilation rate is given by

q̇− =
cvb

τ
= cvb · csν exp

(
−HDB

kT

)
(3.49)

where cvb is the actual vacancy concentration and τ the lifetime of a vacancy
in the boundary. The net production rate of boundary vacancies reads

q̇b = q̇+ − q̇− = −cvb − cevb

τ
(3.50)

In equilibrium, q̇ = 0 and thus, cvb = cevb, i.e. the equilibrium concentration
of vacancies in the boundary.

Another source of vacancy production is the annihilation of dislocations in
the boundary, since each atom on a dislocation line carries an excess volume of
about one atomic volume. Each atom on the dislocation line can, therefore, be
considered to produce one vacancy upon absorption of the dislocation in the
grain boundary, for instance during primary recrystallization. For a (uniform)
dislocation density ρ and a grain boundary migration rate v, the vacancy
production rate by dislocation absorption in the boundary is

q̇d = α b ρ v (3.51)

where the dimensionless factor α ≡ 1 is the number of vacancies formed per
dislocation site. Since the grain boundary also carries an excess volume its
motion will be accompanied by a production of vacancies, e.g. during grain
growth. In fact, such vacancy generation was observed in molecular dynamics
computer simulations of a shrinking half-loop grain boundary [201, 202]. If
the number of vacancies is not conserved, the diffusion equation (Eq.(3.19))
has to be modified to include the vacancy production term q̇ which is only
nonzero in the grain boundary

∂c

∂t
= D

∂2c

∂x2
+

∂

∂x

(
Dc

kT

dU

dx

)
+ q̇ (3.52)

For a potential well as defined by Eq.(3.20) we obtain for the steady state in
the reference frame of the moving boundary

∂c

∂t
= D

∂2c

∂x2
+ v

∂c

∂x
+ q̇ = 0 (3.53)

The problem can be treated exactly as for impurities previously, except that
the flux equations through the borders of the boundary now read (one atomic
boundary)

jB/II = jII (3.54a)
jI/B = jB/II − q̇b = jII − q̇b (3.54b)
jI = jI/B = jII − q̇b (3.54c)
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160 3 Grain Boundary Motion

or in terms of jump frequencies

cvb
D

b
e−H0/kT − c2 · D

b
− vc2 = −vc0 (3.55a)

c1
D

b
− cvb

D

b
e−H0/kT − vcvb = −vc0 − q̇b (3.55b)

Again this can be solved for c1, c2 and cvb.

The migration rate is again obtained from

v = bν

⎧
⎨

⎩
exp

(
−Hm−Pb3/2−H0(c2−cvb)/2

kT

)

−exp
(
−Hm−Pb3/2+H0(cvb−c1)/2

kT

)

⎫
⎬

⎭ (3.56)

which cannot be solved analytically, since c1, c2 and cvb depend on v. In the
limit of high (vF ) and low (vL) velocities, assuming vacancy production by
dislocation absorption we obtain the approximate solutions

vF =
b2Dm

kT

(
P − αρH0

2b

)
; vL =

2b2D
H0 (cevb − c0)

P (3.57)

where cevb = c0 exp (H0/kT ). With Φ = bv/D, h = H0/2b3, Ψ = e−H0/kT ,
γ = b2/τD, λ = αρb2, and Θ = kT/b3.(D/Dm) the following cases can be
distinguished:

(a) Dislocation type sources but no sinks (γ = 0, λ �= 0)
In this case one obtains for a one-atomic boundary the concentrations

c1 = c0 + λ; (3.58a)

cvb =
1 + Φ
Ψ + Φ

(c0 + λ) ; (3.58b)

c2 = c0 − Φ (1 + Ψ) c0 − Ψ (1 + Φ)λ
(1 + Φ) (Ψ + Φ)

(3.58c)

Eq. (3.58a) shows that now the concentration c1 left behind the boundary is
larger than the initial concentration c0, it also includes the vacancies contained
in the dislocations (λ). The difference c1 − c2 which is proportional to the
retarding force Pv = α · ρH0/(2b) (Eq.(3.57)) is zero for Φ = 0 and λ for
Φ = ∞. For small values of Φ, Pv runs through a maximum, whereas for large
Φ a continuous increase occurs.

The equation f(Φ, P ) = 0 is again of third order, and the approximations
ΦF and ΦL

ΦF =
P

Θ
− hλ

Θ
+
h

P
{(c0 + λ) Ψ − c0} → P − hλ

Θ

ΦL =
P

h (c0 + λ− c0Ψ) /Ψ + Θ
∼= P

h (c0 + λ) /Ψ − hc0
(3.59)
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Of interest here is the case that the driving force P is also proportional to the
dislocation density λ as in the case of primary recrystallization. Here P = σdλ
with σd being roughly the energy per dislocated atom divided by b3. Then the
function Φ(λ) instead of Φ(P ) has to be considered which contains two aspects
of the dislocation density λ: the dislocations supply a driving force and thus
accelerate the boundary, and they supply vacancies which retard the bound-
ary. For σd > h the accelerating influence dominates and the expressions for
ΦF and ΦL remain valid. For σd < h, i.e. for dominance of the retarding
effect, only ΦL stays correct, whereas for high velocities there is no longer a
proportionality between Φ and λ, but a plateau value Φp arises. This case,
however, is improbable.

(b) Boundary sources with infinite rates (γ = ∞)
Now let us consider the opposite limiting case, where sources and sinks exist in
the boundary and where the formation and annihilation frequency of vacancies
is extremely high (γ = ∞). With Φcevb = cev, the equilibrium concentration in
the lattice, it follows

c1 =
cev + cevbΦ

1 + Φ
; cvb = cevb; c2 = c0 − c1 − cev

1 + Φ
(3.60)

One recognizes that, due to the high source rate, the boundary layer always
exhibits the (boundary) equilibrium concentration cevb. In the neighboring
plane 2 for Φ = 0 the (lattice) equilibrium concentration c2 = cev is found,
whereas for Φ = ∞ again c2 = cev. Depending upon whether cev < c0 or cev > c0,
a concentration dip or concentration peak occurs. Most interesting, however,
is the concentration of vacancies c1 left behind the boundary. Also here for
Φ = 0 the lattice equilibrium value c1 = cevb, but for Φ = ∞ the boundary
equilibrium value cev is obtained. Since cevb and cev are mostly larger than c0,
this means that also here the boundary leaves more vacancies behind than
existed in the original crystal.

The equation f(Φ, P ) = 0 now becomes second order in Φ and the resulting
approximate solutions are

Φh =
P

Θ
− h

Θ
(cevB − c0) +

h

P
(cevb − c0) → P − hcevb

Θ
(3.61a)

ΦL =
P

Θ + h (cevb − c0)
∼= P

hcevb

(3.61b)

It must be noted that Eqs. (3.60) and (3.61) do not depend upon λ and are
valid for the cases λ = 0 as well as λ �= 0. This means that, because of the
infinitely high rate for establishing equilibrium, it does not matter whether a
few vacancies (more or less) have to be accommodated.

(c) The general case (λ �= 0; 0 < γ <∞)
This case is only little more complicated and contains no new features in
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FIGURE 3.11
Normalized grain boundary migration rate Φ vs. driving force in the presence
of vacancy drag. (a) Low drag force; (b) high drag force.

addition to those already discussed. One obtains for the concentrations

c1 =
Ψ − Φ
1 + Φ

cvb; cvb =
c0Φ + λΦ + cevbγ

γ + Ψ+Φ
1+Φ Φ

c2 = c0 − c0 − cevbΨ
1 + Φ

=
cvbΨ + c0Φ

1 + Φ
(3.62)

One easily recognizes that for Φ → ∞(c2 = c0, cvb = c1 = c0 +λ) all diffusion
effects are suppressed and that for Φ → 0 (cvb = cevb, c2 = c1 = cevb · Ψ = cev)
equilibrium is approached. Since Ψ < 1, it is always cvb > c1 (due to the
potential well). Mostly (except for an extremely high c0) one also has c2 < cvb

and c1 > c0. Whether c2 < c0 or c2 > c0 (dip or peak in front of the moving
boundary) depends upon the circumstances.

The difference c1 − c2, which is proportional to the retarding force Pv,
increases from 0 at Φ = 0 to λ at Φ = ∞. For large values of λ this in-
crease occurs monotonously; for small λ the function Pv(Φ) runs through a
maximum. In Fig. 3.11 the function Φ(P ) has schematically been derived by
graphical determination of the difference P −Pv. One recognizes that for each
value of P either one or three values of Φ exist (Fig. 3.11). In the first case one
has a continuous transition from the state of a boundary loaded with vacan-
cies to the broken away state, in the latter case a discontinuous transition. In
this case the transition point (indicated by the dashed lines) cannot exactly
be defined. For very high and very low velocities, however, a single solution
v = v(P ) always exists,

ΦH =
P

Θ
− hλ

Θ
− h

P
{cev (1 − Ψ) + γ (cevb − c0) − λ (Ψ + γ)} → P − hλ

Θ

ΦL =
P

h (cevb − c0) + Θ
∼= P

h (cevb − c0)
(3.63)
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3.3.5 Drag Effects by Second-Phase Particles

It is common knowledge that second phase particles drag grain boundary
motion [203]–[207]. The physical basis of this drag effect is the attraction force
between particle and grain boundary which is due to the reduction of grain
boundary or interface energy upon contact of particle and grain boundary.
The simplest and commonly exclusively attraction force considered is the well-
known “Zener force,” which appears when a particle intersects the boundary
and in doing so eliminates the area of the boundary. For a spherical particle
with radius r and a planar grain boundary with specific energy γ the reduction
of grain boundary energy per particle ΔG is (Fig. 3.12)

ΔG = γ
(
1 − πr2

)
(3.64)

Correspondingly, the maximum attraction force f∗ is

f∗
1 = 2πrγ (3.65)

A more precise calculation for a flexible boundary gives the Zener force as
[203]

f∗
1 = πrγ (3.66a)

Actually if N is the number of particles per unit volume of the system, the
volume fraction of the particles is c = 4/3πr3N . The particles in contact with
the boundary are confined to a volume 2r·1 cm2, i.e. n, the number of particles
per 1 cm2 of a grain boundary, is equal to n = 2rN , n = 3c/(2πr2). Thus the
maximum pinning force

fmax = nf∗
1 = πrγ · 3c/(2πr2) =

3
2
cγ/r (3.66b)

Eq.(3.66a) is the well-known Zener equation for the back driving force on mov-
ing grain boundaries in two phase alloys, which is utilized for the control of
grain size during recrystallization and grain growth. The Zener force, however,
is not the only attraction force in a particle-boundary system. For instance,
if a particle has a coherent interface with the matrix and correspondingly a
low free energy (surface tension), this advantage will be lost when the par-
ticle is swept by the boundary, since grain boundary migration changes the
orientation of the matrix in contact with the particle and, consequently, the
interface energy changes by [208]

ΔG = 4πr2 (γ2 − γ1) (3.67)

and the maximum drag force is

f∗
2 = 8πr (γ2 − γ1) (3.68)
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FIGURE 3.12
Origin of Zener drag and grain boundary shape for a rigid boundary (dashed
line) and a flexible boundary (solid line).
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3.3 Drag Effects During Grain Boundary Motion 165

where γ1, γ2 are the interface free energies of the particle in the growing and
vanishing grain, respectively.

There is a third cause of attraction between particle and boundary. If the
increase of interface energy, according to Eq. (3.67), exceeds a critical value,
then the moving grain boundary prefers to circumvent the particle and to leave
behind a spherical volume of the original grain with the particle inside [206,
208] (Fig. 3.13). In this case

ΔG = 4πr2γ (3.69)

and the maximum attraction force

f∗
3 = 8πrγ (3.70)

The maximal attraction force (see Eqs. (3.66), (3.68), (3.70)) controls the pro-
cess of boundary-particle interaction, the pinning properties of the particle
and the detachment of the grain boundary from the particle. Traditionally,
the dragging of a moving grain boundary by particles of a second phase is
considered in the approximation where the particles act as stationary pinning
centers for the boundaries [203, 204]. Consequently, the smaller the size of the
particles, the more pronounced the effect of particles on grain boundary mo-
tion. On the other hand, it was reported [208] that inclusions in solids are not
necessarily immobile, and their mobility drastically increases with decreasing
particle size. The mobilities of particles for different atomic transport mech-
anisms are given in Table 3.2.

For grain boundary motion in a system with mobile particles, derived from
reasonings very akin to the solute drag theory, the velocity of the joint motion
of grain boundary and particles reads

v =
Pmb

1 +
∫∞
0

n̄(r)mb

mp(r) dr
(3.71)

where, as usual, P is the driving force of grain boundary migration, mb is the
grain boundary mobility, n̄(r) is the number of particles per unit area of the
boundary, mp(r) is the mobility of particles with size (radius) r. It is evident
that the motion of the boundary-particle complex depends on the mobility of
the boundary, the mobility of the particles, the particle distribution function
and, what is particularly important, the size of the particles. There are two
limiting cases where the physical nature of the phenomenon manifests itself
most clearly.
(i) High particle mobility

∫ ∞

0

n̄(r)mb

mp(r)
dr � 1 (3.72)

Then
v ∼= mbP (3.73)
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FIGURE 3.13
A moving grain boundary circumvents a particle in Cu (a) and leaves a spher-
ical grain boundary behind (b).
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TABLE 3.2
Mobility of Inclusions in Solids

Type of inclusion
Atomic solid sphere spherical spherical thermal groove*
trans- bubble void
port
mecha-
nism

Bulk mp(r) ≈ mg(h) =

diffusion DvmΩa
kT

1
r3 [207] = 3

2
Θcvs

h3
Ω2

aDs

kT
in the [210]
matrix mp(r) =

(Dvm) 3
2π

Dvm
kT

Ω2
acb

r3 [209]

mp(r) =
1

πr3
DvmΩa

kT
[211]

Bulk mp(r) ≈ mp(r) = mg(h) =

diffusion Dvi
10

ci
kT

Ω2
a

Ω′
a

1
r3 [207] Γ

4π

Ω2
apDgas

(kT )2r3

“
Dgas

kT

”

in the · `
p

kT

´ · θcΩ3
a

h2

inclusion
(Dvi) [210]

Interface mp(r) ≈ mp(r) =

diffusion 1
10

Dsb
kT

Ωa
r4 [207] 0.3

`
b
r

´4 Ds
kT

(DS) mp(r) = [212]
λ

πr4
DsΩa

kT
[211]

mp(r) =
3
2π

· Ω2
a

kT
· vsDs

r4 [209]

mp(r) =
vsΩ2

aDs

π kT r4 [208]

Diffusion mp(r) =

of
3Γ′

1DvΩa

2πfkT
· 1

r3 [207]
vacancies
(DV )

∗ mg, mp is the mobility per unit length; Θc is the critical angle at the vertex of
he groove; h is the depth of the groove; cb is the concentration of diffusing atoms in
the bulk; ci is the concentration of diffusing atoms in the inclusion; Ωa is the atomic
volume in the bulk; Ω′

a is the atomic volume in the inclusion; p is the pressure inside
the void; Dgas is the diffusion coefficient for the gas inside the void; b is the lattice
constant; λ is the effective thickness of the surface layer; vS is the density of surface
atoms; f is the correlation factor; Γ = (1 + ν)/3(1 − ν)); ν is the Poisson ratio;
Γ′

1 = 1 for � � r; Γ′
1 = Γ/3 for � � r, � is the average distance between source and

sink.
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In this case the grain boundary velocity is determined by the mobility of the
boundary.
(ii) Low particle mobility

∫ ∞

0

n̄(r)mb

mp(r)
dr � 1 (3.74)

then
v ∼= P

∫∞
0

n̄(r)
mp(r)dr

(3.75)

or in the simple case of a single size particle distribution: n̄(r) = n0δ(r − r0)

v =
Pmp (r0)

n0
(3.76)

In this limit the velocity of the grain boundary is determined by the mobility
and the density of the attached particles.

*mg · mp is mobility per length unit; Ωc is critical angle at the vertex of
the groove; h is depth of the groove cb is concentration of diffusing atoms in
the bulk; ci is concentration of diffusion atoms in the inclusion; Ωa is atomic
volume in the bulk; Ω′

a is atomic volume in the inclusion; p is pressure inside
the void; Dgas is diffusion coefficient for the gas inside the void; b is lattice
constant; λ is effective thickness of the surface layer; vS is density of surface
atoms; f is correlation factor; Γ = (1 + ν)/3(1 − ν)); ν is the Poisson ratio;
Γ′

1 = 1 for � � r; Γ′
1 = Γ/3 for � � r; � is average distance between source

and sink.
The collective movement of particles and grain boundary at subcritical driv-

ing forces and the detachment of particles at supercritical driving forces result
in a bifurcation of the grain boundary migration rate with increasing driving
force. This is schematically shown for a single size particle distribution in
Fig. 3.14. At low driving forces, the boundary moves together with the parti-
cles, and the kinetics of this movement are determined by the particle mobil-
ity and density (Eq.(3.76)). When the driving force reaches the critical value
P crit = f∗n, the grain boundary will breakaway from the particles, and thus
instantly increase its velocity to the migration rate of an unloaded bound-
ary (point b in Fig. 3.14). The velocity difference between a loaded and a free
boundary corresponds to the difference between the particle mobility mp(r)/n
and the grain boundary mobility (mb). On the other hand, if the driving force
acting on the unloaded boundary decreases, the grain boundary velocity will
decrease in proportion to the driving force until a critical value v∗ (point c in
Fig. 3.14) is reached. At this point the boundary velocity changes discontin-
uously to the velocity corresponding to the loaded boundary, since then the
particles become capable of moving with the boundary and will exert a drag
force. Therefore, a hysteresis exists between the points of particle detachment
with increasing driving force and particle attachment at decreasing bound-
ary velocity. In real systems the situation will be more complicated, since the
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FIGURE 3.14
Dependence of boundary migration rate on driving force in the presence of
mobile particles. At P > P crit the boundary is detached from the particles,
for v < v∗ it moves together with the particles.

particles will not be of uniform size, but will have a size distribution, and the
normalized particle mobility mp(r)/n and thus the hysteresis will depend on
the shape of the distribution according to Eq. (3.71).

The behavior of a curved grain boundary, which moves in a system with
mobile particles, is more complicated than a planar boundary and can be eas-
ily analyzed only for steady-state motion of a grain boundary. This topic will
be addressed in terms of its influence on the shape of a moving boundary in
Sec. 3.4.3.

So far we have considered the migration of a boundary loaded with parti-
cles and the velocity dependent detachment of particles from the boundary. In
reality, however, there will be a volume distribution of particles. For a station-
ary boundary (v = 0) an equilibrium distribution of particles on the boundary
n̄b(r) will be established, which is different from the volume distribution n̄v(r)
owing to the interaction energy Uz = K1πr

2γ, between particle and boundary
(in Zener approximation, K1 is the geometry factor)

n̄b(r)dr = 2rn̄v(r)exp
(
K1πr

2γ

kT

)
dr (3.77)

If a boundary would move from a particle free volume to a particle containing
volume, the equilibrium distribution will be readily established. For a moving
boundary, however, the equilibrium particle distribution can only be main-
tained for particles that are able to migrate with the boundary, i.e. for a given
velocity only all particles with size r < rc(v). At an instant of time a moving
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boundary will, therefore, be in contact with two types of particles, namely
the thermally distributed particles for r < rc(v) and the volume distribution
of particles with r > rc(v), to which the boundary is attached temporarily
during its motion. Both kinds of particles, however, have quite a different
effect on boundary migration. While the small particles, which migrate with
the boundary, reduce the effective driving force, the large statistically touched
particles constitute a “frictional” force, acting like pinning centers.

With increasing boundary velocity the number of particles attached to the
boundary diminishes so that the net drag effect decreases, while the “fric-
tional” forces increase owing to a growing number of contacted but unattached
particles. Therefore, the dependence of boundary velocity on driving force does
not reveal a discontinuity as in Fig. 3.14; rather, it will continuously change
between the two branches [208].

It is stressed that for mobile obstacles, grain boundary behavior and finally
microstructure evolution is not any longer determined by the distribution of
obstacle spacings, but rather by the distribution of obstacle mobilities.

The discussion so far has been based on the assumption that the parti-
cle distribution in the system is temporally constant. However, it was shown
that the particle distribution behind the moving grain boundary was different
from the one in front of the boundary. Moreover, the particle distribution, ob-
served behind the moving boundary, is shifted toward the large size particles
as compared to the particle distribution ahead of the moving grain bound-
ary [213, 214]. The authors explained this phenomenon by “the increased dif-
fusion permeability of grain boundaries” [213]. Quantitative calculations show
that for particle densities (∼ 1013 cm−3 given in [213, 214], grain growth rate
(up to 10−4 cm/s), and rate of particles growth (∼ 10−9 cm/s) the contri-
bution of grain boundary diffusivity for a time, when a particle is in contact
with the grain boundary, is negligibly small. The observed phenomena are
more likely due to another effect of boundary-particle interaction. If the par-
ticles are large and thus practically immobile at a given driving force and
temperature they act as pinning centers and cause the initially planar grain
boundary to bow out between the particles. This bulging, however, increases
the grain boundary area and, consequently, decreases the level of grain bound-
ary adsorption, i.e. adsorption of the grain boundary becomes unsaturated.
The only powerful source for solute atoms to replenish the concentration in the
boundary are the second-phase particles, primarily the smallest of them, in
accordance with the Gibbs-Thomson equation, which states that the chemical
potential of atoms in a particle increases with decreasing radius of curvature
(size of a particle). Consequently, the curved grain boundary tends to dissolve
the attached second-phase particles, most rapidly the smallest of them. With
decreasing particle size the mobility of the particle increases and eventually
permits the particle to move together with the grain boundary, causing the
latter to flatten. The locally flat grain boundary will now be oversaturated by
adsorbed atoms, and in turn will redistribute the solute atoms to the parti-
cles, favoring the largest ones. A shift of the particle size distribution toward
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a larger mean size is the consequence.

3.3.6 Groove Dragging

In the past, virtually all known techniques of studying grain boundary mi-
gration utilized the observation of the line of intersection of a grain boundary
with a free surface. However, if a grain boundary is exposed to the surface a
new situation arises. The result of this interaction between the grain bound-
ary and the free surface is a new surface defect — a thermal groove. The
displacement of this defect requires mass transport and consequently, energy
dissipation, which makes itself felt as a drag force on the boundary. That a
thermal groove hinders grain boundary migration can be easily understood
from a very simple concept. Under the assumption of a stationary groove and
a flat grain boundary, it is evident that the boundary has to increase its area
when being displaced from the root of the groove. The corresponding drag
force PR is easily derived from Fig. 3.15

PR = −2γ · dy
δ · dx = −2γ

δ
· cot

Θ
2

∼= − γ2

δγs
(3.78)

using 2γscosΘ/2 = γ and sinΘ/2 ∼= 1, since Θ is close to π (the difference is
a few degrees only). Evidently, groove dragging is particularly aggravating at
small specimen thickness δ(γs — free surface tension).

In reality the situation is complicated by the fact that neither the groove
remains stationary and symmetric nor the boundary remains flat; rather the
boundary will bulge in the specimen interior (Fig. 3.16). In fact, in grain
boundary migration experiments the mobility of the system grain boundary-
thermal groove is actually measured. Mullins was the first who understood
the role of the free surface for a grain boundary and the effect of a thermal
groove on grain boundary motion [215]–[218]. Recently Mullins’ approach was
extended by Brokman et al. [219, 220] who considered the steady-state motion
of a grain boundary in a thin film under the action of a thermal groove. Some
simple groove models were considered in [221, 222]. It should be stressed that
the approach by Brokman et al. maintained the principal Mullins’ assumption:
the angle Θ at the root of a groove (Fig. 3.15) remains constant during grain
boundary motion and is determined by the equilibrium values of the surface
tensions of grain boundary and free surface.

This can be looked at from a different perspective, however [210]. The
equation of motion of a uniform isotropic boundary under the action of a
driving force P and a curvature K may be written as

ẏ = mb (P − γK)
ds

dx

ẏ = mb

{
P + γy′′

[
1 + (y′)2

]−3/2
}[

1 + (y′)2
]1/2

(3.79)
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FIGURE 3.15
A groove exerts a drag on the boundary, since a small boundary displacement
increases the grain boundary area. The drag force does not depend on the
depth of the groove.
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FIGURE 3.16
Through thickness grain boundary shape y(x, t) under the action of a driving
force for migration and surface grooves.
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where s is the line element, y(x, t), −δ/2 ≤ x ≤ δ/2 is the function describing
the profile of the boundary (δ is the thickness of the specimen, Fig. 3.16).We
also use the common notation y′ = dy/dx, y′′ = d2y/dx2. For a moderately
curved boundary (y′)2 � 1 and Eq. (3.79) simplifies to

ẏ = mb (P + γy′′) (3.80)

Two boundary conditions are dictated by symmetry arguments

y (−δ/2, t) = y (δ/2, t) and y′ (0, t) = 0 (3.81)

and owing to the coincidence of the bottom of the groove and the terminal
point of the boundary

V = ẏ (−δ/2, t) + Uy′ (−δ/2, t) (3.82)

where V is the horizontal and U the vertical velocity component of the bottom
of the groove (Fig. 3.17). To determine the velocities V and U we consider the
formation, growth and migration of the thermal groove which appears along
the intersection of the moving grain boundary with the crystal surface. In a
general form, the kinetics of groove formation is given by

Ẏ = −Ωa (Js + Jg + Jv)
[
1 + (Y ′)2

]−1/2

+ V Y ′ (3.83)

Y (x, t) is the shape of the groove (Fig. 3.18), Ωa is the atomic volume, Js(x, t)
is the surface diffusion flux, Jg(x, t) is the flux perpendicular to the surface
of atoms carried through the gas phase, Jv(x, t) is the vacancy diffusion flux
through the crystal. The last term in the right-hand part of Eq. (3.83) repre-
sents the convection flux due to the coordinate system moving with the groove
velocity V , i.e.

Ẏ =
∂Y

∂t
+ V Y ′ (3.84)

The magnitude of each flux depends on the shape of the surface [215]–[218].
The equilibrium of the forces of grain boundary and free surface tension at
the bottom of the groove γ and γs, respectively, requires (Fig. 3.18)

γs (cos Θ+ − cos Θ−) = γ sin Θ
γs (sin Θ+ + sin Θ−) = γ cos Θ (3.85)

It can be shown [210] that the increment of tanΘ consists of two parts, the
first due to the change of the slope of the boundary, and the second due to
the increasing depth of the bottom of the groove (Fig. 3.17)

d (tan Θ)
dt

= ẏ′ (−δ/2, t) + Uy′′ (−δ/2, t) (3.86)
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FIGURE 3.17
Variation in the surface profile during boundary migration with concomitant
formation of a thermal groove.
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Equilibrium of forces due to surface and grain boundary tension.
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For sufficiently “thick” specimens (h/δ � 1), where h is the depth of the
groove, we obtain by integration

Θ ∼= tan Θ = y′ (−δ/2, t) (3.87)

With respective secondary assumptions regarding the mass transport and
given initial conditions the problem can be solved. The authors of [210], how-
ever, used one considerable simplification, which they called the “approxima-
tion of an almost symmetrical groove.”

Let us now consider the motion of a boundary-surface junction. Its velocity
can be described as

V = mg γ sin Θ (3.88)

where mg is the mobility of the grain boundary-surface junction. The function
mg(t) can be determined on the basis of the following arguments. At the
beginning of motion the smooth, flat surface does not drag boundary motion.
Formally, this means that mg(t) → ∞. As the groove grows, the mobility
mg(t) decreases, and the near surface section of the boundary begins to move
more slowly than the part of the grain boundary in the specimen interior. As a
result the boundary becomes tilted with regard to the surface. Once it exceeds
a certain critical angle it can detach from the groove without increasing its
own area. This is accomplished when the angle between the tangent to the
boundary at the surface and the tangent to the surface of the crystal at the
bottom of the groove is 90◦. Strictly speaking, this situation is impossible to
reach if the angle between the surface tensions of a free surface and of the
grain boundary is always in equilibrium. One possible mechanism of how the
boundary can detach from the groove is given in [210]. After detachment a
new groove begins to form and the process is repeated.

If the velocities ẏ(x, t) of different points on the boundary differ very little,
then the boundary can be considered to move as a whole with velocity v =
ẏ(x, t).

Integrating Eq.(3.80)

∫ δ/2

−δ/2

ẏ (x, t) dx = mb {Pδ + [y′ (δ/2, t)− y′ (−δ/2, t)] γ} (3.89)

Substituting ẏ(x, t) by V (t) and using Eqs. (3.79) and (3.87) we obtain

V (t) =
Pmb

1 + 2mb

δmg(t)

(3.90)

Eq. (3.90) describes the velocity of a boundary as a whole which interacts with
the free surface of a crystalline solid. It is evident from Eq. (3.90) that the
joint motion of boundary and groove depends on the mobility of the boundary
(mb), the mobility of the groove (mg) and the thickness of the crystal (δ).
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The grain boundary is able to detach from the groove, if it flexes to an
angle Θ that exceeds the critical angle Θc = π/2 − Θ− in Fig. 3.17, or

2Pδ
γΘc

≥ 1 (3.91)

The critical angle Θc can in first approximation (symmetrical groove) be es-
timated as

Θc = arc sin γ/2γs (3.92)

If Eq. (3.91) is not satisfied the boundary will remain attached to the groove,
in other words, it will move together with the groove. The mobility of a groove
mg(t) is determined by the principal mechanism of groove development and
can be calculated if the mechanism is known [210]. If the groove is shaped by
surface diffusion

mg(t) = c1t
−3/4 (3.93)

where c1 =
(
16γ5/4

s /γ2
) (
DsωΩ2

a/kT
)1/4, Ds is the coefficient of surface dif-

fusion, ω is the surface density of atoms, Ωa is the atomic volume [210]. Ac-
cordingly, for diffusion through the gas phase

mg(t) = c2t
−2/3 (3.94)

c2 =
[
Dp0Ω2

a/(kT )2
]1/3

γ1/3
s /2γ

D is the coefficient of gas diffusion, p0 is the pressure of saturated vapor above
the flat surface of a crystal. Finally, if the process of mass transport is limited
by evaporation of atoms from the surface, the mobility of the groove can be
determined as

mg(t) = c3t
−1/2 (3.95)

c3 =

[
p0Ω2

a

γs (2πM)1/2 (kT )3/2

]1/2

(M is the atomic weight.)
The time dependence of grain boundary displacement �(t) can be found by

integration of Eq. (3.90). So, for the mechanism of surface diffusion

�(t) =
4P (2c1δ)

4/3

m
1/3
b

[
ξ − 1

6
ln

(1 + ξ)3

1 + ξ3
− 1√

3

(
arc tan

2ξ − 1√
3

+ π/6
)]

(3.96)
with ξ = (2mb/(c1δ))1/3t1/4.

In the beginning, when the groove drags grain boundary motion only weakly

�(t) ∼= Pmbt (3.97)
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in accordance with rate theory, but after a sufficiently long period of time

�(t) ∼ tε (3.98)

where ε is determined by the controlling mass transfer mechanism. The pe-
riod τ between two consecutive detachments from the groove for different
mechanisms i = 1, 2, 3 can be derived [210]

τi =
[
2mb

ciδ

(
Pδ

γΘc
− 1

)]− 1
εi

(3.99)

As the effective driving force P for grain boundary migration or the sample
thickness δ decreases, the time between consecutive detachments increases,
approaching infinity when the equal sign holds in relation (3.91). Physically
this means that the grain boundary does not detach from the groove anymore.
But the groove cannot stop grain boundary motion, although its migration
rate decreases in the course of time, since �(∞) =

∫∞
0
v(t)dt diverges for all

mechanisms of groove formation and displacement [210].
In summary, a characteristic feature of the interaction between a moving

grain boundary and a free surface is the potential formation and growth of
a thermal groove along the terminal line of the grain boundary at the free
surface, joint motion and detachment of the boundary from a groove, forma-
tion of a new groove and so on. Experimentally, this has to manifest itself as
periodic sudden changes in the velocity of the moving boundary.

This behavior corresponds to the common experience that grain boundary
motion appears jerky on the surface [223]–[225]. This is demonstrated in Fig.
3.19, where surface grooves were formed during jerky motion of grain bound-
aries in steel [226]. The intermediate positions of a grain boundary, which had
moved by stop-and-go during annealing in vacuum at very high temperatures,
are distinctly revealed by the respective grooves (Fig. 3.19). The associated
displacement increases proportionally with progressing annealing time at low
temperatures, but highly non-linearly at high annealing temperatures [227]
(Fig. 3.20). Fig. 3.21 shows the migration of a boundary in a zinc bicrystal
as a function of time [228]. The effect of grooving is a retardation of grain
boundary motion at the surface, such that the grain boundary in the bulk
moves far ahead of the boundary at the surface (Fig. 3.22) until the boundary
detaches itself from the groove [210, 225]. The evolution of the shape of a
moving grain boundary between two detachments from the groove is appar-
ent from Fig. 3.22. The theoretical curve of grain boundary displacement (Fig.
3.23) was found by numerical integration in the approximation of an almost
symmetrical groove (Eq. (3.90)) [210]. There is good agreement between the
experimental and theoretical curves. Within a complete cycle of detachment
and regrooving, the experimental results are in reasonable agreement with
the kinetics predicted from theory [210, 225] (Fig. 3.24). The curve can be
subdivided into two linear sections, with a slope of 1:2 for the first and 1:3
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FIGURE 3.19
Surface grooves due to jerky grain boundary migration in steel after annealing
of 1h at 1100◦C in a vacuum [226].
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FIGURE 3.20
Grain boundary displacement vs. annealing time for oxide-forming specimens
of Al annealed at different temperatures: 553◦C (◦); 567◦C (�); 602◦C (	);
616◦C (•) [227].
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FIGURE 3.21
Measured grain boundary displacement in a Zn bicrystal under grooving con-
ditions [228].
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FIGURE 3.22
Development of through thickness grain boundary shape during consecutive
steps of grain boundary motion with initial grooving at the surface.
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Theoretically predicted grain boundary displacement in Zn under the action
of thermal grooving.
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for the second one. The two slopes correspond to groove control by transfer
through the gas phase, which is natural for zinc. For small grooves the process
is determined by the stages of evaporation and condensation, while for large
grooves diffusion in the gas phase is rate controlling. For grain boundary mo-
tion in aluminum the slope of the corresponding lines for high temperatures
equals 1:4, corresponding to groove development by surface diffusion [210].

3.4 Measurement of Grain Boundary Mobility

3.4.1 Polycrystal Methods

The capability of grain boundaries to move, and to move fast, has been known
for a long time. This ability forms the basis for such important technological
processes as recrystallization and grain growth. Thus, it seems natural to ex-
tract data on grain boundary motion, i.e. the grain boundary mobility, from
the temporal evolution of grain size during recrystallization or grain growth in
polycrystals. Indeed, this has been the case until recent times. A large amount
of data was collected over decades. However, these data, while useful for every
specific situation, fail to solve the physical problem underlying grain boundary
migration. The development of statistical methods for treating experimental
results does not alter the heart of the matter. Averaging over a large number
of grains in this case is counterproductive, since it “spreads” the mobility over
many differently migrating grain boundaries.

As a result, correlations between grain boundary property and structure
cannot be obtained from such data. The relationship between grain boundary
mobility and its crystallography, the effect of temperature, pressure, impurity
content on the motion of specific grain boundaries, the mechanism of grain
boundary migration and other fundamental aspects of grain boundary migra-
tion cannot be studied by recrystallization methods. Measurements of grain
boundary mobility based on mean grain size data of polycrystals may give
a rough estimate of this value only. Recrystallization and grain growth are
multicomponent processes of microstructure evolution, involving strongly in-
teracting elements of the polycrystal structure, namely grain boundaries and
triple junctions. Therefore, in the following we shall confine our considerations
to data obtained in bicrystal experiments.

3.4.2 Bicrystal Methods

3.4.2.1 Bicrystal Geometry

The driving forces considered in Sec. 3.2 constitute the basis of numerous
experimental methods for the study of grain boundary migration. Most fre-

© 2010 by Taylor and Francis Group, LLC



182 3 Grain Boundary Motion

II

I I

II

II

II

II

a

a

α

a

I

a

(a) (b)

(c) (d)

α

αα

αα

II

I I

II

II

II

II

a

a

α

a

I

a

(a) (b)

(c) (d)

α

αα

αα

FIGURE 3.25
Various boundary geometries in bicrystalline specimens for the study of grain
boundary migration: (a) wedge technique; (b) reversed-capillary technique;
(c) constant driving force technique (quarter-loop technique); (d) constant
driving force technique (half-loop technique) [229].

quently the capillary driving force is used in a variety of bicrystal geometries,
which we shall consider in the following.

As repeatedly mentioned, only bicrystal techniques permit us to obtain re-
liable and reproducible physical data on grain boundary mobility. However,
bicrystal techniques require substantial experimental efforts to manufacture
bicrystals with given and precise orientations and misorientations as well as
to prepare adequate specimens for investigation with the chosen technique.
The different bicrystal arrangements designed to measure the grain boundary
velocity and, eventually, the grain boundary mobility are given in Fig. 3.25
[229]. A basic advantage of all techniques, which utilize the capillary driving
force, is that the surface tension of a grain boundary depends only slightly
on temperature and, therefore, the driving force is practically constant over a
wide temperature range.

The “wedge” bicrystal technique (Fig. 3.25a) was frequently used [230]–
[233]. The main and, perhaps, the only advantage of this technique is a simple
relation between driving force P and the macroscopic grain dimension a (ra-
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FIGURE 3.26
Boundary geometry and definition of parameters for the reversed-capillary
technique.

dius of curvature)
P = γ/a (3.100)

where γ is the grain boundary surface tension. In this technique the driving
force increases with progressing grain boundary displacement. So, the driving
force is very small in the beginning, and sources of pinning forces can manifest
themselves.

The reversed-capillary technique (Fig. 3.25b), first proposed and developed
by Sun and Bauer [234, 235], was used many times to investigate grain bound-
ary migration in crystals [234]–[241]. The major advantages of this technique
are the relative ease of manufacture and preparation of specimens and the pos-
sibility to change the driving force by varying the angle α (Fig. 3.25b). Finally,
the reversed-capillary technique allows one to obtain relatively large driving
forces, although unfortunately only in the beginning of the experiment, which
is usually sufficient to force the boundary to break free from potential pinning
centers. The shape of a moving grain boundary for this method was analyzed
by Mullins [242], Sun and Bauer [234, 235] and Shvindlerman et al. [236, 241].

With the driving force given by f(α)γ/a, where f(α) is an amplification
factor, a displacement da in a time interval dt has to satisfy the relation

da = mbf(α)γdt/a (3.101a)

or with a = 0 for t = 0

a2 = 2mbf(α)γt (3.101b)

Such approximation is convenient for an angle α close to 90◦; otherwise other
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approximations should be used [236]. The driving force for the reversed-
capillary method is given by

P = γ/R =
γ

a
f(α) (3.102)

where R is the radius of boundary curvature.
An example is the circular arc shape [236] (Fig. 3.26). To solve the equa-

tion which describes the shape of a moving boundary in a two-dimensional
sample, an assumption of shape invariance, i.e. a scaling behavior, must be
introduced [234, 235]. If the (2D) shape of the boundary is given in polar
coordinates (r,Θ)

f(α) =
dβ

dΘ

∣∣∣∣
Θ=0◦

(3.103)

where β is the inclination of the tangent at a given point of the grain boundary
(Fig. 3.26). As shown in [242] this approach does not take into account the
drag effect of mobile obstacles, e.g. impurity atoms, mobile particles or surface
grooves [208, 210, 225]. (This problem will be addressed in Sec. 3.4.3.)

The important disadvantage of the reversed-capillary technique is the lack
of steady-state motion of a grain boundary. This disadvantage is avoided by
the half-loop technique, since the driving force remains constant (Fig. 3.25c,d).
The grain boundary half-loop (Fig.3.25d) or quarter-loop (Fig. 3.25c) moves
as a whole, and its shape remains self-similar during migration [227, 244]. The
average driving force on a half-loop (h.l.) [227, 243, 245] or on a quarter-loop
(q. l.) [244, 246] is

Ph.l. =
2γ
a

(3.104a)

or

Pq.l. =
γ

a
(3.104b)

respectively.
The contention is that the driving force for constant driving force techniques

is substantially smaller than for the reversed-capillary techniques [229]. How-
ever, as shown in [247], it is possible to grow bicrystals with half-loop grain
boundary geometry, where the size of the shrinking crystals does not exceed
∼ 0.1mm. It is particularly emphasized that in all capillary techniques, except
for half-loop geometry, the moving grain boundary is exposed to the free side
surface of the bicrystal. In certain cases this may cause drag effects by the
free surface, as will be discussed in Sec. 3.5.

3.4.2.2 Techniques to Monitor Grain Boundary Migration

As mentioned above, the observation of grain boundary migration is com-
monly performed by investigation of the motion of a macroscopic segment
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FIGURE 3.27
Traces of a moving boundary in a Zn bicrystal (reversed-capillary technique).

of the grain boundary. The velocity v of grain boundary motion is defined
as the displacement Δx of this segment normal to itself in a time interval
Δt : v = Δx/Δt. For this purpose the position of the segment has to be
located. There are two essentially different ways to determine the position of
a grain boundary in crystals and to measure the velocity of its motion: the
continuous method and the discontinuous method.

The discontinuous method is most common. The location of the boundary
is determined by its intersection with the crystal surface after discrete time
intervals. The position of a boundary can be revealed by the groove, which
forms on sample cooling or by chemical etching of the crystal surface. The
boundary groove can easily be observed under an optical microscope. The
principal advantage of this method is its simplicity; the major shortcoming
is the necessity to average the measured boundary displacement over a large
period of time between consecutive observations.

One variation of this method consists of periodic cooling of the sample by
20–30◦C for a short time in the hot stage of a microscope [227, 245]. Such
procedure causes the formation of a “vacancy” groove along the line of inter-
section of the grain boundary with the free surface of the crystal: an excess
of thermal vacancies moves from the bulk of the crystals to the grain bound-
ary and along the boundary to a free surface. Since the observation of grain
boundary displacement occurs in this case “under a microscope” it is more
“controlled,” which substantially reduces the principal shortcoming of this
method [227, 236] (Fig. 3.27).

The continuous method requires determination of the boundary position at
any moment in time and thus requires automation of the procedure to locate
the boundary position. Correspondingly, the boundary has to be identified by
the discontinuity of a physical property associated with the change in crystal
orientation. There are various techniques to distinguish different crystal ori-
entations such as reflection of polarized light [228, 248], photoemission [223],
X-ray topography [249, 250], X-ray diffraction [251]–[253], or backscattered
electron density [254]. The observation of grain boundary motion by orienta-
tion contrast is convenient and reliable, and does not only yield the location
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FIGURE 3.28
Recorded grain boundary migration in a Zn bicrystal.

of a moving grain boundary, but also its shape at any moment. In Fig. 3.28
individual video frames of grain boundary migration in zinc bicrystals are
given [228] as observed by polarized light in an optical microscope. Evalua-
tion of this recording provides all parameters to determine the grain boundary
mobility: time dependence of grain boundary displacement and radius of cur-
vature of a moving grain boundary at any moment. The characteristic time
resolution is about 10−2s, the spatial resolution is a few μm, the thickness of
the samples is insignificant [228]. Unfortunately, this technique is applicable
only to optically anisotropic materials, i.e. of material with lower symmetry
crystal structure, for instance, hexagonal crystals.

X-ray topography permits us to obtain an image of a grain boundary as
the interface between the contiguous grains. Synchrotron white beam X-ray
topography (SWBXRT) offers excellent time resolution and thus can be used
for “in situ” studies of grain growth, recrystallization and grain boundary mo-
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FIGURE 3.29
Shape of a moving 37.5◦〈111〉 grain boundary in Al at 480◦C [268].

tion [249, 250]. SWBXRT allows a spatial resolution in the range of several
μm, the time resolution is about 1 s, the field of view extends to 2–3 cm2,
the sample thickness can range between 0.1–1 mm [250]. However, the study
of grain boundary motion by SWBXRT is restricted to samples of high per-
fection: the dislocation density should not exceed 104 cm−2. Moreover, the
principal shortcoming of this technique is its limited availability and thus lim-
ited access.

Photoemission microscopy also can be utilized for continuous tracking of
grain boundary migration [223]. However, this technique is restricted to metals
with high melting points. A recently developed elegant method is the investi-
gation of crystal shape evolution by backscattered electrons in an SEM, since
the contrast by backscattered electrons is very sensitive to orientation. The
method also allows for orientation evaluation by EBSD with the same set-up.
The capabilities of the EBSD technique have been increased substantially in
the past years. In particular, the migration and shape of the grain boundaries
can be measured in situ in an SEM utilizing the orientation contrast revealed
by an electron backscatter detector [266]. With a specially designed laser
powered heating stage in situ investigations of grain boundary motion can be
conducted at temperatures up to 1000◦C [267]. The SEM is equipped with
a digital image scanning system, which records series of orientation contrast
images in predetermined time intervals. In Fig. 3.29 the shape of a moving
grain boundary quarter-loop in Al at 480◦C is presented [268].

A simple, precise and very versatile technique to identify the position of
a grain boundary utilizes X-ray diffraction. X-ray diffraction is very sensitive
to the structure and orientation of crystalline material and, therefore, it is an
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excellent probe for differences in crystal structure or crystal orientation. The
principle of the method is illustrated in Fig. 3.30 [251, 253]. The bicrystal
is placed in a goniometer of the X-ray Interface Continuous Tracking Device
(XICTD) in such a way that one grain (I) is in the Bragg position, while
the other is not. The maximum intensity Id of the reflected X-ray beam is
measured as long as the X-ray spot is located solely on the surface of crystal
I. If the spot is located on the grain boundary, the intensity of the reflected
beam should be intermediate between Id and I0. When the boundary moves
the sample can be displaced accordingly so that the reflected X-ray inten-
sity remains constant during grain boundary motion. Thus, the velocity of
the moving grain boundary (generally speaking, the interface) is equal to the
speed of sample movement at any moment in the course of the experiment.
This procedure does not interfere with the process of grain boundary migra-
tion. The measurable velocity ranges from 1 to 1000 μms−1 with a temporal
resolution of about five measurements per second. In Fig. 3.31 the displace-
ment vs. time diagrams are shown for a grain boundary in Al, which moves
under a constant driving force (Fig. 3.30) [255]. The hot stage of the XICTD
allows the sample to be heated up to 1200◦C in nitrogen or an inert gas atmo-
sphere to suppress oxidation and grooving; the temperature is kept constant
within ±0.3◦C. The accuracy of the velocity measurements of grain boundary
motion is better than 2%.

It is stressed again that any reliable information on grain boundary mobility
can be obtained only from a physically proper and reproducible experiment,
carried out on specific single grain boundaries with given crystallography and
defined chemistry. Respective experiments have to comply with several re-
quirements: controlled or constant driving force of grain boundary migration,
its reproducibility and potential to change it over a wide range free of in-
terference with the process of grain boundary migration itself, feasibility of
manufacturing bicrystals free of fabrication defects. Only under these condi-
tions is it possible to observe “the free motion of a grain boundary,” which we
define as the motion of a single grain boundary, when the influence of drag
factors can either be neglected or can be accurately taken into account. Actu-
ally, the interaction of a moving grain boundary with point defects (impurity
atoms, vacancies), dislocations or bulk defects (second-phase particles, voids)
usually is taken into account, or such defects are eliminated by appropriate
procedures.

Generally speaking there are two groups of basically different experimental
techniques of grain boundary migration studies (Table 3.3). The first group
includes the experimental techniques, where the driving force is determined
by the difference of the free energy of adjacent grains but not affected by the
geometry of the sample or by the shape and energy of the grain boundary.
The second group comprises the experimental techniques in which the driving
force is provided by the surface tension (free energy) of the grain boundary.
The techniques of the latter group are advantageous due to the high stability
of the driving force both with respect to time and under a change of tem-
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FIGURE 3.30
Principle of operation of the XICTD. The diffraction conditions generate an X-
ray intensity gradient across the boundary. The specimen is moved to maintain
a constant recorded intensity.
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Typical XICTD recordings of grain boundary position vs. annealing time from
low (≈ 1 μm/s) to high (≈ 100 μm/s) migration rates.
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perature, its reproducibility and the feasibility to control the magnitude of
the driving force. One shortcoming of the techniques in this group is that
the influence of the free surface may interfere with the migration process (see
groove dragging, Sec. 3.3.6).

The techniques N11-13 and N9-10 (Table 3.3) are most advantageous. They
stand out because of the constant driving force, no effect of the free sur-
face on grain boundary motion and the feasibility to describe analytically the
steady-state shape of the moving grain boundary. This permits us to find a
relationship between the microscopic kinetic properties of the grain boundary
and the macroscopic properties of a grain boundary half- or quarter-loop (the
techniques N9 and N11, respectively), as will be considered below.

Regrettably, the techniques of grain boundary migration studies based on
a reduction of the boundary area have the disadvantage that it is impossi-
ble to investigate the motion of a planar boundary. A curved grain boundary
implies that its structure changes along the boundary, since it is composed
of different grain boundary planes. The mobilities obtained can, therefore, be
related to a specific misorientation and boundary character (tilt), but not to
a specific grain boundary structure. A planar boundary can be forced to move
in a bicrystal comprised of grains with some orientation-dependent properties
like elastic constants or magnetic susceptibility. Unfortunately, only few ma-
terials show such strong anisotropy. An example is Bi, which exhibits a strong
anisotropy of its magnetic susceptibility [189], or some other hexagonal met-
als.

This raises the fundamental question whether it is at all possible to study
the mobility of grain boundaries in experiments with a curved boundary. The
general solution of grain boundary motion under the effect of its own sur-
face tension was given in [256]. Among other issues, it was comprehensively
discussed what can be measured in experiments with a curved grain bound-
ary. As shown in [256], experiments on steady-state motion of a curved grain
boundary for half-loop or quarter-loop geometry, or in the case of the reversed-
capillary technique, determine the average mobility only, i.e. averages over all
boundary planes present. But, as stressed in [256], contrary to experiments on
polycrystals, this averaging is a physical averaging, the same from experiment
to experiment. Such averaged boundary mobility proves to be dependent on
misorientation between grains, on purity of the material used and on other
characteristics of the system, as will be presented in Sec. 3.5.
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TABLE 3.3
Bicrystal Techniques of Grain Boundary Migration

N Source of Experimental δ [cm] Metal Grain
driving force technique boundary

[Pa] displace-
ment

recording

1 Energy of low-angle

v

0.25 Pb A
grain boundaries

P ∼= 4 · 102 = const.

2 Energy of high-angle

v

R

α

0.25–0.5 Al B
grain boundary

P = γ/R =
5 · 102 − 103

V3 Energy of deformed 0.01 Au B
matrix

P ∼= 106 − 107

4 Energy of high-angle

α Θ
v

0.5 Al B
grain boundary

P = γ/R ∼=
102 − 103

5 Energy of high-angle

α Θ
v

0.1 Cu B
grain boundary

P = γ/R ∼=
102 − 103

6 Energy of high-angle

α Θ
v

0.1–0.2 Zn C
grain boundary

P = γ/R ∼=
5 · 102 − 103

7 Energy of high-angle

α Θ
v

0.2 Fe-Si A
grain boundary

P = γ/R ∼=
8 · 102 − 2 · 103

8 Energy of high-angle

α Θ
v

0.2 Fe-Si A
grain boundary

P = γ/R ∼=
8 · 102 − 2 · 103
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N Time Time interval Depend- Criterion Ref.
dependence Δt(s) between ence

of grain consecutive V (P ) ρ
boundary measurements
displace- or speed of

ment recording

1 Z

t

T3

T1 

T2

0.6 · 102− – ρ = Pδγs

γ2 [I]

1 · 103

2 – ∼ 104 V ∼ P ρ = [II,III]
γsδ
Rγ

∼= 3δ
R

ρexp = 0.5 − 4

3 Z

T3

T1 

T2

6 · 102− – ρ = Pγsδ
γ2 [IV]

1 · 104 ρexp =
5 · 102 − 5 · 103

4 Z

t

T3

T1 

T2

0.15 · 102 V ∼ P ρ = γsδ
Rγ

= [V]

−2 · 104 ρexp
∼= 10

5 – – V ∼ P – [VI]

6
T3

T1 

T2

t

Z speed of for the ρexp
∼= 10 [VII,

recording: initial VIII]
1 frame jumps

per 3-15s V ∼ P

7 Z

t

T3

T1 

T2

∼ 5 · 102− V ∼ P ρexp
∼= 5 [IX]

2 · 103

8 Z

t

T3

T1 

T2

∼ 2 · 104 V ∼ P ρexp
∼= [X]

10 − 15
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9 Energy of high-angle

V

a 0.15–0.2 Al B
grain boundaries

P ∼= 2γ/a =
103 − 3 · 103 = const.

10 Energy of high-angle

V

a 0.1–0.2 Zn C
grain boundaries

P ∼= 2γ/a =
5 · 102 − 103 = const.

11 Energy of high-angle a

VV

a

Vv

0.2 Al D
grain boundaries

P ∼= γ/a =
5 · 102 − 5 · 103

= const.

12 Energy of high-angle a

VV

a

Vv

0.2 Al D
grain boundaries

P ∼= γ/a =
5 · 102 − 5 · 103

= const.

13 Energy of high-angle a

VV

a

Vv

0.2 Fe-Si D
grain boundaries

P ∼= 2γ/a =
103 − 5 · 103

= const.

14 Difference of

v

γ 1S

γ 1S > γ 2S 

γ 2S

v

γ 1S

γ 1S > γ 2S 

γ 2S

0.15–0.3 Fe A
surface tension
of free surfaces

of a foil
P = 2Δγs/δ ∼=

102 − 103 = const.

15 Magnetic free

H

χ1 χ2

0.3 Bi B
energy in a

bicrystal with
anisotropic
magnetic

susceptibility
P = ω1 − ω2 =
μ0
2

H2 (χ1 − χ2)

Annotations
1. δ is the thickness of a sample.
2. Δt is the interval between two consecutive recordings of the grain boundary

position or displacement; the speed of recording of grain boundary motion.
3. ρ is a criterion describing the interaction of a moving grain boundary and

the free surface of a crystal. ρexp is the magnitude of ρ in the series
of experiments discussed.
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9 Z

t

T3

T1 

T2

30–300 V ∼ P ρ = 2γsδ
γa

[XI,
ρexp = 10–12 XII]

10 Z

t

T3

T1 

T2

speed of V ∼ P ρ = 2γsδ
γa

[XIII]

recording: ρexp = 5–25
1 frame per

3–15s

11 Z

t

T3

T1 

T2

– – ρ = γsδ
γa

[XIV,
ρexp = XVII]

ρexp = 10–15

12 Z

t

T3

T1 

T2

∼4 measure- V ∼ P ρexp = 10–30 [XVI,
ments per XVII]

second

13 Z

t

T3

T1 

T2

∼4 measure- V ∼ P ρexp = 10–100 [X]
ments per

second

14 – 103 − 104 - ρ = 6Δγs
γ

[XVIII]

ρexp ≈ 1

15 Z

t

T3

T1 

T2

 

180 − 360 V ∼ P ρ = Pδγs

γ2 = [XIX,
Pδ

0.09γs

ρexp
∼= 2 XX]

4. The ratio γs/γ was taken as 3 [240, 263]. R is the radius of curvature
of a moving grain boundary. For the reversed-capillary technique
R = � sin α[1 − cos(Θ − α)] where � is the displacement of a boundary
along the specimen edge; values of α and Θ are given in the figures
relevant to the reversed-capillary technique. For the experimental
technique “15”; γ = 0.3γs; γs = 0.521 J/m2 at 239◦C [254].
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5. “A” means that the grain boundary position was determined by chemical
etching; “B” by thermal grooving; “C” means that grain boundary motion
was recorded by observation with polarized light in an optical microscope,
the annealing of the sample was not interrupted; “D” means the grain
boundary motion was determined via X-ray interface continuous tracking
device (XICTD).

6. χ1 and χ2 are the susceptibilities of grains 1 and 2, respectively, along
the magnetic field H ; μ0 is the absolute permeability.
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3.4.3 Shape of a Moving Grain Boundary

Grain boundary motion during grain growth is controlled by the curvature of
the grain boundary, which, in turn, is determined by the shape of the grain
boundary. When considering the complex grain boundary geometry of poly-
crystals, this problem is simplified by the assumption that all grain boundaries
possess equal mobilities and surface tensions irrespective of the misorientation
of the grains and the crystallographic orientation of the boundary planes, and
thus the shape of all grains is considered to be uniform and allows us to de-
scribe the grain boundary curvature by only one parameter — the mean grain
size. However, when the shape of individual grains cannot be neglected, like
in bicrystals — and truly also in polycrystals — it is necessary to determine
the shape of a moving grain boundary. Besides, the shape of a moving grain
boundary is a source of very useful data with regard to the orientation de-
pendence of grain boundary surface tension and grain boundary mobility or
the interaction between a moving grain boundary and different kinds of ob-
stacles. In the following we will restrict our consideration predominantly to
the steady-state motion of a single grain boundary.

The problem of the shape of a moving grain boundary was first considered
by Mullins [242], and his equations provide a basis for all studies in this area.
As mentioned, the general case of grain boundary steady-state motion under
the influence of its own surface tension was considered in [256]. Although that
study was dedicated to a U -shaped grain boundary (half-loop), all principal
results can be successfully applied to any other type of steady-state grain
boundary motion as to the quarter-loop geometry and to grain boundary
systems with triple junctions (see below). In [256] a grain boundary was con-
sidered that moved steadily at a velocity V along the x-axis (Fig. 3.32). It
was assumed that the system was homogeneous through the thickness of the
bicrystal, i.e. independent of the z-axis, which in Fig. 3.32 is perpendicular to
the plane of the diagram. Hence, there is a quasi-two-dimensional situation,
as for all known experimental techniques of grain boundary migration stud-
ies where the driving force is generated by the surface tension of the curved
boundary. The coordinate system was attached to the steadily moving bound-
ary, i.e. all boundary elements were at rest with regard to this system. A slight
displacement of a boundary element parallel to its tangential plane was as-
sumed to cause no physical changes in the system and, hence, would not cause
an energy change or dissipation. Therefore, each boundary element is solely
under the influence of a force f normal to the boundary element plane. This
force may be due to two reasons. First, it may stem from the difference of the
chemical potentials of the atoms in the adjacent grains, caused by a tensorial
external thermodynamic force (e.g. a magnetic field in a magneto-anisotropic
material). Second, it may be due to the grain boundary energy dissipated
when the grain boundary area is reduced. The first force component, f0, is
the same for all boundary elements, whereas the second component, fD, is re-
lated to the velocity v of boundary motion normal to the boundary element.
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FIGURE 3.32
Grain Boundary shape y(x) for the half-loop geometry. In steady state the
grain boundary is displaced as a whole with velocity V due to the action of
grain boundary curvature, which displaces each surface element of the bound-
ary with normal velocity v.

When the motion of the boundary is considered under the effect of capillary
forces only, f0 = 0. The relationship m = v/fD shows that the boundary
element mobility m is the physical property of the element.

In the following we will derive the shape of a grain boundary during steady-
state motion under the action of a dissipative force fD = f . For simplicity the
coordinate system is attached to the boundary, i.e. moves together with the
boundary. If the boundary runs straight through the thickness of a specimen,
its shape is given by the 2D shape function y = y(x) on the surface. In steady
state the free energy assumes a minimum and, therefore, an infinitesimal vir-
tual displacement δn perpendicular to the boundary will not change the free
energy. Such displacement, however, will alter the area and thus the total en-
ergy of the boundary and dissipate the driving force in the swept area, i.e. in
2D

δG = δ

∫
γds+

∫
fδnds (3.105)

where s is the line element of the shape curve y(x), which can be expressed
by r(t) = (x(t), y(t)). With ẋ = dx/dt, ẏ = dy/dt

ds =
√
ẋ2 + ẏ2dt; (3.106)

δnds = δxdy − δydx = (ẏδx− ẋδy) dt;

© 2010 by Taylor and Francis Group, LLC



3.4 Measurement of Grain Boundary Mobility 199

Differentiation yields the Lagrange equations

−f ẏ =
d

dt

∂

∂ẋ

(
γ
√
ẋ2 + ẏ2

)
(3.107)

fẋ =
d

dt

∂

∂ẏ

(
γ
√
ẋ2 + ẏ2

)

Introducing the angle Θ between the normal to the boundary element and the
direction of motion (Fig. 3.32) (sinΘ = ẋ/

√
ẋ2 + ẏ2, cosϕ = ẏ/

√
ẋ2 + ẏ2) we

obtain the boundary shape

x(Θ) =
∫ Θ

0

(
γ + d2γ

dθ2

)
cos Θ

f
dΘ (3.108)

y(Θ) =
∫ Θ

0

(
γ + d2γ

dθ2

)
sin Θ

f
dΘ

Since the displacement rate V of the boundary and the migration rate v of a
boundary element perpendicular to its plane (referred to as normal velocity
in the following) are related by the angle Θ (Fig. 3.32)

v = V cos Θ (3.109)

also
f = fD =

V cos Θ
mb

(3.110)

Substituting Eq. (3.110) into Eq. (3.108), we obtain with the reduced mobility7

Ab = mb

(
γ +

d2γ

dΘ2

)
(3.111)

x =
1
V

∫ Θ

0

AbdΘ (3.112)

y =
1
V

∫ Θ

0

Ab tan ΘdΘ

The shape of a boundary will be a smooth curve as long as the boundary
surface tension varies continuously. If, however, it changes discontinuously
with the angle Θ, as is inherent in crystalline interfaces, facetting of the moving

7In Sec. 3.5.2 we will introduce the simplified version Ab = mbγ for the reduced mobil-
ity, which assumes that the grain boundary energy does not vary notably with changing
inclination. In the case of facetting, as discussed here, however, γ changes strongly with
inclination.
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boundary will occur. If at a given value of the angle Θ = Θ0 the derivative
changes by a step Δγ′Θ0

, then at that point

d2γ

dΘ2
= −Δγ′Θ0

δ (Θ − Θ0) (3.113)

Substituted into Eq. (3.112), it yields the following finite change of x and y
at a constant angle Θ = Θ0

Δx =
mb (Θ0)Δγ′ (Θ0)

V
(3.114)

Δy =
mb (Θ0)Δγ′ (Θ0) tan Θ0

V

This means a facet occurs, the length of which

ΔSs
Θ0

=
mb (Θ0)Δγ′ (Θ0)

V cos Θ0
(3.115)

depends on the given angle Θ0.
This facet length, however, is different from the length of a facet on a

stationary (resting) boundary. Imagine a boundary that is pinned at its end
and subjected to a volume driving force f0. In analogy to the shape of a free
surface of a crystal, one obtains a facet if the grain boundary surface tension
changes discontinuously by Δγ′Θ0

at inclination Θ0. The length of the facet
can be shown to be [257]

ΔSe
Θ0

= Δγ′ (Θ0) /f0 (3.116)

It is different, however, from the facet length on a boundary moving under
the action of a driving force f0. For example, if Θ0 and Θ1 are two angles
at which an energy step occurs, then the relation between the facet lengths
reads with Eqs.(3.115) and (3.116)

ΔSs
Θ0

ΔSs
Θ1

=
ΔSe

Θ0

ΔSs
Θ1

· mb (Θ0) cos Θ1

mb (Θ1) cos Θ0
(3.117)

Note that the length of the facet at steady-state motion depends on its mo-
bility and orientation relative to the direction of motion. The steady-state
velocity of a U -shaped grain boundary (grain boundary half-loop technique
(N9 in Table 3.3)) is

V =
1
a

∫ π/2

−π/2

AbdΘ (3.118a)

In experiments with grain boundary half-loops the steady-state velocity and,
to a minor extent, the boundary shape depend on the half-loop width (driving
force), the grain misorientation angle, the orientation of the half-loop as a
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whole, i.e. on the direction of motion, on temperature, on material purity,
and so on8.

In general, the reduced mobility of a boundary element depends on its
orientation. To take that dependence into account, let us count the angle Θ in
Eq. (3.118a) from a given fixed direction in the crystal, which may be defined
by an angle β with regard to the x-axis of the coordinate system in Fig. 3.32.

V =
1
a

∫ β+π/2

β−π/2

AbdΘ (3.118b)

i.e. the velocity of the half-loop motion may depend on its orientation. If the
reduced mobility of the boundary element does not depend upon the velocity
of normal motion, i.e. in the case of a linear relationship between the velocity
and the driving force9, the dependence of the steady-state velocity upon the
half-loop orientation is determined by the difference between the mobilities of
the straight (stationary) boundary sections.

dV

dβ
=
Ab (β + π/2) −Ab (β − π/2)

a
(3.119)

If the crystal lattice has an inversion symmetry, then Ab (β + π/2) = Ab

(β − π/2), and the velocity would not depend on the half-loop orientation.
In this case, experiments on half-loop migration determine the reduced mo-
bility, averaged over all directions present in the half-loop. It is stressed that
the averaged mobility thus determined basically differs from the so-called av-
erage grain boundary mobility, obtained by studying the kinetics of grain
growth in a polycrystal, since in a polycrystal the average is taken over differ-
ent boundaries, which differ not only in orientation, but also in misorientation.
Averaging in a polycrystal is a statistical averaging; it is meaningful only for a
statistical grain boundary distribution, i.e. for a random texture in the sample,
a uniform distribution of the grain boundaries by misorientation parameters,
etc. These assumptions are not commonly satisfied in experiments, which re-
sults in a relatively poor reproducibility of polycrystal properties. Contrary to
the averaging in polycrystalline experiments, the averaging by Eq. (3.118) is a
physical averaging, which remains unchanged from experiment to experiment.
The orientation-averaged boundary mobility turns out to be dependent on the
characteristics of the system, such as the misorientation between the grains,
temperature, pressure, purity of the materials used, etc. Consequently, despite
its average character, the evidence obtained by the techniques of single grain

8Of course, all principal consequences pertaining to the grain boundary half-loop hold for
the steady-state migration of a grain boundary quarter-loop as well (technique N11, Table
3.3).
9It should be noted that the anisotropy of the reduced mobility is usually neglected. A
nonlinear dependence of the velocity on the driving force can be due to an interaction of a
moving boundary with impurity atoms, as will be discussed below.
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FIGURE 3.33
Dependence of the reduced mobility of a half-loop 86◦〈112̄0〉 tilt boundary in
a Zn bicrystal vs. the half-loop inclination angle.

boundary migration studies discussed conveys important physical information
on the kinetic properties of grain boundaries and reveals specific differences
between dissimilar boundaries.

In crystal lattices that do not possess an inversion symmetry, the half-
(or quarter-)loop velocity may depend on its orientation relative to specific
crystallographic directions. This dependence was indeed discovered for the
migration of 〈112̄0〉 tilt boundaries in zinc with a misorientation angle of 86◦

(Fig. 3.33). However, such a dependency may also be due to impurity drag,
when the dependence between velocity and driving force becomes nonlinear
due to breakaway of the boundary from adsorbed impurities. To answer the
question as to whether the observed dependence was due to the absence of an
inversion symmetry or to the nonlinearity due to breakaway effects, one has
to consider the motion of a grain boundary half- (or quarter-) loop in a grain
boundary system with impurities [243]. In the case of the results presented in
Fig. 3.33, the half-loop velocity was high and the free boundary moved much
faster than the impurity-loaded boundary. In such a case Eq. (3.119) holds
and, therefore, the velocity was determined by the impurity free boundary seg-
ments, mutually related by a 180◦ rotation, whereas the role of non-linearity
was insignificant [247].

In the following we consider the motion of a grain boundary half- (or
quarter-) loop in detail, using the approximation of “Lücke-Detert” [193]. Far
away from the vertex, the two branches of the boundary will be planar, and
their planes are parallel to each other and perpendicular to the plane of the
diagram. This renders the problem quasi-two-dimensional. The velocity of
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normal motion of a boundary element is [242]

v =
mbγ

R
(3.120)

where R is the radius of curvature of the boundary, which changes along
the boundary and, therefore, the velocity v varies along the boundary. Under
steady-state conditions the shape of the half- (or quarter-) loop does not vary
with time and

v = V cos Θ = V y′
[
1 + (y′)2

]−1/2

(3.121)

where the function y = y(x) describes the shape of the boundary in a co-
ordinate system carried along by the boundary, y′ ≡ dy/dx. We shall only
consider the top part of the half-loop, i.e. y ≥ 0 (for reasons of symmetry the
shape of the bottom part is the mirror image of the top part).

The shape of the boundary during steady-state motion is given by
Eqs. (3.120) and (3.121), and the well-known equation for the radius of cur-

vature R = −y′′/
[
1 + (y′)2

]3/2

y′′ = − V

γmb
y′
[
1 + (y′)2

]
(3.122)

under three boundary conditions (Fig. 3.32)

y(0) = 0 (3.123)
y(∞) = a/2
y′(0) = ∞

The third boundary condition in Eq.(3.123) relates to a half-loop only. For a
quarter-loop the boundary condition (Fig. 3.34) should be substituted by

y′(0) = tan Θ̃ (3.124)

where the angle Θ̃ is defined by the surface tensions of the grain boundary
and the free surfaces on the side of the sample [258]. Let us consider the shape
of the boundary in the quarter-loop technique (Fig. 3.34). The free energy of
the system in quasi-two-dimensional approximation can be represented as the
sum of boundary and surface energies

G =
∫ b

b−a

[
γδ
√

1 + (y′)2 + 2ΔγnΘ̃
]
dx+ΔγTy0δ+c ≡

∫ b

b−a

Udx+W (3.125)

where Δγn = γn1 − γn2, ΔγT = γT1 − γT2 are the differences between the
specific free energies on the two sides of the boundary on the top and side
surface of the sample, respectively (Fig. 3.34); c is some constant. Taking into
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FIGURE 3.34
Illustration of the geometry and the surface tensions in the quarter-loop tech-
nique.

account that the right-hand end of the boundary moves freely along the line
x = b, the equilibrium condition for this end can be found from

∣∣∣∣
dU

dy′
− ∂W

∂y0

∣∣∣∣
x=b

= 0 (3.126)

From Eqs. (3.125) and (3.126) the equilibrium condition can be derived
∣∣∣∣∣∣

γy′δ√
1 + (y′)2

− ΔγT δ

∣∣∣∣∣∣
x=b

= 0 (3.127)

or, expressing y′ as a function of the contact angle Θ̃,

γ cos Θ̃ = ΔγT (3.128)

Eq. (3.128) can be utilized to determine the relative grain boundary surface
tension γ and to estimate the free surface tension [259].

The actual form of the solution depends on how the surface tension and the
mobility vary from point to point at the boundary [256]. In case of impurity
drag some parts of the boundary may move freely, while the more slowly
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moving section is loaded with impurities. If the boundary mobility depends
only on temperature T and velocity v

mb = mL + (mF −mL)H (v − v∗) (3.129)

where H(ξ) is the Heavyside step function, defined by

H(ξ) =

{
0, ξ < 0
1, ξ > 0

(3.130)

and mF and mL are the mobilities of an impurity-free and an impurity-loaded
boundary, respectively; v∗ is the critical value of the boundary velocity, where
the impurities can still move together with the boundary [193]. Because it is
evident that the surface tension varies from point to point much more slowly
than the mobility, it can be assumed [243] that γ = const.

The vertex of the half-loop moves fastest, and its velocity is equal to the
velocity V of the half-loop as a whole. If V < v∗, the boundary remains
attached to its impurities at any point, and its mobility is m = mL = const.
Integration of Eq. (3.122) then yields [243]

y = y0 +
mLγ

V
arc cos

[
e
− (x−x0)V

mLγ

]
(3.131)

where y0 and x0 are the constants of integration. With the boundary condi-
tions (Eq. (3.123)), we obtain

V =
πγmL

a
=

2γ
a

π

2
·mL (3.132)

y =
a

π
arc cos

(
e−πx/a

)
(3.133)

The term 2γ/a can be referred to as the average driving force, and the quantity
πmL/2 then corresponds to the average half-loop mobility.

A half-loop, the velocity v of which exceeds v∗, consists of a boundary
segment which became detached (free) from impurities as well as a loaded
segment moving together with the impurities. The part of the boundary far
from the half-loop vertex moves relatively slowly and, therefore, does not
become detached from the impurities. The shape of the latter segment is
given by an expression similar to Eq. (3.131)

yL = y0L + bLarc cos
(
e
−x−x0L

bL

)
(3.134)

where bL = mLγ/V .
If V > v∗, the boundary at the vertex becomes detached from the impuri-

ties, and its shape is then

yF = y0F + bF arc cos
(
e
− x−x0F

bF

)
(3.135)
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where bF = mFγ/V .
At the point x∗ on the boundary, which moves exactly with the velocity v∗

yL (x∗) = yF (x∗)
y′L (x∗) = y′F (x∗) (3.136)

The boundary cannot be discontinuous or contain kinks, since at a kink the
curvature of the boundary and, consequently, the driving force would become
infinite.

The conditions (3.123) now change to

yF (0) = 0

yL (∞) =
a

2
(3.137)

y′F (0) = ∞
and the integration constants y0L, y0F , x0L, and x0F are completely defined

y(x) =

⎧
⎪⎨

⎪⎩

bF arc cos
(
e
− x

bF

)
, 0 ≤ x ≤ x∗

a
2
− bL arc sin

(
e
− x−x∗(1−bL/bF )

bL

)
, x∗ < x <∞

⎫
⎪⎬

⎪⎭
(3.138)

where
x∗ = −mFγ

V
ln
v∗

V
(3.139)

and the half-loop velocity is given by

v∗ = V sin
(
π

2
VF − V

VF − VL

)
(3.140)

where VF = πγmF /a and VL = πγmL/a.
The change of shape of a half-loop on detachment from its impurities is

shown schematically in Fig. 3.35. The detachment from the impurities flattens
the grain boundary. This effect does not only apply to impurity atoms but also
to mobile particles. It follows from Eq. (3.140) that the detachment of a grain
boundary half-loop, more generally of a curved boundary, from its impurities
is more complicated than for a planar boundary. The dependence (3.140) is
plotted in Fig. 3.36. The various curves correspond to different values of the
ratio α = VF /VL. The diagram reflects the behavior of a grain boundary
half-loop at different values of v∗/VF but for a constant VL/VF . If v∗/VF is
large, the boundary moves together with its impurities, and its velocity is
VL (line a− b in Fig. 3.36). If v∗/VF decreases and reaches the value VL/VF

(point b), some impurities become detached from the half-loop vertex, and
the boundary segment abruptly assumes the velocity corresponding to point c
(Fig. 3.36). Furthermore, as v∗/VF decreases, more and more impurity atoms
become detached from the boundary, i.e. increasingly larger segments of the
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I II IIII II III

FIGURE 3.35
Changes in the shape of a half-loop boundary in the course of its detachment
from impurities: (I) before detachment; (II, III) different stages of detachment.

boundary move freely, and the half-loop velocity approaches VF . In turn, if the
value v∗/VF is increased again, the half-loop velocity follows the same curve
to point d in Fig. 3.36, and then discontinuously changes to VL (impurity
attachment).

The following transformation is very useful for the interpretation of the
calculations. It is clear from Eq.(3.121) that

y′ =
v/V√

1 − v2/V 2
(3.141)

Substituting (3.136) into (3.117) and integrating with respect to ξ = v/V

V =
2γ
a

∫ 1

0

mb(ξV )dξ√
1 − ξ2

≡ 2γ
a
M(V ) (3.142)

where 2γ/a is the average driving force acting on the half-loop; V is the
velocity of the half-loop as a whole; M(V ) is the average mobility of the
half-loop. If V < v∗ and m(V ) = mL = const., we find M = πmL/2 in
full agreement with the above analysis. Eq. (3.142) allows us to determine
the steady-state half-loop velocity as a function of the driving force, if we
know the dependence m(v), which determines the microscopic mobility of a
segment of the boundary with regard to its normal displacement. However,
experimental investigations usually give the macroscopic velocity of a half-
loop, and we come up against the inverse problem: knowing the dependence
of V on the driving force on the half-loop of width a, we have to find the
dependence m(v). With this in mind, we will represent Eq. (3.142) in the
form

a(V )V
2γ

=
∫ V

0

mb(v)dv√
V 2 − v2

≡
∫ V 2

0

mb(v)
v d

(
v2
)

2
√
V 2 − v2

(3.143)
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FIGURE 3.36
Diagram used to determine the velocity of steady-state motion of a half-loop
(see text).

where a(V ) is the inverse function of V (a). This integral equation can be
solved with regard to mb(v)

mb(v) =
1
πγv

∫ v

0

da(V )
dv V + 2a(V )√

v2 − V 2
V 2dV (3.144)

This establishes the full relationship between the microscopic kinetic proper-
ties of a grain boundary and the macroscopic properties of a half-loop.

The macroscopic approach provides a way for a pictorial interpretation of
the solution of the problem in the Lücke-Detert approximation. The average
mobility of a half-loop given by Eq. (3.142) can be easily deduced

M(V ) =
{ πmL

2 , V < v∗

mLarc sinv∗
V +mF arc cosv∗

V , V > v∗

}
(3.145)

and the substitution of Eq. (3.145) into Eq. (3.142) yields Eq. (3.140). It is
obvious that the relation (3.142) corresponds to the extremum of the function

ψ(V ) =

[
2γV − a

∫ V

0

V dV

M(V )

]
(3.146)

since (3.146) is obtained by integrating (3.142) in the form 2γ−aV/M(V ) = 0.
It is easily seen that only the maxima of this function correspond to stable
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FIGURE 3.37
Generalized dissipative function (see text).

steady-state motion. The velocities conforming to the minima of Ψ(V ) de-
crease with increasing driving force, which is physically incorrect, and the
solutions are totally unstable. The function Ψ(V ) for different values of v∗

in the Lücke-Detert approximation is plotted in Fig. 3.37. Finally, it is noted
that for a linear dependency of the velocity on the driving force (M = const.)
the function Ψ is equivalent to the rate of dissipation (loss) of the free energy
of the system, which is related to the Onsager principle in the thermodynam-
ics of irreversible processes [260].

The grain boundary half- (and quarter-) loop are the only known experi-
mental techniques at present, where the grain boundary moves steadily. For
the reversed-capillary technique (N4, Table3.3) additional assumptions are
needed to solve the equation for the shape of a moving boundary [229, 242]

ρ(Ψ, t)dρ(Ψ, t)
dt

=
mb(ϕ)γ∂β(Ψ)

∂Ψ
(3.147)

where ρ(Ψ, t) is the radius-vector of a point on the grain boundary in polar
coordinates; β(Ψ) is the angle between the tangent vector dρ to the grain
boundary at this point and the vector ρ(Ψ = 0, t); mb(ϕ), γ(ϕ) are the mo-
bility and surface tension of the grain boundary, respectively; ϕ is the angle
of misorientation of the grain boundary (Fig. 3.38). If mb(ϕ) and γ(ϕ) are
independent of time, the space and time variables can be separated. In this
case the shape of the grain boundary does not change during motion, in other
words, the scaling condition is satisfied.

A general calculation of the grain boundary shape for the reversed-capillary
technique is difficult and will not be presented here. In this respect a thermo-
dynamic concept [261] proved to be very beneficial. Assuming as the physical
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FIGURE 3.38
Grain boundary displacement for reversed-capillary technique. (a) Boundary
geometry. (b) Calculated successive positions of a moving grain boundary in
a bicrystal. Numbers indicate annealing time in minutes (Ab = 10−3m2/s;
B = 10−2m/s; γδ = 5 · 10−5 J/m; Δγn = 10−5/m2; Δγeδ = 10−5J/m; tan
α = 0.275). (c) Traces of grain boundary motion in a Zn bicrystal (x400).

condition that an intermediate equilibrium of the boundary is always attained,
the free energy of the system at each instant is at a — relative — minimum,
despite the fact that irreversible processes occur in the system. One of the
merits of such an approach is that it is possible to determine the transition
process parameters. In this approach the problem can be reduced to deter-
mining a conditional extremum (minimum) of the free energy of the system.
The corresponding equations of motion are the coupling equations for this free
energy functional. It is finally noted that such concept is close to the Onsager
principle and to the principle of maximum rate of change of the thermody-
namic potential of the system [260]. In this approach [261] the shape of a grain
boundary moving under the action of its own curvature or other driving forces
can be determined (Fig. 3.25b,c). The reader is referred to [261] for details.

There are important reasons why we consider the problem of the shape of a
moving grain boundary so comprehensively. First, the description given above
is based on a visual concept, where all changes associated with the joint mo-
tion of grain boundary and impurity cloud, the detachment from the impurity
cloud, and the motion of the free grain boundary are clearly defined in the
shape of the moving boundary. Second, up to now the grain structure of a
polycrystal is characterized by only one parameter — the mean grain size —
in spite of the fact that practically all grain boundaries are curved. Further,
we think that the given considerations are important and necessary because
of the discrepancy that all theories of grain boundary motion assume planar
grain boundaries, while real grain boundaries are curved, i.e. the theories are
applied without any corrections to grain boundary motion in polycrystals.
The analysis of the shape of the moving boundaries will become increasingly
interesting for computer simulations of grain growth and recrystallization.

Despite its importance, there has been only little research dedicated to the
shape of moving grain boundaries. A satisfactory agreement between exper-
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iment and theory was found when the shape of a grain boundary, moving
under the conditions of the reversed-capillary technique, was compared to the
theoretical shape approximated by a circular arc [236]. A recent investigation
[244] was conducted to compare the experimentally observed shape in the
quarter-loop technique with the corresponding calculations in the framework
of the Lücke-Detert approximation to analyze the principal question whether
boundary motion in the quarter-loop technique complies with scaling condi-
tions, and, in particular, to estimate the influence of the impurity atoms on
the shape of a moving grain boundary.

The quarter-loop technique was chosen since, on the one hand, considerable
detailed experimental research has been conducted about the effect of grain
boundary mobility using this method, and on the other hand, it can be easily
treated theoretically [243]. Contrary to the “half-loop” situation, in this case
the grain boundary steady-state motion is a motion together with a triple
junction which is formed by three surfaces (the grain boundary and two free
surfaces) and, naturally, by the three corresponding surface tensions γ, γT1

and γT2 (Fig. 3.34). Equilibrium in that triple junction can be conserved if
there is no mass transfer (diffusion etc.) to change the shape of the triple
junction in this point. The problem can be considered under the assumption
of uniform grain boundary properties and quasi-two-dimensionality [244] by
using Eqs. (3.120)–(3.124). Eq. (3.148) describes the shape of a freely mov-
ing quarter-loop, i.e. which does not interact with impurity atoms and other
obstacles.

y(x) = ξ arc cos
(
e−x/ξ+c1

)
+ c2

ξ =
a

2Θ
; c1 = ln (sin Θ) ; c2 = ξ

(π
2
− Θ

)
(3.148)

The solution for a quarter-loop influenced by impurity drag can be derived
by the procedure extensively considered above (Eqs. (3.134)–(3.140)) except
that boundary condition (3.137) must be replaced by (3.124).

y(x) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

− (bF − bL) arc cos
(

sin Θ

e
x∗
bF

)
+ a

2 − bL
π
2 + bF arc cos

(
e

bF ln(sinΘ)−x

bF

)

0 ≤ x ≤ x∗

a
2 − bL

π
2 + bL arc cos

⎛

⎝e
bLln(sinΘ)−x∗

„
bL
bF

−1
«
−x

bL

⎞

⎠ x ≥ x∗

(3.149)
where bL is:

bL =
bF

[
arc cos

(
sinΘ

e
x∗
bF

)
+ Θ − π

2

]
− a

2

arc cos
(

sinΘ

e
x∗
bF

)
− π

2

(3.150)

The parameters in the function (3.149) are the width of the shrinking grain
a/2, the angle Θ of the grain boundary with the free surfaces in the triple junc-
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FIGURE 3.39
Intersection of “free” and “loaded” segment of the calculated grain boundary
shape (a) mL/mF = 0.0292, (b) mL/mF = 0.00245 (x∗ - dashed line).

tion, the critical point x∗, and bF . The first two parameters can be measured
directly in the experiment. The latter two have to be chosen in an appropriate
way to fit the experimentally derived grain boundary shape. As can be seen
from Eqs.(3.134) and (3.135), bL/bF = mL/mF . The point x∗ is the point of
intersection of the “free” and “loaded” segments of the grain boundary.

The value mL/mF is a measure for how drastic the change between the
“free” and the “loaded” part in the point of intersection will be. Even if there
is no kink or discontinuity in the calculated grain boundary shape at point
x∗ the change from the “free” to the “loaded” part will be more and more
abrupt for smaller and smaller values of mL/mF (Fig. 3.39).

Corresponding experiments were carried out on aluminum bicrystals with
a 40.5◦〈111〉 tilt boundary. The samples differed by the amount of dissolved
impurities. Bicrystals with a total impurity content of 0.4 ppm, 1.0 ppm,
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FIGURE 3.40
Dependence of the reduced grain boundary mobility on impurity content in
high purity Al.

3.6 ppm, 4.9 ppm and 7.7 ppm were studied. The grain boundary mobil-
ity was extracted from in situ experiments of grain boundary motion (see
Sec. 3.4.2). After the measurement of grain boundary mobility the samples
were rapidly cooled to room temperature, and the grain boundary shape was
recorded with an image analysis system. The accuracy of locating the grain
boundary was about 15μm. The used mobility data [244] are given in Fig.
3.40.

A major change in the mobility was observed in the regime between 0.4 ppm
and 1.0 ppm, where the mobility drops drastically with increasing impurity
content. This may be due to the attachment of impurities to the grain bound-
ary [244]. In the specimen with 0.4 ppm solute atoms the grain boundary had
a mobility of 7.4 · 10−8 m2/s which can be assumed to be the mobility mF of
the “free” moving grain boundary. In this context “free” means that there are
no additionally adsorbed atoms at the grain boundary, i.e. the concentration
of the solute atoms in the grain boundary does not differ from the concentra-
tion of the solute atoms in the bulk. At larger impurity content the mobility is
no longer determined by the intrinsic grain boundary mobility, but rather by
the mobility mL of the impurities. The investigation proves that the influence
of the impurity atoms on grain boundary properties and behavior is rather
strong even in very pure materials. The experimentally measured shape of a
moving grain boundary (Al with 1.0 ppm impurities) and the shape, calcu-
lated according to Eq. (3.148), which does not take into consideration impurity
drag, are compared in Fig. 3.41. The large discrepancy is obviously and ap-
parently due to the neglect of boundary-impurity interactions. However, with
mL and mF determined as explained above, the measured boundary shape
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FIGURE 3.41
Comparison between experimental data (solid line) and calculated shape (dot-
ted line) disregarding segregation.

can be successfully fitted by Eq. (3.149) using only x∗ as a free fit parameter
(Fig. 3.42).

The same holds for the reversed-capillary technique. Any attempt to fit
the shape by assuming a freely moving boundary fails, but good agreement
between experiment and theory can be observed when impurity drag and thus
different mobilities are taken into account (Fig. 3.43) [241].

As mentioned above, the shape of a moving grain boundary is a new source
of information on grain boundary migration. One example is given in Fig. 3.44,
where the value of the critical distance x∗, normalized by the driving force
(in terms of the quarter-loop width a) is plotted vs. the impurity content. In
accordance with the Lücke-Detert theory [193] the critical velocity v∗ (and
rigidly bound to it the position of the critical point x∗ on the quarter-loop) is
determined by the balance between the maximum force of interaction of the
impurity atoms with the boundary and the force, which is imposed by the en-
ergy dissipation caused by boundary motion across the matrix. The difference
in the impurity drag for grain boundaries in samples with different amount
of impurities is caused by the adsorption of impurities at the grain boundary.
According to theory the velocity should decrease proportionally to the inverse
of the concentration of adsorbed atoms. Therefore, x∗ should increase with
decreasing impurity content, as observed qualitatively (Fig. 3.44) [244]. How-
ever, a linear relation between the inverse of the impurity concentration and
v∗, i.e. x∗, is not observed over the whole concentration range, which indicates
a more complicated interaction of adsorbed atoms with the grain boundary.
In such a case x∗/a should increase more strongly with decreasing impurity
content than linearly. This tendency is indeed observed (Fig. 3.44).

Evidently, even in very — although not perfectly — pure metals there is
no agreement between the experimentally observed and calculated shape of
a moving grain boundary, if the impurity influence is not taken into account.
This has to be kept in mind to avoid serious misinterpretation when evaluating
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FIGURE 3.42
Experimentally observed (solid line) and calculated (Eq. (3.149), dotted line)
grain boundary shape for Al with an impurity content of (a) 1.0 ppm (b)
3.6 ppm (quarter-loop technique).
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FIGURE 3.43
Experimentally observed and calculated shape accounting for drag effect:
(shaded area), neglecting the drag effect (dashed line) (Fe-3%Si, reversed-
capillary technique): (a) theoretically predicted grain boundary shape; (b)
accounting for drag effect; (c) without regard to drag effect.
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Dependence of critical point x∗/a on (a) impurity content; (b) reciprocal im-
purity content.
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experimental mobility data.

3.5 Experimental Results

3.5.1 Relation between Driving Force and Migration Rate

As elaborated in Sec. 3.1 the driving force for grain boundary migration is
always small compared to the thermal energy. Therefore, grain boundary mi-
gration is a drift motion following the trend to reduce the energy content of
the crystalline aggregate. A drift velocity, however, is always proportional to
the driving force, as derived in Sec. 3.1 (Eq. (3.6))

v = mbP

and the proportionality factor m is the grain boundary mobility

mb = v/P (3.151)

In accurate experiments relation (3.6) is unambiguously confirmed, most pre-
cisely for the motion of a planar grain boundary under the action of a magnetic
driving force (Fig. 3.45). In this case the grain boundary crystallography is
exactly defined and remains unchanged during boundary motion. Moreover,
the driving force can be precisely calculated and varied in a defined manner.
Also for the motion of curved grain boundaries Eq.(3.6) is obeyed (Fig. 3.46),
although for very small driving forces a deviation to lower migration rates
is observed. This deviation is likely to be due to drag effects (solute drag,
groove dragging) which necessarily have to show up when the driving force
tends to zero since no material is absolutely pure. A proportionality between
mean migration rate and elastically stored energy was even reported for grow-
ing grains in polycrystals (Fig. 3.47). Despite this conceptually necessary and
experimentally confirmed relation (3.6) there have been reports in pertinent
literature which contended that Eq.(3.6) does not hold, rather

v ∼ Pn (3.152)

with n � 1 and as high as n = 12 would more adequately comply with
experimental results. The crucial experiment to prove this complication was
due to Rath and Hu [230]–[233] (Fig. 3.48), who conducted experiments on
aluminum bicrystals using wedge-shaped specimens (Sec. 3.4.2.1, Fig. 3.25a).
These results have worried the scientific community for many years since such
results cannot be understood from fundamental principles (Sec. 3.1) and also
preclude a determination of grain boundary mobility without further theoret-
ical treatment of relation (3.152). It can be shown, however, that the observed
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FIGURE 3.45
Measured grain boundary migration rate vs. driving force of a flat boundary
in a bicrystal of Bi exposed to a magnetic field.

relation (3.152) is due to improperly conducted experiments and, therefore, a
misinterpretation of experimental data.

The experiments of Rath and Hu [230]–[233] were carried out on aluminum
in a hydrogen (reducing) atmosphere which strongly promotes grooving since
aluminum does not form a protective oxide layer on its surface under these con-
ditions. Also, they used a discontinuous method to measure the grain bound-
ary displacement with large intervals of annealing time. So, the experimental
results corresponded to an average displacement including a large number of
detachment-attachment processes of the moving boundary from its groove. In
this case [210, 225] the average boundary migration

v = lim
t→∞

∫ t

0
v(q)dq
t

=

∫ τ

0
v(q)dq
τ

(3.153)

where τ is the time between two consecutive detachments according to
Eq.(3.99). Since the principal mechanism of groove development in aluminum
is surface diffusion, the average grain boundary velocity is obtained by differ-
entiation of Eq. (3.96) (Sec. 3.3.6) and (3.153)

v = 4PAb

{[
1
χ3

− 1
6χ4

ln
(1 + χ)3

1 + χ3

]
− 1
χ4

√
3

(
arc tan

2χ− 1√
3

+
π

6

)}

(3.154a)

where

χ =
(

Pδ

2γΘc
− 1

)−1/3

(3.154b)
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FIGURE 3.46
Measured grain boundary migration rate vs. reduced driving force of U -shaped
boundaries in Al bicrystals (half-loop technique).
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FIGURE 3.47
Average growth rate (normalized by a constant v0) as a function of the driv-
ing force for a polycrystalline aluminum alloy containing 17 ppm Cu during
primary recrystallization at 125◦C [262].
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FIGURE 3.48
Boundary migration rate vs. driving force as reported by Rath and Hu [231]
for wedge-shaped Al bicrystals.

Correspondingly, the kinetics in the experiments mentioned are entirely con-
trolled by thermal grooving and groove dragging rather than by an intrinsic
relation between migration rate and driving force [225] (Fig. 3.49).

The concept derived in Sec. 3.3.6 provides a basis for formulating the re-
quirements to be satisfied by an experiment aimed at a physically correct
study of grain boundary motion. It is important to note that a necessary
condition [210] for grooving to be negligible is the magnitude of the criterion
ρ

ρ =
Pδ

γΘc

∼= Pδγs

γ2
� 1 (3.155)

An analysis of this criterion applied to the series of experiments by Rath and
Hu [230]–[233] reveals the following scenario: driving force P = γ/R with
R = 1.02− 0.2 cm, sample thickness 0.25 cm thick. Taking γ/γs

∼= 0.3 [263],
one obtains for the beginning of motion ρ ∼= 0.5 and at the end ρ ∼= 4, i.e. only
toward the end can one expect a free motion of the boundary, while groove
dragging controls most of the experiments. In conclusion, the results obtained
do not pertain to free boundary motion.

Rath and Hu [230]–[233] surmised that the nonlinearity v ∼ Pn was due to
impurity drag such that the boundary was in the transition regime between
loaded and free state (Sec. 3.3.2, Fig. 3.6). This is not feasible, however, since
the boundary will assume either the loaded or the free state, if the transition
is discontinuous, as observed experimentally (Fig. 3.7). Only for very small
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222 3 Grain Boundary Motion

impurity contents and driving forces is there a continuous transition from the
loaded state to the free motion state which, however, is limited to a small
driving force interval, much smaller than the driving force noted in the exper-
iments of Rath and Hu.

With the proportionality between migration rate and driving force being
unambiguously established, Eq.(3.151) can be applied to extract the grain
boundary mobility from grain boundary motion experiments and to determine
the influence of temperature, hydrostatic pressure, grain boundary crystallo-
graphy, chemical composition etc. on grain boundary mobility.

3.5.2 Kinetic Parameters of Grain Boundary Mobility

As evident from Sec. 3.1 grain boundary migration is a thermally activated
process. Thus, its kinetics follow an Arrhenius-type temperature dependence

v = v0 exp
(
−Hm

kT

)
(3.156)

Since the driving force is independent of temperature, the temperature de-
pendence of v is the temperature dependence of the grain boundary mobility

mb =
v

P
= m0 exp

(
−Hm

kT

)
(3.157)

where Hm is the activation enthalpy of grain boundary migration and m0 the
corresponding preexponential mobility factor. It is noted that

Hm = Em + pV ∗ (3.158)

(Em— activation energy) depends on the pressure p, which can be used to
determine the activation volume V ∗ (Sec. 3.5.4). However, for all practical
purposes grain boundary migration proceeds under a constant (ambient) pres-
sure.

Since most results referred to in the following were obtained for the mi-
gration of curved grain boundaries, we introduce for simplicity the reduced
mobility (see footnote in Sec. 3.4.3)

Ab = mb · γ = A0 exp
(
−Hm

kT

)
(3.159)

For the half-loop geometry it can be obtained from the boundary velocity by
Ab = va/2, for the quarter-loop geometry Ab = va (Sec. 3.4.2.1).

Any influence on grain boundary mobility will be reflected in a change of
Hm, V ∗, and/or m0 (resp. A0). Therefore, in the following we will discuss
the dependence of these kinetic parameters on the structure and chemistry of
grain boundaries.
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FIGURE 3.50
Change of boundary migration rate with orientation difference about a com-
mon 〈111〉 axis in Al [264].

3.5.3 Misorientation Dependence of Grain Boundary
Mobility

The long-known observation that pronounced crystallographic textures de-
velop during annealing of deformed metals was the first indication that grain
boundary mobility may depend on misorientation. Correspondingly, the first
findings on the orientation dependence of grain boundary velocity were ob-
tained in recrystallization experiments (Fig. 3.50) [264, 265, 269]. Such depen-
dencies were confirmed subsequently with experiments on bicrystals, which
do not only permit us to investigate all orientation relationships, but also to
determine the influence of various factors on grain boundary mobility, e.g.
temperature, pressure, nature and content of impurities etc. However, in the
majority of investigations grain boundary migration was considered for a very
few specific boundaries and provides only an incomplete characteristic of the
migration capability of grain boundaries [230]-[235], [270]-[272]. The misori-
entation dependence was studied extensively for lead, aluminum and zinc.

The misorientation dependence of the velocity of single boundaries in zone
refined lead was studied under a constant driving force (striation/subgrain/
structure, experimental technique N1, Table 3.3) and in a range of tempera-
tures [182] (Fig. 3.51). Well-pronounced extrema (maxima of grain boundary
velocity, minima of activation energy and preexponential factor, respectively)
could be associated with low Σ coincidence boundaries.

In aluminum the misorientation dependency of grain boundary mobility
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FIGURE 3.51
Measured activation enthalpies Hm vs. misorientation angle ϕ for 〈100〉 tilt
boundaries in zone refined lead [182].

and its kinetic parameters (enthalpy of activation and pre-exponential factor)
was investigated for 〈100〉, 〈111〉 and 〈110〉 tilt grain boundaries with a total
amount of impurities of (2 − 5) · 10−4at% by the grain boundary half-loop
technique (N9, Table 3.3) (Fig. 3.52) [273]–[275].

The misorientation dependency of the activation enthalpy of migration for
〈101̄0〉 and 〈112̄0〉 tilt boundaries in zinc with a total impurity content of
5 ·10−4at% and 5 ·10−3at%, respectively, are shown in Fig. 3.53 [70, 239, 276].
The data were obtained by the reversed-capillary technique (technique N6,
Table 3.3). Qualitatively, the behavior of the migration activation enthalpy in
Zn is akin to fcc metals. Evidently, the dependency Hm(ϕ) reflects structural
peculiarities of the grain boundaries. However, the situation is complicated
by the fact that exact CSLs for hexagonal close-packed structures exist only
for rotations around 〈0001〉 and for hypothetical structures with a rational
ratio c/a. This problem can be alleviated by including also superlattices close
to coincidence. A comparison of the misorientation dependencies of mobil-
ity (Fig. 3.53) with the computed misorientation dependency of Σ revealed
for hcp metals that there is a correlation between the extrema of the curves
Ab(ϕ), Hm(ϕ), A0(ϕ) (ϕ — angle of rotation) and the misorientation of low
Σ grain boundaries. We will refer to low Σ coincidence boundaries also as
special grain boundaries in the following.

In essence, all misorientation dependencies of grain boundary mobility and
its parameters considered are non-monotonous, and the corresponding ex-
trema correspond to low Σ misorientations of the CSL lattice. The magnitude
of the oscillations is large: for the grain boundary mobility about 2 orders of
magnitude, for the activation enthalpy ∼60-120kJ/mol. Therefore, one has to
address the question of what is the origin of this misorientation dependence. In
other words, is there a fundamental correlation between the structural prop-
erties of a grain boundary, e.g. the value of Σ, and grain boundary mobility?
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FIGURE 3.52
Temperature and misorientation dependencies of reduced grain boundary mo-
bility for 〈100〉, 〈111〉 and 〈110〉 tilt grain boundaries in aluminum. (a) Tem-
perature dependence, 〈111〉 tilt grain boundaries with various angles ϕ of
misorientation 1 − ϕ = 33◦; 2 − 35.5◦; 3 − 28◦; 4 − 36.5◦; 5 − 45◦. (b) Mis-
orientation dependence at 500◦, 400◦ and 300◦C, respectively. (c) Enthalpy
of activation vs. misorientation angle ϕ for motion of 〈100〉, 〈111〉 and 〈110〉
tilt boundaries in Al. (d) Pre-exponential factor of reduced grain boundary
mobility for tilt boundaries in Al.
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FIGURE 3.53
Misorientation dependence of activation enthalpy of grain boundary motion
for 〈101̄0〉 (a) and 〈112̄0〉 (b) tilt boundaries in Zn.

One is tempted to attribute the observed orientation dependence to the mis-
orientation dependence of grain boundary structure (Chapter 2), specifically
to changes in the apparently structure-dependent transfer of atoms across the
boundary. However, while the observed misorientation dependence certainly
reflects the variance of grain boundary structure with changing misorientation,
it is not an effect of migration mechanism but rather an effect of misorienta-
tion dependence of grain boundary segregation. If grain boundaries segregate
less, they are less hindered by impurity drag and thus more mobile. Special
boundaries are considered to be more perfectly structured and, therefore, less
liable to segregation. This would explain the observation that special bound-
aries are more mobile than non-special boundaries.

The classical work in this field is Aust and Rutter, who studied the in-
fluence of tin additions on the velocity of grain boundary migration and its
activation energy in lead [180]–[182]. They observed that the migration rates
of boundaries with misorientation close to a coincidence relationship — i.e.
special grain boundaries — and others — the random boundaries — were
substantially different: lead dopped with tin the special boundaries moved
faster than the random ones, and the migration rate of random boundaries
depended much more strongly on tin content than the migration rate of special
boundaries (Fig. 3.54). The situation for the energy of activation was similar:
for special grain boundaries the activation energy of migration was practically
unaffected by the tin content, whereas for random grain boundaries the acti-
vation energy rose dramatically with increasing tin concentration (Fig. 3.55).

The structure dependence of segregation is most convincingly demonstrated
by mobility measurements on Al and Zn of different purity [239, 255, 273, 276,
278, 279]. Fig. 3.56 shows the dependence of the activation enthalpy for the
mobility of 〈100〉 tilt boundaries vs. misorientation in Al with different con-
tents of impurities [274]. For low-angle boundaries the activation enthalpy
is seen to decrease with increasing misorientation. For high-angle boundaries
(ϕ ≥ 20◦) the activation energy depends strongly on impurity level. For both
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FIGURE 3.54
Migration rate vs. Sn concentration in Pb bicrystals according to Aust and
Rutter [180, 277]. Special and random boundaries behave differently.

ultrapure (99.99995%) and low purity (99.98%) materials the activation en-
ergy does not depend on the misorientation angle, but the absolute value of
the activation energy is higher for the impure material by a factor of three. For
a less-than-ultrapure material (99.9992%), referred to as high purity material,
the activation energy oscillates and attains minima for special misorientations,
which correspond to low Σ CSL rotations. For these special misorientations
the activation energy is practically identical for high purity and ultrapure
material. Thus, experimental results of single grain boundaries confirm the
finding that in high purity materials special boundaries have a smaller migra-
tion activation enthalpy [180]–[182] and as a consequence, in some cases (to
be considered below) a higher mobility than random boundaries.

From the bicrystal experiments on differently pure materials, it can be con-
cluded that the orientation dependence of grain boundary mobility is due to
segregation effects [279]. In fact, high-angle tilt grain boundaries in ultrapure
metals do not show any misorientation dependence of boundary mobility at
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FIGURE 3.55
Activation enthalpy of migration for experiments shown in Fig. 3.53.

all. Correspondingly, the orientation dependence of grain boundary mobility
for high purity material merely reflects the orientation dependence of segre-
gation such that special grain boundaries are less liable to segregation than
random grain boundaries and, therefore, less affected by impurity drag. It
should be remembered that the segregation capability is an intrinsic grain
boundary property which is strongly connected with the boundary structure.
In this regard the orientation dependence of grain boundary mobility and its
parameters reflect the structural properties of a grain boundary. But the influ-
ence of impurity drag, which in turn is determined by boundary segregation, is
much greater than the intrinsic orientation dependence of boundary mobility.
Therefore, we can state with reasonable confidence that the misorientation
dependence of boundary mobility on concentration is mainly determined by
boundary segregation.

This effect and, therefore, the distinction between the mobility of special
and random boundaries is, however, limited to a relatively small range of im-
purity content. At a purity level of 99.98%, all tilt grain boundaries in Al
were found saturated with impurities, irrespective whether special or random
boundaries. The ability of special boundaries to resist segregation appears to
be very sensitive to the atomic arrangement even for low Σ boundaries. For
the same impurity level special 〈101̄0〉 tilt boundaries in zinc demonstrate
selective segregation while 〈112̄0〉 tilt boundaries remain unaffected by segre-
gation (Figs. 3.57a,b).
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FIGURE 3.56
The dependence of the activation enthalpy of migration for 〈100〉 tilt grain
boundaries in Al of different purity: � — 99.99995at%; � — 99.9992at%;
◦ — 99.98at%.

Thus, we can conclude that the orientation dependence of grain bound-
ary mobility is a consequence of segregation and can only be observed in a
relatively small window of impurity content. The extent of this regime also
depends on misorientation. Outside of this concentration range the mobility
of high-angle grain boundaries apparently does not depend on misorientation.
This conclusion has serious consequences for our understanding of the bound-
ary mobility and the mechanism of impurity influence on it. The results on
the purest material seem to indicate that grain boundary mobility does not
depend on misorientation. However, owing to the lack of extremely pure ma-
terials and with our current level of information on the behavior of ultrapure
metals, it cannot be ruled out that the apparent invariance of mobility with
misorientation represents only an intermediate case and with increasing pu-
rity of the material the mobility again becomes dependent on orientation.
It is conceivable that in the absence of impurities, random grain boundaries
move more easily than special boundaries, since the lower energy and well-
ordered structure of special boundaries would provide an enhanced resistance
to a temporary modification of the structure, as necessary for grain boundary
motion. Correspondingly, four regimes of purity level may be distinguished,
which reflect a different orientation dependence of grain boundary mobility
(Fig. 3.58) [279]. Three branches (1–3) in Fig. 3.58 have been experimentally
confirmed, while the fourth still remains at the level of speculation.
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3.5.4 Correlation of Grain Boundary Migration and
Diffusion

While we pointed out in Sec. 3.1 that grain boundary migration is not to be
confused with diffusion across the boundary, it is interesting to compare the
misorientation dependence of grain boundary diffusion with the misorientation
dependence of grain boundary mobility. For this purpose the data for grain
boundary diffusion of zinc in 〈100〉 and 〈111〉 tilt boundaries in aluminum can
be utilized [280]–[282]. Fig. 3.59 shows the misorientation dependence of the
migration activation enthalpy for 〈111〉 tilt boundaries in Al and the activation
enthalpy for zinc diffusion along 〈111〉 tilt grain boundaries in aluminum. The
migration activation enthalpy of both migration (Hm) and boundary diffusion
(HDG) depend upon the misorientation in a non-monotonous manner; maxima
on the diffusion activation enthalpy curve strictly correspond to minima on
the migration activation enthalpy curve, and vice versa. In both cases extrema
are observed at angles which correspond to special (CSL) boundaries. Appar-
ently, the misorientation dependence of boundary diffusion is complementary
to the misorientation dependence of boundary migration. Of course, it has to
be kept in mind that the measured diffusion data [280] reflect the diffusion
along grain boundaries, while migration is at most akin to diffusion across the
boundary. Also, boundary migration is more related to self-diffusion, whereas
impurity (zinc) diffusion was measured experimentally [280, 282]. Unfortu-
nately, there are no methods to measure the diffusion across grain boundaries.
In a high-accuracy study [283] the grain boundary diffusion of 195Au and grain
boundary self-diffusion of 64Cu along symmetrical 〈001〉 tilt boundaries with
misorientation close to Σ5 (36.9◦) were measured under identical experimental
conditions as a function of temperature and tilt angle (Fig. 3.60). The param-
eter π = SδDb (segregation factor S = 1 for grain boundary self-diffusion,
2 ≤ S ≤ 6 for Au in Cu; grain boundary width δ=0.5nm; Db grain boundary
diffusion coefficient) manifests the same characteristic orientation dependence
for both grain boundary self-diffusion and grain boundary impurity diffusion
of Au in Cu. A qualitatively similar orientation dependence was observed in
both cases. Furthermore, this orientation dependence was independent of the
purity of the Cu material used (Fig. 3.60a). High purity Cu bicrystals of two
different original Cu materials (Cu1 and Cu2) were grown. The total impurity
amount in both types of Cu was small and comparable, although different.
Clearly segregation effects cannot account for the observed variations of the
parameter π.

The activation enthalpy and pre-exponential factor of grain boundary mi-
gration do not correspond to the relevant parameters for diffusion, however.
As evident from Figs. 3.52, 3.59, and 3.60, the activation enthalpy of grain
boundary migration for the majority of grain boundaries investigated is much
larger than that of grain boundary diffusion, frequently even larger than that
of bulk diffusion. The calculated values of the pre-exponential factor of grain
boundary mobility, based on the grain boundary diffusion data, are presented
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(a) Migration activation enthalpy of 〈111〉 tilt grain boundaries in Al. (b)
Activation enthalpy of Zn diffusion along 〈111〉 tilt grain boundaries in Al.
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in Fig. 3.52. For 〈100〉 tilt grain boundaries only a few of the calculated val-
ues correlate with experiments. As a rule, the experimental pre-exponential
factor is 2–15(!!) orders of magnitude larger than the factor calculated from
the theory of hopping motion of individual atoms across the grain bound-
ary. A difference between the mechanisms and activation parameters of grain
boundary migration and grain boundary diffusion was also found in atomistic
simulations (see Chapter 5).

3.5.5 Segregation Effects Other Than Misorientation

We have shown in Sec. 3.5.3 that the misorientation dependence of grain
boundary mobility is mostly due to segregation effects, and it is not clear
to date whether even in ultrapure material the intrinsic mobility of grain
boundaries was measured. In this sense even high purity material has to be
considered as a very dilute solution affected by segregation. In addition to the
influence on misorientation dependence of grain boundary mobility, there are
two important issues for a more quantitative treatment of segregation effects
on grain boundary migration.

1. The total impurity content is always composed of different elements,
but it is common experience that different elements have varying de-
grees of effect on grain boundary motion. Fe, Ti and Sc impurities are
known to very effectively hinder boundary migration in Al. P in Cu or
Nb in steels are comparably effective. Conversely, some other elements
may have only minor influence on boundary mobility, like Ag in Al. In
essence, the question has to be addressed which elemental concentration
is to be considered most relevant for the overall migration behavior of
the boundary.

2. Even if the impurity content in the volume is small, the concentration in
the boundary may be high, if the interaction energy with the boundary
is large. Then the impurity drag theory may fail, since it also assumes
a dilute solution of impurities in the boundary, i.e. it neglects impurity
interactions in the boundary.

In this context, the motion of pure 〈111〉 tilt boundaries with misorientation
angles in the vicinity of the special misorientation Σ7 (38.2◦) was studied un-
der the action of a constant driving force (technique N12, Table 3.3) [197, 255].
Here we will confine our consideration to the motion of 〈111〉 tilt boundaries
with misorientation ϕ = 38.2◦ (special misorientation Σ7) and 40.5◦. These
boundaries are of special interest because of their dominant role in recrys-
tallization of Al [284]. The velocity of grain boundary motion was measured
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FIGURE 3.61
Temperature dependence of the reduced mobility Ab for 38.2◦ and 40.5◦ 〈111〉
tilt grain boundaries in different types of pure aluminum.

by continuous tracking of the moving grain boundary (XICTD). The exper-
iments were carried out on bicrystals produced from high purity aluminum
of different production. The total impurity content in each material was de-
fined as the sum of the concentration of all elements found as determined by
glow discharge mass spectrometry (Table 3.4 [197, 255]). With regard to the
question which elemental concentration to consider as most relevant for the
overall migration behavior of the boundary, it was proposed to consider the
total impurity concentration as the relevant concentration for grain boundary
migration. There are several reasons to justify this assumption. All materials
used in the investigation were high purity aluminum, which were produced by
multiple pass zone refining. During zone melting only those impurities which
strongly interact with lattice defects remain in the solid phase, the structure
of which is more disordered than the crystalline solid and, therefore, more
akin to a liquid.

The temperature dependencies of the reduced mobility (Sec. 3.5.2) of 38.2◦

and 40.5◦ 〈111〉 tilt grain boundaries in aluminum of different purity and the
concentration dependence of the activation enthalpy for these boundaries are

© 2010 by Taylor and Francis Group, LLC



3.5 Experimental Results 235

represented in Figs. 3.61 and 3.8a, respectively. As evident from Fig. 3.8a,
even at the lowest impurity content, i.e. in the material of highest purity, the
activation enthalpy rises with increasing impurity concentration contrary to
predictions of impurity drag theory (Sec. 3.3.2).

There are several reasons for the discrepancy between the theories of impu-
rity drag and the experimental data. All theories are based on the assumption
of a small concentration both in the bulk and in the grain boundary. How-
ever, the boundary impurity concentration may be high despite a small bulk
impurity concentration. Furthermore, for high impurity concentrations in the
boundary it is necessary to take into account the mutual interaction of ad-
sorbed atoms in the boundary. Also, as shown experimentally [285, 286] and
theoretically [35], grain boundaries are inhomogeneous, i.e. not every site in
the grain boundary is equally favorable for impurity segregation. Thus the
interaction between the adsorbed atoms also should be taken into account.

The interaction of impurities with grain boundaries can be taken into ac-

TABLE 3.4

Impurity Content of Investigated Aluminum Samples
Material RRR Measured

impurity
content
(ppm)

Al I 21400 0.4
Al II 15000 1.0
Al III 5100 3.6
Al IV 6500 4.9
Al V 11500 7.7
(RRR — residual resistivity ratio = R (293K)/R(4.2K)).

count in terms of adsorption [197, 255]. The advantage of such an approach is
that it allows us to express the influence of adsorption on both the activation
enthalpy and the pre-exponential mobility factor. As shown above (Sec. 3.3.3),
impurity drag theory can be extended to take into account an interaction of
adsorbed impurities in the grain boundary and thus, provide a reasonable
agreement with experimental results for the concentration dependence of the
activation enthalpy and also for the pre-exponential mobility factor (Figs. 3.9
and 3.10). It should be noted that the chosen values of the parameters in
the equation of grain boundary mobility are physically reasonable. For exam-
ple, the enthalpy of adsorption in the grain boundary ranges from 0.82 eV
to 0.86 eV, the product of the coordination number and the heat of mixing
extends from 0.17 eV to 0.24 eV etc.. We emphasize once again that the best
agreement between theory and experiment can be achieved if the difference
in the partial activation areas ωi of the adsorbed atoms in the grain bound-
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ary is taken into account. Best agreement is obtained for a ratio β = 0.05 of
the partial areas of impurity atoms and matrix atoms (see Sec. 3.3.3). The
boundary activity of the impurities can be described by the derivative of the
boundary surface tension γ with respect to the chemical potential μi of the
impurity atoms

dγ

dμi

∼= − 1
ωi

(3.160)

This relation indicates that the impurity which most actively interacts with
the boundary should possess the smallest partial area. Despite the obvious
importance of the partial area in grain boundary thermodynamics, ignoring
it is the rule rather than the exception in current grain boundary physics.

The approach discussed in Sec. 3.3.3 principally allows us to explain the ori-
entation dependence of migration activation parameters in different regimes of
impurity concentration (Fig. 3.58, Table 3.4). Fig. 3.62 shows the migration
activation enthalpy as a function of impurity concentration for special and
random grain boundaries using the Fowler-Guggenheim isotherm under the
natural conditions for the heat of mixing ε = εspecial < εrandom (the difference
between εspecial and εrandom is small), Hsp

i < Hrand
i . It is seen that the result

of the calculation complies with the scheme in Fig. 3.58. Actually, for a very
low impurity concentration (c1) the migration activation enthalpy for a ran-
dom grain boundary is lower than for a special one. The rate of increase of
the migration activation enthalpy with impurity content for a random grain
boundary is higher than for a special one, and at a defined concentration c2
the enthalpy for both boundaries becomes equal. There is a large gap be-
tween the values of enthalpy of activation at a concentration c3 which belongs
to regime 2 in Fig. 3.58. With further increase in the impurity concentration
the migration activation enthalpies also become equal (c4, case 1 in Fig. 3.58).

3.5.6 Impurity Drag and Breakaway

According to the previous sections (Sec. 3.5.3–3.5.5) both pure metals and di-
lute alloys have to be treated as solid solutions with regard to grain boundary
migration because of the impact of segregation. In this section we shall con-
sider the results obtained on single-phase materials more quantitatively in the
framework of the impurity drag theories as put forward by Lücke and Detert,
Cahn, Lücke and Stüwe, Westengen and Ryum [193]–[195], [287] (Sec. 3.3.2).
A comparison of theory and experiment can be carried out in two principally
different directions. The first way is the analysis of the experimental data in
terms of impurity drag, i.e. the analysis of the changes in grain boundary ve-
locity, mobility, migration, energy (enthalpy) of activation as a function of the
nature and content of impurity atoms. The theories of impurity drag include
the nature of the impurities as the energy of interaction U0 between the im-
purity atoms and grain boundary and the volume diffusion coefficient of the
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FIGURE 3.62
Computed dependence of activation enthalpy of grain boundary motion on
impurity concentration for special and random grain boundaries.

impurities. The second way consists of searching for effects predicted by the
theories, in particular the effect of detachment of the moving grain boundary
from adsorbed atoms. The requirements which are imposed by the theory on
experiments are tough: exactly known driving force of grain boundary migra-
tion; well-defined grain boundary crystallography and geometry; physically
correct and reproducible experiments; and, finally, what is of critical impor-
tance, a pure metal doped with a defined content of specific impurities. There
are no investigations capable of complying with all requirements mentioned,
and we shall only consider those closest to the ideal, i.e. an extremely small
number of investigations dedicated to the interaction of a moving single grain
boundary with impurities. We even will violate our principles and discuss
some experiments on polycrystals.

The concentration dependence of the grain boundary migration rate in lead
doped with Sn, Ag, Au is represented in Fig. 3.63 [277]. This dependence is
in qualitative agreement with the Lücke-Detert relationship (strictly speak-
ing, according to the Lücke-Detert theory the velocity should vary inversely
proportionally to the impurity content of the sample, but for a narrow range
of impurity content and a low concentration the predicted dependency can
be approximated by the observed exponential variation) and was observed
for all impurities studied by Aust and Rutter [277]. Evidently, the influence
of silver and gold is much stronger than the influence of tin. A reasonable
agreement between theory and experiment was also observed by Frois and
Dimitrov [288, 289] who studied grain growth in aluminum doped with Cu
and Mg (Fig. 3.64). Two branches of the concentration dependence were ob-
served: at low concentrations the velocity of grain growth did not depend on
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FIGURE 3.63
Grain boundary migration rate vs. impurity concentration in lead crystal for
special (low Σ) (top curve) and non-special (bottom curve) boundaries [277].

the impurity content, whereas at larger concentrations the velocity decreased
linearly with increasing concentration.

The concentration dependence of the activation enthalpy of grain boundary
migration comprised two different regimes: at low content of Mg the enthalpy
of activation did not depend on concentration and equaled the value observed
for grain growth in pure Al (0.65eV). With rising concentration there was an
abrupt change of the activation enthalpy to 1.5eV, i.e. close to the activation
enthalpy of bulk self-diffusion [288, 289].

“Pure” Al doped with silver (Fig. 3.65) exhibited a slightly different con-
centration dependency. The enthalpy of activation rose with increasing Ag
concentration, starting from a certain critical content of silver. A similar be-
havior was observed by Aust and Rutter for the concentration dependence
of the migration activation enthalpy of single grain boundaries in lead doped
with silver and gold (Fig. 3.66) [277]. Note the dramatic change in the migra-
tion activation enthalpy in Fig. 3.66.

The mobility of random grain boundaries and 〈100〉 non-special tilt grain
boundaries in aluminum bicrystals of different purity was studied in a con-
centration range of solute atoms between 5 · 10−5 and 2 · 10−2at% princi-
pal impurities in at%: Si (5 · 10−6 − 1 · 10−3); P (5 · 10−6 − 5 · 10−3), Zn
(1 · 10−6 − 1 · 10−3), Ti (1 · 10−6 − 5 · 10−3); Fe (5 · 10−5 − 5 · 10−4); Cu
(1 · 10−6 − 1 · 10−2) [227, 273]. The concentration dependence of the acti-
vation enthalpy for the motion of a single random grain boundary is shown
in Fig. 3.67a [227, 273]. The curve can be subdivided into three segments.
The first segment is characterized by an activation enthalpy independent of
impurity content. The second segment stands out by a considerable increase
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FIGURE 3.64
Concentration dependence of grain growth rate in Al doped with Cu and
Mg [288, 289].
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Enthalpy of activation of grain growth in Al doped with Mg and Ag [288, 289].
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FIGURE 3.66
Concentration dependence of migration activation enthalpy in lead doped with
Ag and Au [277].

in the activation enthalpy with rising solute content. Such variation in the
activation enthalpy can be described [227] on the basis of a concept of ad-
sorption of interacting atoms on a non-homogeneous boundary. In the third
segment of the Hm(c) curve the activation enthalpy of grain boundary mi-
gration does not only fail to increase with growing concentration, but even a
slight decrease in the activation enthalpy is observed. A maximum value of the
Hm(c) function can be interpreted by the assumption that not all impurity
atoms contribute to the increase of the migration activation enthalpy, since
only a fraction Γ̄ < Γ0 of impurity atoms moves jointly with the boundary.
Therefore, when the boundary adsorption Γ tends to saturate, the activation
enthalpy attains a maximum. A respective calculation predicts a reasonable
concentration for the maximum (∼ 10−4 − 10−3 at% [273]). The results ob-
tained from bicrystal experiments for random grain boundaries (Fig. 3.67a)
and 〈100〉 tilt boundaries in Al (Fig. 3.67b) agree with data of the activation
enthalpy of grain growth in aluminum doped with copper as measured by
Gordon and Vandermeer [290, 291] (Fig. 3.67c).

Thus far the impurity influence on migration of random grain boundaries
(or grain boundaries far from a coincidence misorientation) has been consid-
ered. That is the reason why the results of single grain boundary migration
were considered in context with grain growth, i.e. “polycrystal” experiments.
Apparently, in some investigations a reasonable agreement between experi-
ment and predictions of the impurity drag theory was observed. However,
the majority of experimental studies reveals fundamental and essential dis-
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for grain growth in zone refined Al doped with Cu [290, 291].
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crepancies between theory and experiment, in particular a much too strong
dependence of the activation enthalpy on the impurity content. We shall in-
vestigate whether such behavior is only a consequence of the nature of random
grain boundaries or whether it also pertains to special boundaries.

Theory predicts that a grain boundary breaks away from an impurity cloud
at large velocities and high temperatures. A study of this breakaway phe-
nomenon allows us to extract additional information on the interaction of a
moving grain boundary with impurities. In the original Lücke-Detert theory
detachment occurs when the impurity atoms are not able to move with the ve-
locity prescribed by the boundary. The more refined theories of Lücke-Stüwe
and Cahn took into account that the concentration not only decreases with
increasing temperature, but also with increasing boundary migration rate (see
Sec. 3.3.2) which considerably speeds up detachment and results in a discon-
tinuous breakaway of the boundary from the adsorbed impurities.

The abrupt change in the velocity of a grain boundary during its detach-
ment from an impurity cloud can be considered as a kinetic phase transition
[292]. An experimental support of this viewpoint is the observed hysteresis of
the transition temperature. On heating, the detachment occurs at a higher
temperature than the re-attachment of the impurities to the boundary on
cooling [293, 294].

Also important is the dependence of the detachment parameters on the
ratio of grain boundary to bulk diffusion coefficient: Db/D. An increase of
Db/D shifts the detachment point toward higher driving forces. This has an
obvious physical explanation: the impurity atoms near the boundary become
more mobile as Db/D increases, and continue to move with the boundary at a
greater velocity, corresponding to a larger driving force. There is, however, an
interesting theoretical inconsistency. Having compared theoretical predictions
with experimental results, we see that for Al already at Db/D ∼= 102 the de-
tachment temperature exceeds the melting point. The calculated detachment
temperatures agree with those observed, if the diffusion coefficient Db ∼ 10D.
Evidently, Db cannot be identified with the coefficient of impurity diffusion
along the boundary, since at the respective temperatures the boundary diffu-
sion coefficient is usually 105 − 106 times the bulk value [295].

The effect of grain boundary detachment from impurities was experimen-
tally observed and studied on single 〈111〉 tilt grain boundaries in gold
[296] and aluminum [293, 294, 297]; 〈101̄0〉 and 〈112̄0〉 tilt boundaries in
zinc [292, 293, 298, 299]; and 〈110〉 tilt boundaries in Fe-3%Si [300]. Figs. 3.68-
3.72 give the temperature and driving force dependencies of grain boundary
velocity (mobility) in gold, aluminum, zinc and Fe-3%Si. A characteristic fea-
ture of the dependencies considered is a dramatic change in the grain bound-
ary velocity (more correctly, mobility) in a narrow temperature range. Above
and below the breakaway regime the grain boundary mobility shows a usual
Arrhenius type temperature dependence.

A considerable body of experimental data has been accumulated to date.
The effect was observed on special and close to special grain boundaries, but
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FIGURE 3.68
Temperature dependence of the migration rate of 〈111〉 tilt boundaries (ϕ =
30◦) in rolled gold [296].
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Temperature dependence of the reduced mobility of 30◦〈101̄0〉 tilt grain
boundaries in Zn.
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aries in Al. (For the meaning of I, II, III see Table 3.5.)
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FIGURE 3.72
Temperature dependence of the velocity of a 36.5◦〈111〉 tilt grain boundary
in iron-doped aluminum. (For meaning of I, II, III, IV, V, VI see Table 3.6.)

no effect was found on random (non-special) grain boundaries and in materials
with high impurity content. Apparently, it has been experimentally impossi-
ble to create a sufficiently large driving force to detach a grain boundary of
high adsorption capability from its impurity cloud. An analysis of the data
obtained in the framework of the Lücke, Stüwe or Cahn approach showed that
the phenomena observed for 〈111〉 tilt boundaries in aluminum and 〈101̄0〉,
〈112̄0〉 tilt boundaries in zinc were related to the drag effect of adsorbed iron
atoms in aluminum and to adsorbed aluminum atoms in zinc [292, 301]. The
conceptual framework to determine the major parameters of interaction be-
tween grain boundary and impurities from experimental data of the breakaway
effect is given below.

Fig. 3.72 shows the temperature dependence of the mobility of 〈111〉 tilt
grain boundaries, ϕ = 36.5 ± 0.5◦ in high-purity aluminum samples (I–VI)
specially doped with iron. The iron concentration, though rather low, was sig-
nificantly larger than the concentration of any other dissolved element [297]
(Table 3.6). A constant driving force was provided by the surface tension of
a curved grain boundary (grain boundary quarter-loop technique). The mea-
surements were carried out by continuous boundary tracking (XICTD). The
effect was observed in the temperature range 460–550◦C; the specific temper-
ature depended on the driving force and impurity (iron) content (Fig. 3.72,
Table 3.6). The experimental data correlated well with predictions of the im-
purity drag theory. The energy of interaction between grain boundary and
impurity iron was found to be 0.134 ± 0.02 eV [297].

Of special interest are the nature and number of adsorption sites at a grain
boundary. The adsorption capacity of a special grain boundary is in the range
of ∼ 1014 cm−2. This is distinctly lower than that measured by Auger spec-
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TABLE 3.5

Grain Boundary Detachment I
Number of the sample Active impurity Fe

I II III

Concentration of the active 2 · 10−5 1 · 10−5 5 · 10−6

impurities [at%]
Temperature of detachment 775 700 680
[T0,K]
Driving force Pi[J/m3] 6 · 102 6 · 102 6 · 102

Dm[m2/s] at T0 (experimental) 4.1 · 10−10 1.7 · 10−9 8.3 · 10−9

Dim[m2/s] at T0 (experimental) 4 · 10−17 1.4 · 10−16 3.3 · 10−16

Dm0 [m2/s] (experimental) 6.1 · 10−7 9.2 · 10−6 6.7 · 10−6

D0im [m2/s] (experimental) 1.2 · 10−13 2.5 · 10−12 1.4 · 10−11

HD
m [eV] 0.50 0.53 0.40

HD
im [eV] (experimental) 0.52 0.60 0.64

HD
im, diffusion 0.60 0.60 0.60

Fe in Al D0im [m2/s]∗) 4.1 · 10−13 4.1 · 10−13 4.1 · 10−13

U0 [eV] 0.17 0.24 0.24
Z [cm−2] 2.3 · 1014 7 · 1013 2.4 · 1014

*) Mirano K, Agarwala RP, Cohen M, Acta Metall., 10:857, 1962.

troscopy on random grain boundaries in polycrystals, which proves a much
higher adsorption capability of non-special grain boundaries.

The temperature dependency of the mobility of 〈111〉 tilt grain bound-
aries (ϕ = 46.8◦, Σ19) in iron-doped aluminum samples (Figs. 3.73a,b)
exhibits two consecutive steps, followed by a dramatic decrease of the mi-
gration activation enthalpy. An analysis of the data obtained shows that
the observed mobility jumps are related to the breakaway of the migrating
grain boundary from adsorbed iron atoms, and the sequence of the break-
away is attributed to the existence of two types of adsorption centers in
the special grain boundaries mentioned, which differ in interaction energy
(U01 = 0.12 ± 0.01 eV, U02 = 0.3 ± 0.02 eV). The density of the adsorption
centers are z1 = (1.5 ± 0.2) · 1014 cm−2 and z = (4.4 ± 0.3) · 1012 cm−2, re-
spectively. It appears [294] that z1 correlates with an average (with respect to
the inclination angle deviating from the symmetric position) surface density
of coincidence sites (∼ 1.8 · 1014 cm−2). Hence, the active centers of type I
may be interpreted as most distorted regions between the coincidence sites. It
was suggested that the interaction centers of type II may be associated with
grain boundary dislocations.

It counts in favor of the hypothesis that the observed abrupt change in the
migration velocity is due to grain boundary detachment from its impurities
so that the value of the calculated interaction energy U0 and the number of
adsorption sites z (within the limits of experimental uncertainty) remain con-
stant for a given grain boundary type but different impurity content (Table
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FIGURE 3.73
Temperature dependence of the reduced mobility of a 46.5◦〈111〉 tilt boundary
in iron-doped aluminum. (For meaning of I, II, III, IV see Table 3.6.)
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FIGURE 3.74
Temperature dependence of the reduced mobility of a 36.5◦〈111〉 tilt grain
boundary for samples I and II (Table 3.6).

3.6): the detachment temperature correctly shifts with increasing impurity
concentration and driving force. The temperature dependence of the velocity
of a 36.5◦〈111〉 grain boundary for two samples (I and II) with equal iron con-
tent but different driving force (PI/PII = 1.6, the absolute value of the driving
force in this experiment being rather small, P/kT ∼ 10−6) is presented in
Fig. 3.74. The velocities and breakaway temperature intervals differ for the
two samples, but the mobilities in the low- and high-temperature regimes are
the same. This confirms that the driving force determines the temperature
interval of the effect. The good quantitative agreement also supports the pro-
posed idea of the nature of the effect [294]. It should be noted that the change
in the driving force by a factor of 1.5 was sufficient to shift the detachment
temperature by 25K.

The difference in the number of adsorption sites (adsorption centers),
especially obvious for grain boundaries in zinc (Table 3.6), gives rise to a
number of effects. So, at the same bulk impurity concentration the orien-
tation dependencies for 〈101̄0〉 and 〈112̄0〉 tilt grain boundaries in zinc are
quite different (Fig. 3.75). The difference in the adsorption capacity leads
to a faster adsorption saturation on 〈101̄0〉 grain boundaries than on 〈112̄0〉
boundaries [239, 276].

3.5.7 Athermal Motion of Grain Boundaries

Low adsorption capacity may result in athermal grain boundary migration
and was experimentally observed for both special and close to special 〈112̄0〉
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FIGURE 3.75
Dependence of activation enthalpy of migration on misorientation angle for
(a) 〈112̄0〉 and (b) 〈101̄0〉 tilt grain boundaries in Zn of different purity: ◦ –
99.995at%; • – 99.9995at%.

tilt grain boundaries in zinc (Figs. 3.76, 3.77) [298, 299]. The temperature
dependence of the reduced mobility Ab(T ) is characteristic for breakaway of a
migrating boundary from its adsorbed impurities. An essential new feature is
that after the detachment from the impurity atmosphere the grain boundary
velocity becomes temperature independent10.

Experiments on 86◦〈112̄0〉 tilt grain boundaries under constant driving force
(grain boundary half-loop, technique N 10, Table 3.3) showed a strong de-
pendence of the mobility on grain boundary orientation (inclination) in the
athermal regime (Figs. 3.33, 3.76–3.79) [247]. The mobility maximum approxi-
mately coincided with the grain boundary plane {101̄2} of the shrinking grain.

It is interesting to analyze what mechanism may control the athermal mo-
tion of a grain boundary. It is conceivable that linear defects (grain boundary
dislocations or steps) move along the grain boundary in an athermal fashion.
Once a step (or dislocation) moves it will sweep along the grain boundary at
the speed of sound (c ≈ 3 ·105 cm/s). For a step height h ∼= 10−8 cm, the grain
boundary mobility can be estimated as A ∼= hc ≈ 10−3 cm2/s, a magnitude
which is close to the maximum mobility observed in experiment (Fig. 3.33).
The macroscopic observations presented above are closely connected with the
motion of faceted grain boundaries.

10The term athermal does not mean that the activation energy of grain boundary is exactly
equal to zero. It reflects only the experimentally established fact that the motion does not
depend on temperature, which also can occur for E � kT , i.e. every trial to overcome the
activation barrier will be successful.
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FIGURE 3.76
Temperature dependence of the reduced mobility of 〈112̄0〉 tilt grain bound-
aries in Zn: (a) ϕ = 34◦ (Σ23); (b) ϕ = 56◦ (Σ36); (c) ϕ = 85◦ (Σ11).
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FIGURE 3.77
Temperature dependence of the reduced mobility of 56◦〈112̄0〉 tilt grain
boundaries in Zn with 1 · 10−5at%Al (1) and 3 · 10−5at%Al (2).
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FIGURE 3.78
Bicrystals (half-loop geometry) with different inclination angle Θ of a tilt
grain boundary 86◦〈112̄0〉.
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FIGURE 3.79
Temperature dependence of the grain boundary reduced mobility: tilt bound-
ary 〈112̄0〉 in Zn: ϕ = 86◦; θ = 4◦. The solid circles pertain to heating exper-
iments.

3.5.7.1 Effect of Faceting on Grain Boundary Motion

The surface of minerals is often composed of planar faces which are referred
to as facets. They are due to the crystalline nature of the materials and reflect
an anisotropy of the surface energy. However, facets are not only observed on
crystal surfaces but can also occur on internal interfaces, like grain bound-
aries, and appear as straight grain boundary segments in an optical micro-
graph. Prominent examples are coherent twin boundaries in low stacking fault
energy materials [310]. The relation between grain boundary (GB) faceting
and grain boundary behavior, in particular, grain growth and grain bound-
ary migration, was the subject of investigation in the past [141], [312]–[314].
However, only recently have quantitative methods been put forward to tackle
this problem [315]–[317]. The migration of incoherent twin grain boundaries
with facets was studied by Straumal et al. [316]. It was demonstrated that
the rather complicated kinetics of grain boundary motion, in particular the
strong non-Arrhenius temperature dependence, could be explained by consid-
ering the motion of two competing facets. Rabkin considered the influence
of grain boundary faceting on grain growth and the motion of a 2D grain
boundary half-loop [317]. Using several simplifying assumptions he showed
that faceting might modify the Von Neumann-Mullins relationship for 2D
grain growth; it was also found that the length of a facet on a half-loop de-
pended on its mobility, i.e. the length of a facet increased with rising facet
mobility.
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TABLE 3.6
Grain Boundary Detachment II

Metal Tilt Drag- Concen- Energy Number of Adsorption
boundary ging tration of of adsorption Γ[at/cm2)]

atoms dragging inter- sites at
impurity action grain

c1 U0[eV] boundary
10−5at% Z1[cm

−2]

A1 〈111〉 Fe 2 0.17 2.3 · 1014 8 · 108

ϕ = 38◦ 1 0.24 7 · 1013 -
1 0.23 2.4 · 1014 -

Zn 〈112̄0〉 Al 1 0.36 9.0 · 1013 4.8 · 109

ϕ = 81◦

〈112̄0〉 1 0.34 8.0 · 1013 4.8 · 109

ϕ = 56◦

Zn 〈112̄0〉 Al 3 0.35 4.8 · 1013 1.5 · 1010

ϕ = 45◦ 3 0.33 5.9 · 1013 1.5 · 1010

〈112̄0〉 3 0.35 8.8 · 1013 1.5 · 1010

ϕ = 88◦

〈101̄0〉 3 0.19 1.4 · 1015 1.5 · 1010

ϕ = 57◦

〈101̄0〉 3 0.18 1.4 · 1015 1.3 · 1010

ϕ = 30◦

A1 〈111〉 Fe 7* 0.15 1.0 · 1014 7.1 · 108

ϕ = 36.5◦ sample I
7* 0.12 1.4 · 1014 6.0 · 108

sample II
8 0.12 1.4 · 1014 6.2 · 108

sample III
1.15 0.12 1.4 · 1014 8.9 · 108

sample III

Al 〈111〉 Fe 1.6 0.12 1.1 · 1014 11.3 · 108

ϕ = 36.5◦ sample V
1.65 0.12 1.3 · 1014 15.9 · 108

sample VI
〈111〉 8** 0.12 1.4 · 1014 6.1 · 108

ϕ = 46.5◦ sample I 0.30 4.9 · 1012 2.1 · 108

〈111〉 6** 0.12 1.7 · 1014 7.4 · 108

ϕ = 46.5◦*** sample II 0.32 4.2 · 1012 2.6 · 108

5** 0.14 1.3 · 1014 5.6 · 108

sample III 0.32 3.8 · 1012 1.9 · 108

* PI/PII = 1.6 (Fig. 3.74).
** The experimental data were analyzed in the framework of the model with
two kinds of adsorption sites.
*** Sample IV corresponds to the initial aluminum.

The impact of faceting on the motion of a high-angle grain boundary
in Zn was investigated in [320, 321]. The study was conducted [320, 321] for
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FIGURE 3.80
Scheme of a Zn bicrystal containing [101̄0] tilt GBs with misorientation angles
of 30◦. The lines on the top faces of the crystals denote the orientation of basal
plane (0001) in each grain [320].

(a) (b)

T = 673 KT = 673 K

(a) (b)

T = 673 KT = 673 K

FIGURE 3.81
(a) Video frame of a moving grain boundary half-loop with facets [320]. (b)
Section of CCSL perpendicular to the [101̄0] tilt axis for GBs with misori-
entation angle θ of 30◦. Filled and empty circles mark the sites of the two
misoriented Zn lattices. Large circles mark CCSL sites. The reciprocal den-
sity of coincidence sites is Σ = 17. The unit cell of the respective CCSL, the
position of the basal plane (0001) for grain 2 and the CCSL plane parallel to
the facet on the moving GB are also shown [320].
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FIGURE 3.82
Observed temperature dependence of the facet length � [320].

steady-state motion of the individual grain boundary — [101̄0] and [112̄0] tilt
grain boundary half-loop (Figs. 3.80, 3.81) — and in situ recording of grain
boundary motion. Above a certain temperature (673K for [101̄0] boundaries)
the migrating GB half-loop was continuously curved. Below this temperature
a facet appeared and coexisted with the curved GB. The length of the facet
increased with decreasing temperature (Fig. 3.82 [320]). The formation of a
grain boundary facet is usually due to a low grain boundary energy for the
specific facet inclination. From geometrical arguments, a low GB energy can
be associated with a high density of coincidence points of a coincidence site
lattice (CSL) [166, 316, 322]. The c/a ratio of the lattice spacing a in the basal
plane (0001) and c perpendicular to (0001) is irrational in Zn. Therefore, exact
coincidence site lattices exist in Zn only for GBs with [0001] rotation axis. In
all other cases, including [101̄0] tilt GBs, a so-called constrained coincidence
site lattice (CCSL) exists [323]. A section of the CCSLs perpendicular to the
[101̄0] tilt axis is shown in Fig. 3.81 for a GB with misorientation angle of 30◦.
Filled and open circles, respectively, mark the lattice points of the two mis-
oriented Zn lattices. Large gray circles mark the CCSL sites. Evidently, the
points of both lattices do not coincide exactly, and the difference may reach a
few percent of the lattice spacing. This situation is similar to near-coincidence
GBs of materials with cubic lattice, when the misorientation angle is close but
not equal to the misorientation of exact coincidence θΣ, although still inside
the range for special GBs [320, 324]. The reciprocal density of coincidence
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FIGURE 3.83
Geometry of a grain boundary half-loop with a facet [320].

sites for the studied 30◦[101̄0] GB is Σ = 17, for the 85◦[112̄0] grain boundary
Σ = 11.

Let us consider the steady-state motion of a grain boundary half-loop with
a facet. A schematic sketch of the considered faceted boundary is given
in Fig. 3.83 [320]. It resembles closely the experimentally observed shape
(Figs. 3.80, 3.81).

The equation of motion and the boundary conditions which define the
steady-state shape and the velocity V of a moving half-loop are given in [320].
In case of a partially faceted boundary the respective equations of motion and
the boundary conditions (a− c) for the curved boundary read (Fig. 3.83)

y′′ = − V

γmb
y′
(
1 + y′2

)

(a) y′(� cos θ) = tan(θ − ϕ)
(b) y(∞) = a/2 (3.161)

(c) y(� cos θ) = � sin θ

Since the facet is flat with inclination θ (Fig. 3.83) the shape of the curved
part of the moving half-loop with a facet is given by the equation

y =
a

2
− mbγ

V

π

V
+
mbγ

V
arc cos

[
sin(θ − ϕ)exp

(
V

mbγ
(� cos θ − x)

)]
(3.162)
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The velocity of the moving half-loop can be extracted from the boundary
condition (c) which renders

V =
mbγ(θ − ϕ)
a
2
− � sin θ

(3.163)

Since for steady-state motion the faceted and curved segments of the half-loop
have to move with the same velocity, the migration rate of the grain boundary
half-loop with a facet is also controlled by the facet motion. Formally the facet
velocity can be expressed as

V = mfγfκ (3.164)

where mf , γf are the mobility and surface tension of the facet, γf = γ cos ϕ
(see Fig. 3.83). The equivalent curvature of the facet κ can be found from the
so-called weighted mean curvature approach [73, 318]. The weighted mean
curvature is defined by the reduction of the total interfacial free energy in
the course of an infinitesimal facet displacement divided by the volume swept
by the displaced facet. Then the velocity of the facet can be expressed as
(Fig. 3.83))

V =
mfγ sin ϕ sin θ

�
(3.165)

From Eqs. (3.162) and (3.165) we obtain the length of a moving facet

� =
a
2

sin θ + mb(θ−ϕ)
mf sin ϕ sin θ

(3.166)

Eq. (3.166) allows us to derive the mobility of the facet and its temperature
dependence from experimentally measured values of the facet length. For ex-
ample, the normalized facet mobility (mf/mb) for the facet in a [101̄0] grain
boundary system as extracted from experimental data is presented in Fig. 3.84
[320].

Apparently, a reduction of the facet length with rising temperature is mainly
caused by a decrease in the ratio mf/mb. On the other hand, the absolute
value of the facet mobility can be extracted if the grain boundary mobility is
known from an independent experiment (Fig. 3.85) [320, 321]. As can be seen
the facet has a high mobility with a very low activation enthalpy (∼ 0.1 eV).
An increase in the facet length with increasing facet mobility seems coun-
terintuitive, since it is a frequent observation that faceted boundaries move
with low mobility [310, 324]. The high mobility of the facet is associated with
a low activation energy and attributed to a high step mobility on the facet
[247, 320]. Such interpretation tacitly assumes that the production rate of
steps on the facet is sufficiently high and will not affect the facet velocity.
For instance, steps may be injected into the facet from the shrinking part of
the boundary. This may not be true, though, for smooth low energy facets
like coherent twin grain boundaries. In such case the migration rate may be
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FIGURE 3.84
(a) Temperature dependence of the ratio of the normalized facet mobility
md/mb for a [101̄0] tilt grain boundary [320]. (b) Temperature dependence of
the ratio of the facet mobility and boundary mobility mf/mb for a [112̄0] tilt
grain boundary [321].

determined by the production rate of steps on the facet rather than by step
migration and consequently, a steady-state motion with a facet of finite length
may not be possible according to Eq. (3.166). Yoon [325] proposed that be-
sides the faceting transition there may also be a roughening transition where
smooth facets become rough owing to entropy-driven defect generation (steps,
vacancies).

It is noted that the dynamic facet length given by Eq. (3.166) is equiva-
lent to a maximum rate of free energy decrease [321]. As shown in Sec. 3.4.3
the velocity V of a half-loop as a whole corresponds to an extremum of the
function Ψ(V ) (3.146). Only maxima of this function correspond to stable
steady-state motion. For a linear dependence of the velocity on the driving
force (M(V ) = const.) the extremum of the function Ψ(V ) is equivalent to
the maximum rate of reduction of free energy of the system (dissipation rate),
in other words, the system tries to reduce the free energy as fast as possible,
i.e. with the maximum possible rate.

For the steady-state motion of a grain boundary half-loop with a facet the
average mobility can be defined in two ways, either by the facet motion or by
the motion of the curved boundary. In the first case — the half-loop motion
is controlled by the facet motion — the average mobility can be expressed as
[321]

Mf(V ) =
V

2γ/a
=
mfa sin ϕ sin θ

2�
(3.167)
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FIGURE 3.85
Temperature dependence of the facet mobility for a [101̄0] tilt grain boundary
[321].

When the half-loop migration rate is determined by the motion of the curved
grain boundary the average mobility is

Mb(V ) =
mb(θ − ϕ)a

2
(

a
2 − � sin θ

) (3.168)

A maximum rate of free energy reduction of the system is obtained for a
constant average mobility

Mf (V ) = Mb(V ) (3.169)

Obviously condition (3.169) is satisfied by relation (3.166). In essence, the
facet changes its length in the course of motion in order to permit the system
to reduce its free energy with the highest rate, which in turn is related to the
Onsager principle of irreversible thermodynamics.

3.5.8 Effect of Pressure on Grain Boundary Migration:
Activation Volume

As derived in Sec. 3.5.2, the grain boundary mobility is given by Eqs. (3.157)
and (3.158)

mb =
v

P
= m0 exp

(
−Hm

kT

)

Hm = Em + pV ∗
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If an experiment is carried out at constant pressure the pre-exponential factor
m0 and the enthalpy of activationHm can be derived from the temperature de-
pendency of grain boundary mobility. However, the enthalpy of activation and
the pre-exponential factor are not independent of each other (compensation
effect, Sec. 3.7). Therefore, from mobility measurements at different temper-
atures only information on a single activation quantity can be obtained.

The measured activation enthalpies for grain boundary motion are difficult
to interpret. The problem of impurity influence on boundary mobility and,
in particular, on migration activation enthalpy was discussed above. It was
shown that despite a decrease in the activation enthalpy of boundary migra-
tion with rising impurity content, the activation enthalpy of migration for
most grain boundaries is significantly greater than the activation enthalpy of
grain boundary diffusion and, in many instances, can even exceed the activa-
tion enthalpy of bulk diffusion (Figs. 3.51, 3.55, 3.56). Even if the interaction
between the adsorbed atoms is taken into account, at least in a very pure
material, there is a drastic difference between the rate theory of single atom
hopping and experimental results.

A more direct measure of the migration mechanism is the activation vol-
ume. The activation volume reflects the difference between the volume of the
system in the activated and in the ground state. The activation volume V ∗

can be obtained from measurements of the pressure dependence of Gibbs free
energy of activation

G = H − TS = E + pV ∗ − TS (3.170)

∂ ln v
∂p

∣∣∣∣
T

= − V ∗

RT
(3.171)

∂ ln v
∂1/T

∣∣∣∣
p

= −H
R

(3.172)

For instance, the activation volume for bulk self-diffusion ought to be in the
order of one atomic volume. In this case the activated state consists of the va-
cancy production and the local lattice expansion caused by the diffusing atom
in the saddlepoint configuration. The relaxed volume of a vacancy roughly
corresponds to a little less than an atomic volume, and the lattice expansion
during the diffusive jump will be small compared to an atomic volume. The
activation volume for grain boundary diffusion is only a little less than that for
bulk diffusion (Table 3.7). This can be easily understood, because the density
of grain boundaries is not very different from the bulk density of the crystal
(even during melting the density of a metal drops only a few percent) (see
Chapter 1). With regard to grain boundary motion the value of the activation
volume is expected to provide information on essentials of the grain boundary
migration mechanism.

Despite the relative ease of interpretation of the activation volume com-
pared to the activation enthalpy, there have been only very few studies on

© 2010 by Taylor and Francis Group, LLC



3.5 Experimental Results 261

the pressure dependence of grain boundary migration [302]–[304]. The main
reason for this deficiency is the serious experimental problems that have to be
overcome in order to successfully conduct experiments on grain boundary mi-
gration at high hydrostatic pressure. Beginning with the pressurizing medium,
either a gas or a liquid should be stable up to high temperatures and must be
inert to the material of the sample to avoid contamination of the specimen.
Moreover, the high pressure device must be designed to provide a stable and
homogeneous temperature field. The displacement of a grain boundary during
annealing at high pressure is given by

� = vt = v0t exp
(
−Em

RT

)
exp

(
−pV

∗

RT

)
(3.173)

where v is the grain boundary velocity, t is the annealing time, v0 is the pre-
exponential velocity factor. For a fluctuation of temperature δT and pressure
δp and an inaccuracy of time measurement δt, the relative error of the grain
boundary displacement reads [304]

Δ�
�

=
[
Em

RT 2
δT

]
+
[
V ∗

RT
δp

]
+
δt

t
(3.174)

Obviously, the uncertainty of grain boundary displacement will be essentially
determined by the stability of pressure and temperature in addition to the
magnitude of the activation energy and activation volume. For Em

∼= 1.3 eV,
T ∼= 103 K, V ∗ ∼= 10 cm3/mol, at a pressure of the order of 100 MPa, a minor
fluctuation of temperature by δT ∼= 1 K is equivalent to a change of pressure
by 15 MPa. Therefore, a high stability of pressure and temperature is required
for an accurate measurement.
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TABLE 3.7
Parameters of Bulk Diffusion

Metal Specimen Hbulk
D D0 [m2/s] V ∗

bulk/Ωa

[eV]

Ag self- polycrystals 2.0 8.9 · 10−3

diffusion
[I ]

Ag self- 〈001〉 tilt 1.97 7.2 · 10−5

diffusion grain boundary
[II ] ϕ = 28◦

Ag self- polycrystals 1.87 2.78 · 10−5

diffusion
[III ]

Ag self- single crystal 0.66 [IV ]
diffusion “pure” silver 0.88 [V ]

polycrystals 1.28 2.45 · 10−5 1.1 [V II ]
Al-Zn ϕ = 32◦ [V I ] [V I ]

ϕ = 37◦ 1.35 1.4 · 10−4

〈111〉 tilt [X] [X]
grain boundary

Al self- 1.23 − 1.35
diffusion [XII ]
Al-Cu single crystal 1.16
Al-Ag “pure” Al single 1.19
Al-Au crystal of Al 1.18

[V ]

Au self- polycrystals 1.8 9.1 · 10−6 0.67 − 0.81
diffusion [XIII ] [XII ]

Cd self- polycrystals Q|| = 0.79 = 1.3· ⊥ C
diffusion 99.9995 at% Q⊥ = 0.82

`
D|| + 2D⊥´

0.53 − 0.59
[XI ]

D⊥
0 = 5 · 10−6 ||C

D′′
0 = 1 · 10−5 0.53 − 0.59

[XV ] [XV II ]

Pd self- Polycrystals 1.1 1.17 · 10−4 single crystal
diffusion 99.95% [XV III ] [XV III ] 0.71 − 0.84 [XIX]

0.57 − 0.715 [XX]

Pd self- 〈001〉 tilt 1.07 6.26 · 10−5

diffusion and twist grain [XXIV ] [XXIV ]
boundary
99.999 at%

Sn self- polycrystals 0.99 7.8 · 10−5 single crystal
diffusion 99.99% [XXI ] ⊥ C

0.304 − 0.362
||C
0.321 − 0.329
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TABLE 3.8
Parameters of Grain Boundary Diffusion

Metal Hb
D [eV] (δDb)0 [m3/s] V ∗/Ωa

Ag self- 0.92 5.76 · 10−15

diffusion
[I ]

Ag self- 1.05 2 · 10−16

diffusion
[II ]

Ag self- 0.67 1.16 · 10−16 1.09
diffusion
[III ]

Ag self-
diffusion
Al-Zn 0.54 [V III ] 3.1 · 10−15 [V III ] 0.8 − 1.08 [IX]

0.52 ϕ = 32◦

0.87 ϕ = 37◦

〈111〉 tilt grain boundary [XI ]

Au self- 0.88 [XIV ] 3.1 · 10−16 [XIV ]
diffusion

Cd self- 0.48 [XV I ] 3.35 · 10−14

diffusion

Pd self- 0.68 [XV III ] 8.17 · 10−14

diffusion

Pd self- Twist grain boundary [XXV ]
diffusion 0.35

tilt grain boundary
ϕ = 30◦

0.2

Sn self- 0.43 [XXIII ] 3.22 · 10−15

diffusion
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Moreover, Eq. (3.174) shows that high values of pressure are necessary to
obtain an impact on grain boundary motion by pressure comparable to the
measured temperature influence. To compensate for the effect on grain bound-
ary mobility by a temperature change of the order of ∼250 K the pressure
should be changed by the order of ∼1 GPa. This demonstrates the serious
experimental problems which have to be overcome to properly measure the
pressure dependence of grain boundary mobility.

Grain boundary migration is the result of a net flux of lattice sites across the
grain boundary. This means that the transfer of an atom across the boundary
causes a new lattice site to be produced on the grain boundary face of the
growing crystal, while a lattice site at the grain boundary face of the shrinking
crystal is removed. If the process of grain boundary migration occurs by both
the hopping of single atoms across the boundary for the diffusion migration
and activation volume, both close to an atomic volume is to be expected.

Owing to the substantial experimental difficulties, there are only few sources
in the literature that address this item. Hahn and Gleiter [305] studied grain
growth in pure Cd (99.9999%) under high pressure (up to 28 kbar (2.86 GPa))
and at annealing temperatures 180-260◦C. The activation volume was not
calculated by Hahn and Gleiter, but their data permit us to derive it [304].
In Fig. 3.86 the rate of grain growth in Cd is given as a function of pres-
sure calculated in [124] from the data of [304]. It yields an activation volume
for grain growth, which can be associated with grain boundary migration:
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FIGURE 3.86
Pressure dependence of the mobility (∼ D2/t) during grain growth [304, 305].

V ∗ = 6.39 cm3/mol, or V ∗ = 0.49 · Ωa (Ωa — atomic volume). Since the
ratio V ∗

SD/Ωa for bulk self-diffusion in Cd ranges from 0.53 to 0.59, there is
reasonable agreement between V ∗/Ωa and V ∗

SD/Ωa.
Lojkowski [306] studied grain growth in Al (99.99%) under a pressure up to

25 kbar (2.5 GPa) at 400◦C. The activation volume ranged from 0.65–0.8 Ωa

and depended on the thermomechanical history, i.e. on crystallographic tex-
ture of the polycrystals. The values of the activation volume for self-diffusion
in Al given in the literature are contradictory and range from 0.52–1.35 Ωa

(Table 3.7). The latter reference seems to provide more accurate data. In any
event, V ∗ ≤ V ∗

SD.
As stressed many times, experiments on polycrystals provide only an aver-

age picture of the phenomenon. Also, as the majority of grain boundaries in
polycrystals have the character of random boundaries, the activation volume
of grain growth most likely reflects the activation volume of migration of ran-
dom grain boundaries.

Special and non-special 〈001〉 tilt grain boundaries were studied in tin [302,
303, 307]. Grain boundary migration was measured at atmospheric pressure
and at high hydrostatic pressure up to 16 kbar. The orientation dependencies
of activation enthalpy and activation volume of migration are given in Fig.
3.87. The activation enthalpy for the migration of special grain boundaries
is 1.5–2 times larger than the energy of activation for bulk self-diffusion and
almost by an order of magnitude larger than for grain boundary self-diffusion,
whereas the activation volume for special grain boundaries amounts to 0.6–
0.96 V ∗

SD. However, for non-special grain boundaries the activation volumes
exceed V ∗

SD by a factor of 2–2.5. This is a first indication that the activation
volume of grain boundary migration can substantially exceed the diffusion
activation volume.

The results of a comprehensive study of the temperature and pressure de-
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FIGURE 3.87
Activation enthalpy (◦) and activation volume (•) of 〈001〉 tilt grain boundary
migration in tin.

pendencies of 〈100〉, 〈110〉, and 〈111〉 tilt grain boundaries in bicrystals of pure
Al are given in Figs. 3.88 and 3.89 [304]. The activation volumes for 〈100〉 and
〈111〉 tilt boundaries are identical and independent of the angle of rotation,
quite in contrast to the behavior of the activation enthalpy. The absolute
value of about 12 cm3/mol corresponds to slightly more than one atomic vol-
ume in aluminum and is, therefore, close to the activation volume for bulk
self-diffusion. As mentioned above, the activation volume is the difference be-
tween the volume of the activated and the ground state. For self-diffusion this
is essentially the volume of a vacancy, which has to be provided for the ele-
mentary diffusive step. The finding of an activation volume for grain boundary
migration close to that of bulk self-diffusion suggests that a diffusion process
controls the boundary migration rate. On the other hand, the intrinsic grain
boundary mobility, e.g. in the absence of impurities, is not likely to yield ac-
tivation volumes very different from a single atomic volume, since a diffusive
jump across the boundary by detaching an atom from the shrinking grain
and attaching it to the growing one requires the generation of a lattice site
at the internal surface of the growing crystal. If large structural vacancies do
not exist in the boundary, then the creation of a lattice site in the boundary
requires a volume change close to an atomic volume. In fact, computations of
grain boundary structure at 0 K do not predict large excess volumes in grain
boundaries, at least not in special boundaries. The results for 〈100〉 and 〈111〉
tilt boundaries are, therefore, quite in line with our current understanding of
grain boundary motion by the hopping of single atoms across the boundary.

By contrast the activation volume for 〈110〉 tilt boundaries increases with
increasing departure from the exact low Σ coincidence misorientation, as is
also the case for the activation energy (Fig. 3.88). For a 30◦〈110〉 bound-
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FIGURE 3.88
Activation volume vs. activation enthalpy of tilt grain boundary migration in
Al (tilt axis indicated).

ary, which deviates by ∼ 8◦ from the Σ9 boundary, the activation volume
amounts to 36 cm3/mol equivalent to more than three atomic volumes. Such
large activation volume cannot be justified in terms of individual atomic jump
mechanisms of grain boundary migration. Rather, such values are evidence
that more than a single atom is involved in the fundamental process of grain
boundary migration.

Migration mechanisms, based on groups of atoms, can consist either of
the concomitant migration of groups or a cooperative motion (chain transfer)
by coordinated serial motion of atoms. Group mechanisms of grain boundary
migration have been proposed by several authors in the past, but without
any proof of evidence. In his island model of grain boundary structure, Mott
proposed that little patches of perfect crystal structure will detach from one
crystal and attach at the other side of the boundary [162]. Such a model of
grain boundary migration, however, is not compatible with our current knowl-
edge of grain boundary structure. Grain boundaries are very narrow with lit-
tle excess volume and do not give room for floating crystal patches across the
boundary. In a computer simulation carried out by Shan and Bristowe [308],
as well as Schönfelder, Wolf et al. [309], it was found that concurrent shuffling
of groups of atoms may take place during migration.

3.5.9 Effect of Grain Boundary Orientation

3.5.9.1 Anisotropy of Grain Boundary Motion

Thus far, we have considered the dependency of grain boundary mobility
on misorientation between the adjacent grains only. A grain boundary, how-
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FIGURE 3.89
Activation volume vs. preexponential reduced mobility factor of tilt grain
boundary migration in Al (tilt axis indicated).

ever, is also defined by its spatial orientation (inclination), which is commonly
changing along the boundary between adjacent grains. It is usually tacitly as-
sumed that the (spatial) orientation of a boundary does not seriously affect
grain boundary mobility. This is not always true, however, as evident from
recrystallized microstructures of fcc materials with low stacking fault energy,
which exhibit a high density of slim annealing twins (Fig. 3.90). Despite a
common orientation relationship the mobility of the long straight coherent
twin boundaries is obviously much lower than that of the other, incoherent
twin boundaries. Not only twin boundaries exhibit an anisotropy of mobility
for a given misorientation relationship. This is most easily demonstrated from
bicrystal experiments where a boundary is allowed to freely expand in a vol-
ume.

Such a case can be achieved by utilizing growth selection in a steep tem-
perature gradient of a slightly deformed single crystal with the shape of a
shovel [310] (Fig. 3.91). Growth selection is set off at the top of the handle
and is terminated when the remaining single grain boundary has reached the
bottom of the handle. Subsequently, the entire shovel is subjected to an an-
nealing treatment, during which the boundary freely expands into the blade
of the shovel, driven by the stored energy of cold work in the slightly rolled
single crystal shovel.

Although during growth selection certain orientations are strongly pre-
ferred over others in growth competition, other orientation relationships also
are occasionally observed to survive. From a large number of experiments it is
evident that grain boundaries with 〈100〉 and 〈110〉 rotation axis grow fairly
isotropically, i.e. the final shape of the growing grain is a semicircle (Fig. 3.92).
For a 〈111〉 rotation axis a very anisotropic grain boundary mobility is ap-
parent, and the growing grain assumes the shape of a rectangle (Fig. 3.93).
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FIGURE 3.90
Microstructure of recrystallized brass. Note anisotropic grain shape of anneal-
ing twins.

FIGURE 3.91
(a) Principle of the production of a bicrystal from a deformed single crystal
in a gradient furnace; (b) idealized form of the used bicrystal.
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FIGURE 3.92
Isotropic grain growth of grain boundaries with 〈100〉 rotation axis. (a) Grain
β was nucleated spontaneously from the surface (b).

The long straight facet of the grown grain, i.e. the slowly moving boundary,
is determined by the crystallography of the growing grain rather than by the
shovel geometry. If the shovel is machined out differently from the rolled sin-
gle crystal, the spatial orientation of the slowly growing facet follows exactly
the change of the crystallographic directions in the deformed single crystal
(Fig. 3.94). The long facet is always perpendicular to the 〈111〉 rotation axis,
i.e. this slowly moving facet is a twist boundary. The degree of anisotropy Λ,
defined by

Λ =
elongation
broadening

(3.175)

of the grain, is not a function of angle of rotation, but rather is strongly depen-
dent on the deviation of the actual rotation axis from an ideal 〈111〉 axis (Fig.
3.95). The more perfect the twist character of the boundary, the larger Λ, up
to a factor of 100 for the ideal 〈111〉 twist boundary, which is most perfectly
achieved for the coherent twin boundary. A deviation by 2 degrees reduces the
anisotropy already by a factor of 10. An ideal 〈111〉 twist boundary consists
of two perfectly flat {111} planes of the adjacent crystals, and it is easy to
imagine that it is difficult to remove or attach atoms to these planes, i.e. to
make the grain boundary move.

It was frequently observed that the growing grain assumed the shape
of a triangle rather than a rectangle (Fig. 3.96). One of the straight faces
was identified as a twist boundary, while the other triangular boundary was
faceted comprising piecewise twist boundary facets. For a single crystal ori-
entation symmetrical with regard to the growth direction in the handle of
the shovel, two symmetrically equivalent orientations frequently survived the
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FIGURE 3.93
Rectangular-shaped grain obtained by free planar growth in Al. Deformed
grain in Goss orientation (110)[001]. Orientation relationship between grains
approximately 46◦〈111〉.

growth competition, one of which became rectangular while the other one as-
sumed a triangular shape (Fig. 3.97). Although the reason for this behavior is
not yet clear, it may be related to the dependence of grain boundary mobility
on direction of motion, as will be shown in Sec. 3.5.9.2.

This anisotropy of grain boundary mobility manifests itself by an ellipticity
of grain morphology during free growth of a grain in a homogeneous environ-
ment. The first-order twin boundaries (60◦〈111〉) are the most prominent, but
not the only example. For a general mathematical description of grain shape
evolution, the displacement of a grain boundary element parallel to its normal
has to be considered (Fig. 3.16). Including forces by grain boundary surface
tension γ and a volume driving force P for its motion, we arrive at the shape
evolution equation y(x, t) (see also Sec. 3.3.6)

∂y

∂t
= V − Pmb +mbγκ (3.176)

where V is the speed of a (dragging) groove, and κ is curvature. If the bound-
ary slope is small ((∂y/(∂x) � 1) then a linear equation is obtained

∂y

∂t
= V +mb

(
γ
∂2y

∂x2
− P

)
(3.177)

The solution of this partial differential equation depends on the magnitude
of the driving forces and the orientation dependent mobility of the boundary.
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FIGURE 3.94
The same rolling sample as Fig. 3.93, (a) shovel cut in such a way that the
{111} plane is parallel to longitudinal direction (b).
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FIGURE 3.95
Shape anisotropy A of grain grown with 〈111〉 rotation axis to consumed grain
in Al. (a) Dependence on rotation angle; (b) dependence on deviation of the
actual rotation axis from the ideal 〈111〉 axis.
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FIGURE 3.96
Triangular-shaped grain (a); the orientation of the triangular-shaped grain
(b).

For an isotropically moving boundary the solution will be a sphere in three
dimensions or a circle in two dimensions. For the general case, i.e. more com-
plicated conditions with regard to mobility and surface tension, solutions are
yet to be derived.

3.5.9.2 Impact of Boundary Orientation on the Steady-State
Motion of Curved Grain Boundaries

The growth selection experiments have shown the high anisotropy of 〈111〉
grain boundaries in the course of grain growth [310].

The steady-state motion of a grain boundary under the action of its own
surface tension was analyzed in Sec. 3.4.3. Since the differently inclined bound-
ary elements may have different reduced mobilities, in general the velocity of
a curved boundary moving in steady state depends on its orientation [256].
The only exception are tilt grain boundaries in a crystal lattice with inversion
symmetry (〈100〉 tilt boundaries). Such effect was observed, for instance, for
half-loop migration of 〈112̄0〉 tilt boundaries in Zn [247].

In [311] an attempt was undertaken to consider this phenomenon for the
steady-state motion of 〈111〉 tilt and mixed tilt-twist grain boundaries in Al
bicrystals. The steady-state motion of a quarter-loop boundary in two con-
figurations was studied (Fig. 3.98). The boundary configuration sketched in
Fig. 3.98a can be represented by a series of differently inclined “pure tilt” ele-
ments whereas the boundary with the configuration of Fig. 3.98b is composed
of a series of mixed tilt-twist elements with changing twist component along
the boundary.

The motion of curved grain boundaries with rotation axis 〈111〉 and
misorientation angles between 34◦ and 42◦ in both configurations shown in
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FIGURE 3.97
Examples of two growing grains in Al with equivalent orientation relationships
to the consumed grain but different shapes (a); the orientation of the shovel
cut (b).
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FIGURE 3.98
Sketch of a bicrystal with initially straight symmetrical ϕ〈hkl〉 tilt grain
boundary, which moves under a capillary driving force as (a) a pure tilt and
(b) a mixed tilt-twist boundary [311].
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FIGURE 3.99
Motion of a curved tilt boundary with different sets of boundary planes. The
straight section of the boundary is asymmetrical with an inclination from a
symmetrical position [311].

Fig. 3.98 was investigated. The initial straight grain boundary in the investi-
gated bicrystals was mostly a symmetrical tilt boundary. The curved boundary
in the Fig. 3.98a configuration keeps its tilt character, and only the inclination
of the boundary plane changes in the curved part. By contrast, the charac-
ter of the curved boundary in the configuration of Fig. 3.98b changes along
the boundary and becomes mixed with increasing twist and decreasing tilt
components. The motion of such a mixed tilt-twist grain boundary was in-
vestigated. Since the moving curved part of the boundary consists of different
boundary planes, it is impossible to study directly the effect of grain bound-
ary inclination on its mobility by utilizing the grain boundary curvature as a
driving force. That is why in experiments [311] the orientation of the whole
moving curved boundary was changed by an inclination of the initial part of
the boundary from its symmetrical position (Ψ > 0, Fig. 3.99). Therefore, the
motion of different sets of boundary planes for the same ϕ〈hkl〉 tilt bound-
ary can be measured and compared. The motion of 34◦ 〈111〉 and 36◦〈111〉
boundaries with asymmetrical straight tilt boundary having an inclination an-
gle Ψ up to 7◦ (Fig. 3.99) was studied as well. The higher the Ψ, the greater
the difference in the orientations of the corresponding curved sections. If the
boundary mobility depends on boundary inclination, this would affect the ve-
locity of steady-state motion of a curved boundary.

The results of measurements of the motion of 〈111〉 tilt boundaries in
opposite directions are shown in Figs. 3.100 and 3.101. As seen, practically
no difference has been found either in the case of an asymmetrical initially
straight boundary (Fig. 3.100), or in the case of an asymmetrical boundary
with inclination angles Ψ = 5.5◦ or Ψ = 7.1◦ (Fig. 3.101).

Another feature which reflects both the kinetic and thermodynamic prop-
erty of the grain boundary during steady-state motion is the shape of a mov-
ing grain boundary (see Sec. 3.4.3). Pure twist boundaries are planar bound-
aries. By definition, it is impossible to measure their motion by utilizing grain
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FIGURE 3.100
Reduced boundary mobility vs. temperature for the motion of a 36.8◦〈111〉
tilt boundary with a symmetrical (Ψ = 0) straight boundary section [311].
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FIGURE 3.101
Temperature dependence of the mobility of two curved tilt grain boundaries
with asymmetrical straight boundary sections. Open and filled symbols indi-
cate the boundary motion in opposite directions [311].
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FIGURE 3.102
(a) Measured and (b) calculated shape of a moving 40.6◦〈111〉 mixed tilt-twist
boundary in pure Al (99.999%) at T = 602◦C (solid line is measured shape,
dotted line is calculated shape) [311].

boundary curvature as a driving force. However, it is possible to study the
motion of mixed boundaries which comprise both tilt and twist components
(Fig. 3.98b). In such a configuration the boundary character changes from
pure tilt to almost pure twist along its curved part, although the boundary
retains the same misorientation angle ϕ and axis 〈hkl〉 of rotation. In [311] the
shape of a “mixed” grain boundary which comprises both tilt and twist com-
ponents has been studied (Fig. 3.98b). In such a configuration the boundary
character changes from pure tilt to almost pure twist along its curved part,
although the boundary retains the same misorientation angle ϕ and axis 〈hkl〉
of rotation (Fig. 3.102). The theoretical basis of such examination is given by
Eqs. (3.122), (3.148)–(3.150).

The consistency of measured and calculated grain boundary shape (Fig.
3.102) allows us to conclude that different elements of the investigated bound-
ary have the same reduced mobility, irrespective of grain boundary character,
i.e. their composition of tilt and twist components. That means an increase in
the twist component along a curved mixed boundary in such geometrical con-
figuration does not affect its steady-state motion. The motion of 〈111〉 mixed
boundaries was measured in [311] in the angular misorientations interval be-
tween 37◦ and 42◦ in the vicinity of the special Σ7 orientation. It was shown
that both activation parameters of grain boundary migration — the enthalpy
of activation and the pre-exponential factor — changed non-monotonically
with a minimum at the Σ7 misorientation and very similar to the respective
dependencies for a 〈111〉 tilt grain boundary.
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3.5.9.3 Motion of Flat Boundaries

In the previous sections we discussed the dependency of grain boundary mobil-
ity on crystallography and impurity content on results obtained in experiments
where the motion of curved grain boundaries was studied. The only excep-
tions were the experiments of Aust and Rutter, where planar grain boundaries
moved under driving forces provided by the striated microstructure (sub-
boundaries) [180]–[182]; however, the boundaries were not perfectly planar,
and the striations may have caused other difficulties (Chapter 4).

A curved grain boundary implies that its structure changes the boundary,
since it is composed of different grain boundary planes. The mobilities ob-
tained cannot, therefore, be related to a specific grain boundary structure.
However, a planar boundary can be forced to move, if a bicrystal with grains
that have some orientation-dependent property, like elastic constants or mag-
netic susceptibility, are utilized. Under the impact of a respective directed
external field the property anisotropy will generate a free energy difference
between adjacent grains that creates a driving force for grain boundary dis-
placement. This driving force does not depend on boundary properties and
moves a boundary from the grain with lower free energy toward the one with
higher free energy. In particular, such conditions can be obtained by the ac-
tion of a magnetic field on a bicrystal of a material with anisotropic magnetic
susceptibility.

The origin of the driving force for grain boundary migration in a magneti-
cally anisotropic material was considered by Mullins [185]. The expression for
the driving force, as applied to bismuth, reads

P = μ0
Δχ
2
H2

(
cos2θ1 − cos2Θ2

)
(3.178)

where H is the magnetic field strength, Δχ the difference of the susceptibili-
ties parallel and perpendicular to the trigonal axis, Θ1 and Θ2 are the angles
between the magnetic field and the trigonal axes in both grains of the Bi
bicrystal.

Several efforts were made in the past to utilize a magnetic field for the
study of grain boundary kinetics in Bi. The orienting effect of a magnetic
field on the solidification and grain growth of Bi was investigated by Goetz
[326] and Mullins [185], respectively. Fraser et al. [327] showed that a grain,
which was generated by recrystallization following a local deformation of a
Bi single crystal, grew and consumed the initial single crystal under the ac-
tion of a magnetic driving force. However, no specific boundary motion was
investigated. Since the available magnetic driving force was rather small, the
magnetic field in the experiments of Mullins and Fraser et al. was superim-
posed on growing grains, i.e. a magnetic force was applied to boundaries that
were already moving under the force exerted by their surface tension and cur-
vature.

In a recent investigation grain boundary motion was measured by apply-
ing a magnetic field to a specially prepared bicrystal, i.e. to a system that
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was completely in equilibrium without an applied magnetic field [189]. The
experiments were carried out on bicrystals of high purity (99.999%) bismuth.
The 90◦〈112〉 boundary was examined. The misorientation angle between the
trigonal axes in both crystals of the bicrystal was chosen to be 90◦ in order
to gain the maximum possible magnetic driving force (Eq. (3.178)). The in-
vestigated boundary was a mixed 90◦〈112〉 boundary with a deviation of the
boundary plane from the ideal tilt position of 15◦±2◦ (twist component) due
to the systematical deviation from the pure tilt position by 13 − 17◦ during
crystal growth [189, 328]. Prior to their exposure to a magnetic field (the field
strength used was 1.63 · 107A/m) the samples were annealed for 10 hours at
230◦C in vacuum. To ensure sufficient boundary mobility the magnetic field
was imposed on the samples at a temperature of 255◦C (0.97Tm).

The experiments unambiguously confirmed that grain boundaries in Bi
bicrystals actually moved under the action of a magnetic driving force (Fig.
3.103). The observed linear dependence of boundary displacement on anneal-
ing time proves the free character of its motion (Fig. 3.104). It was found that
after the application of the magnetic field the initially inclined grain bound-
ary plane changed its position and inclination as illustrated in Fig. 3.105 to
become a planar grain boundary perpendicular to the free surfaces, which
minimized the boundary area. This planar boundary was an asymmetrical
(near tilt) grain boundary, inclined 45◦ to the symmetrical boundary plane.
The rotation of the boundary plane during the initial stage of its movement
may be explained by the action of an additional driving force for boundary
motion, provided by the boundary surface tension. Evidently, this additional
driving force was not sufficient to move the grain boundary during annealing
without a magnetic field, but it forced the boundary into a position with min-
imum surface area once it started moving under the action of the magnetic
field.

To prove that boundary motion was caused exclusively by the magnetic
driving force, the experiment was carried out in two different ways. First, a
specimen was mounted in a holder such that the c-axis (〈111〉) of crystal 1
was directed parallel to the field (Fig. 3.105a). The 〈111〉 axis in crystal 2
in this case was perpendicular to the field, and the grain boundary moved
in the direction of the latter crystal due to its higher magnetic free energy.
Second, a specimen was mounted in a position where the axis 〈111〉 in crystal
2 was close to the field direction, and the corresponding axis in crystal 1 was
perpendicular to the field. The direction of boundary motion in this case was
opposite, from crystal 2 toward crystal 1 (Fig. 3.105b). This result provides
unambiguous evidence that the grain boundaries in the bicrystals were forced
to move by the magnetic driving force only. In addition, some bicrystals were
annealed in a magnetic field in both positions, and boundary motion in the
opposite direction was observed in the same specimen depending on its posi-
tion with regard to the magnetic field.

The grain boundary mobility m is given by the ratio of velocity v and
driving force P , m = v/P . The measurement of boundary motion under a
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FIGURE 3.103
Displacement of a flat grain boundary in a Bi bicrystal during annealing in a
magnetic field. A and B are the initial and final positions of the boundary.
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FIGURE 3.104
Normalized displacement of a grain boundary vs. annealing time for the same
grain boundary moving in opposite directions.
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FIGURE 3.105
Geometry of investigated bicrystals and sense of driving force P with regard
to direction of the magnetic field H . (a) The axis 〈111〉 in the crystal 1 is
directed parallel to the field. (b) The axis 〈111〉 in the crystal 2 is directed
parallel to the field, while the axis 〈111〉 in the crystal 1 is perpendicular to
the field.

constant magnetic driving force provides a unique opportunity to determine
the absolute value of grain boundary mobility. In experiments with curved
grain boundaries only the reduced mobility Ab = mbγ, where γ is the not
exactly known boundary surface tension, can be obtained. For the driving
force provided by a striation microstructure, both the surface tension of the
low-angle grain boundaries, which form the substructure, and their density
are unknown. Also, the average surface tension of the subgrain boundaries
and their density may vary along the way of the moving high-angle grain
boundary in the sample. The mobility of the boundaries investigated in Bi
bicrystals was found to be rather high: on average mb ≈ 1.1 · 10−7 m4/J·s at
250◦C (= 0.97 Tm), which results in a very high velocity v ≈ 40 μ m/s at a
comparably small driving force P ≈ 350 J/m3. For comparison, the driving
force acting on a curved boundary with a radius of curvature of ≈ 0.5 mm,
which is typical for experiments on curvature driven boundaries in bicrystals
of high purity aluminum, is ≈ 103 J/m3 (assuming γ ≈ 0.5 J/m2), and the
boundary mobility at 480◦C is m480◦C

Al ≈ 5 ·10−7m4/J · s [190]. The boundary
mobility in high purity aluminum has not been measured at a homologous
temperature T/Tm = 0.97, as used in the current experiment with Bi but an
extrapolation of experimental data to this temperature (which is T = 630◦C
for Al) would yield a boundary mobility m630◦C

Al ≈ 5 · 10−5 m4/J · s.
In contrast to the symmetric tilt boundary, for the asymmetric tilt boundary

the measured boundary mobilities were found to be distinctly different for mo-
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tion in opposite directions (Fig. 3.106). For the chosen crystallography of the
bicrystals the boundary was less mobile when the c (〈111〉)-axis in the growing
grain was perpendicular to the direction of motion (m⊥ = 8.0 · 10−8m4/J·s)
and moved faster when the trigonal c-axis in the growing grain was close to
the direction of motion (m|| = 1.3 · 10−7m4/J·s). There are several potential
reasons for this anisotropy. First, there is an essential difference in the dis-
tance between the crystallographic planes on each side of the boundary. An
estimation shows that this factor may change the velocity of grain bound-
ary motion; however, this factor is unlikely to change the velocity by more
than 20%, which is distinctly less than the observed effect. Second, because
grain boundary motion in Bi bicrystals may be influenced by impurity drag,
the difference in the diffusivity of impurities in two opposite direction in the
anisotropic structure of Bi should be taken into consideration. In this respect
it is interesting that the symmetric tilt boundary exhibited a much higher
mobility than the asymmetric tilt boundary and did not show a dependence
of boundary mobility on the sense of motion (Fig. 3.106).

It is finally noted that a flat grain boundary can also be moved by the
application of other external fields, e.g. an electrical field in anisotropic di-
electric materials or an elastic stress in elastically anisotropic materials. The
latter has been studied extensively by experiments [341]–[357] and computer
simulations [358]. In this context it was proposed that the motion of grain
boundaries is always associated with a shear deformation. This is the subject
of current research

3.5.9.4 Generation of electical currents and magnetic fields by
grain boundary motion

The motion of a grain boundary in a magnetic field can be considered as a
motion of a conductor in a magnetic field, which causes an electromotive force
in accordance with the Faraday effect. Such approach was put forward and
has been considered comprehensively in [340]. It is evident that the struc-
ture of a grain boundary including the electronic structure is different from
the structure of the interior of the adjacent crystals. Thus, in principle, the
migration of a grain boundary can also be considered as the motion of an
electrical conductor with electromagnetic properties different from the bulk.
The motion of a conductor in a magnetic field causes an electromotive force
(Faraday, 1831), i.e. dissipates energy.

In a microscopic model a grain boundary is assumed to migrate by the
exchange of lattice sites across the boundary. In the mesoscopic model the
grain boundary is associated with a volume of different magnetic suscepti-
bility. The atomic exchange will take a small, but nevertheless finite time τ .
In the course of the time τ the magnetic induction changes in the volume
where the atomic rearrangement takes place. This leads to the generation
of an electric field in accordance with Faraday’s law. The induced electrical
current generates its own magnetic field HG (Biot-Savart-Laplace law). The
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directions of the induced current and the magnetic field HG are determined
by the Lenz rule in such a way that the generated magnetic flux counteracts
the imposed magnetic field, which corresponds to an electromotive force. As
a result the magnetic driving force decreases. This can be expressed as a re-
duction of grain boundary mobility m.

The migration process can be described as a displacement of a grain bound-
ary area S ≈ r2 by a distance r with the velocity v ≈ r

τ . The change of the
magnetic flux ΔΦ which occurs in a time τ through the area r2 normal to
the direction of the magnetic field with the strength H can be estimated as
ΔΦ ≈ ΔχHr2, where Δχ is the difference of the magnetic susceptibilities of
adjacent grains along the magnetic field direction.

This induces an electromotive force

Eind ≈ ΔΦ
cτ

=
ΔχHr2

cτ
(3.179)

(c — speed of light) and, in turn, the magnetic field

HG =
r2σ

c2τ
ΔχH ≡ τ0

τ
ΔχH (3.180)

where σ is some effective conductivity of a nano-region in close proximity to
the grain boundary for the time of its rearrangement. It is conceivable that
this conductivity is different from the bulk conductivity. The characteristic
time τ0 = σr2

c2 has a physical meaning. It is the time for attenuation of elec-
tromagnetic perturbations in the volume V ≈ r3. The effect can be considered
in terms of a reduction in the driving force of grain boundary motion, or as
a reduction in grain boundary mobility m. This conclusion as well as the
derivation is quite general and may be applied to any moving interface. In
particular, it can be applied to the asymmetry of grain boundary mobility for
grain boundary motion in opposite directions in a magnetic field as experi-
mentally observed in Bi. So, for the motion of an asymmetrical grain boundary
in opposite directions the parameter β = Δm

m should be essentially different
where m is the mobility at zero field. The only exception is a symmetrical
grain boundary where β must be exactly the same. The induced perturbation
will eventually be converted to Joule heat Q which contributes additionally
to the grain boundary slowdown. However, the calculations show that this
contribution is negligible.

As an alternative approach let us consider the motion of a grain boundary
with constant velocity v. The induced magnetic field HG and the dragging
force F can be expressed as

HG =
I

c
� =

σv�

c2
ΔχH (3.181)

F = HGH�
2
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correspondingly. � is the thickness or width of the sample.
In this case the reduction in grain boundary mobility is equal to

Δm
m

≈ σv�

c2
(3.182)

The approach put forward in [340] permits us to analyze the different con-
figurations of a grain boundary in the magnetic field. For example, for the
configuration considered in Fig. 3.105a the relations for HG can be expressed
as

HG =
I

c�
=

2σvdmΔχH
c2

(3.183)

The magnetic field HG (Eq.(3.183)) acts as a dragging force F which causes
a change in grain boundary mobility

Δm
m

≈ 2σvdmΔχ
c2

(3.184)

The magnetic thickness dm may be much larger than the “crystallographic”
grain boundary thickness, since it does not have to be smaller than the “for-
mation length” of the magnetic susceptibility.

Generally, the relative change in grain boundary mobility is reasonably de-
scribed by the order of magnitude given by Eq. (3.184). The comparatively
large magnetic field generated in the volume V ∼ �3 (contrary to r3 for the
microscopic approach, where r is in the range of the lattice constant) in the
course of grain boundary motion increases essentially the dragging force due
to the conversion of magnetic energy into Joule heat and in turn the change
of grain boundary mobility

FJoule =
(
σv�

c2

)3
�2

d2
m

(ΔχH)2 (3.185)

ΔmJoule

m
=
(
σv�

c2

)3 (
�

dm

)2 Δχ
κ

(3.186)

where κ is the “configuration” coefficient of the magnetic driving force κ =
P

ΔχH2 . One can see that the Joule dragging force FJoule is proportional to v4

contrary to the Lenz dragging force F , which is associated exclusively with
the magnetic field induced by grain boundary motion F ∼ v2.

The numerical estimates do not render very high values of the magnetically
induced dragging force — in the range of 10−3: Δm

m
≈ 10−3 for the effect of

Joule dragging [340]. However, it is stressed that the very strong dependency
of the mobility reduction on the grain boundary velocity (Eq. (3.186)) can
tangibly affect the final result.

The approach put forward in [340] is one way to explain the strange results
of grain boundary mobility measured during the boundary motion in opposite
directions, as described in Sec. 3.5.9.3. The electromagnetic dragging force in
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FIGURE 3.106
Temperature dependence of symmetrical and asymmetrical tilt boundaries in
Bi.

a strong magnetic field cannot quantitatively explain the observed results,
though. We would like to emphasize that the discussed effects are applicable
to the motion of any defect in solids, especially for the high speed movement
of dislocations in a magnetic field. In any event, if this asymmetry of grain
boundary mobility also holds for other metals, it would have a serious impact
on our understanding of grain boundary motion, since the mobility of a grain
boundary is commonly conceived not to depend on its direction of motion.

3.6 Effect of Wetting Phase Transitions on Grain
Boundary Migration

Grain boundaries are liable to undergo phase transitions under certain condi-
tions. The character of grain boundary structure may change from a strongly
ordered CSL type (special) to a disordered (non-special or random) type with
rising temperature as discussed in Chapter 2. This structural transition must,
of course, be reflected in a discontinuous mobility change at the transition
temperature as was indeed observed experimentally (Fig. 3.107) [329]. In the
presence of alloying elements the boundary may be loaded with impurities
or break free from its segregated solutes, which again corresponds to a grain
boundary phase transition and thus markedly affects grain boundary mobility
as discussed at length in Secs. 3.3, 3.5.3 and 3.5.5.

If the alloying elements can give rise to a chemical phase transformation
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FIGURE 3.107
Temperature dependence of the reduced mobility of 〈001〉 tilt boundaries in
tin in the vicinity of a structural phase transition. Misorientation angles: (a)
28.2◦; (b) 29.0◦; (c) 29.5◦. Fig. 3.107b presents data for samples with different
migration driving force. The temperature Tc of the structural transition is seen
to be independent of the migration driving force.
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(dissociation) in the boundary, complex phenomena may arise due to the dif-
ferent properties of the bulk and boundary phase, e.g. in terms of composition
and melting. In this section we will consider grain boundary wetting phase
transitions in the systems Al-Ga and Al-Pb and their effect on grain boundary
mobility.

All known experiments on bicrystals have demonstrated a reduction in the
rate of grain boundary migration by impurities. Theoretically, this is ac-
counted for by the impurity drag theories, which predict a decrease in the
boundary mobility by adsorbed impurities. However, there are some remark-
able exceptions to the common rule that can cause unexpected and surprising
results. Examples of such unusual impurity effects on grain boundary mo-
tion were observed recently in aluminum doped with a minor amount of Ga
(10 ppm, Fig. 3.108) [330] or lead [331]. In contrast to other alloying elements
Ga (as well as Pb at high temperatures) raises the mobility and thus accel-
erates grain boundary migration in Al. This effect was studied on 〈111〉 tilt
grain boundaries with the angles of misorientation 38.2◦ (Σ7) and 40.5◦. The
dramatic rise in grain boundary mobility with the addition of 10 ppm Ga was
interpreted in [330] as a consequence of a change in the boundary structure
and the mechanism of boundary migration owing to a pre-wetting phase tran-
sition and formation of a liquid (or quasi-liquid) Ga-rich layer on the grain
boundary.

In [332] this phenomenon was studied on the same 〈111〉 tilt grain bound-
aries (angles of misorientation are 38.2◦ and 40.5◦), over a wide range of
Ga concentration. Fig. 3.108 demonstrates the temperature dependence of
boundary mobility for the boundaries investigated. The migration activation
enthalpy was found to be constant for a given grain misorientation over the
entire temperature range investigated for all Al alloys despite different Ga
content. The concentration dependence of boundary mobility is presented in
Fig. 3.109. After the initial drastic rise, compared to pure Al, the boundary
mobility in Ga-doped aluminum decreases with increasing concentration of
Ga.

The behavior of a moving grain boundary in Al-Pb alloys differs substan-
tially from both the motion in pure Al and in Al-Ga alloys (Fig. 3.110). At a
certain temperature Tw, which depends on the misorientation angle, the mi-
gration parameters (enthalpy of activation and pre-exponential factor) change
abruptly for both grain boundaries studied. Qualitatively, the same was ob-
served for 〈111〉 tilt boundaries with misorientation 38.2◦ (special boundary
Σ7 and 40.5◦ non-special boundary) [330]. The characteristic temperature Tw

is higher for the special boundary Σ7 than for the 40.5◦ boundary. At rela-
tively low temperatures T < Tw boundary motion is unstable (Fig. 3.110),
and the activation enthalpy of it in this temperature range is mostly smaller
than that for grain boundary migration in pure aluminum (Fig. 3.110). The
observed features of grain boundary motion in the Al-Pb alloy along with the
abrupt change in the boundary mobility and its parameters can be associated
with a grain boundary wetting phase transition [331]. The unstable boundary
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motion at somewhat lower temperatures is most probably related to the in-
teraction of the grain boundary with mobile liquid lead droplets. Above the
wetting transition temperature, the boundary is completely wetted by liquid
lead, and this drastically changes the mechanism of grain boundary motion.
Therefore, the observed temperature dependence of grain boundary migration
in Al doped with minor amounts (20 ppm) of Pb [331] suggests that the lead
solubility in Al is indeed negligible, so that even at concentrations as low as
20 ppm lead exists in aluminum as a second phase.

The size of lead particles can be estimated [331] using the experimentally
determined grain boundary mobilities at T < Tw (Fig. 3.110). For fine parti-
cles their dominant mechanism of motion is the mechanism of surface diffusion
[207] (Table 3.2). The experimentally determined velocity of grain boundary
motion at T < Tw can be considered as the critical velocity for the joint mo-
tion of grain boundary and particles. From this the radius of the particles was
estimated as 5 · 10−8 ≤ r ≤ 10−7m.

If grain boundary migration at T < Tw is controlled by the mobility of
liquid lead droplets, then the activation enthalpy of grain boundary motion
should be close to the activation enthalpy of droplet motion [208]. This conclu-
sion is supported by the experimental data. As is well known, the activation
enthalpy for surface diffusion is significantly lower than that for the bulk dif-
fusion. The activation enthalpy for bulk self-diffusion in Al is HD ∼ 1.5 eV,
whereas the activation enthalpy for boundary migration at T < Tw was found
to be 0.8–1.0 eV for both grain boundaries studied.

Wetting phenomena at grain boundaries require two phases (liquid and
solid) being in equilibrium with each other. The contact angle Θ depends on
the grain boundary surface tension γ and the surface tension of solid-liquid
interface γSL : γ = 2γSLcosΘ (Fig. 3.111).

For γ ≥ 2γSL the boundary is completely wetted by the liquid phase, and
Θ = 0. In the latter case the boundary cannot coexist with the liquid and is
replaced by a layer of the liquid phase. The temperature dependencies of the
surface tensions γ and γSL are schematically shown in Fig. 3.112. The wetting
transition at the grain boundary occurs at the temperature Tw, where γ(T )
intersects 2γSL(T ). If two grain boundaries have different surface tensions,
we may expect that their wetting transitions occur at different temperatures:
namely the lower the γ, the higher the Tw. This agrees with experimental
results [331]: the energy of the Σ7 special boundary is lower than the energy
of the 40.5◦ non-special boundary, and the wetting transition temperature for
the special grain boundary (Tw,s. = 560◦C) is noticeably higher than that for
the non-special one (Tw,ns. = 535◦C) (Fig. 3.110).

Usually the wetting transition at a grain boundary is observed under cir-
cumstances where a bicrystal is in contact (equilibrium) with a large amount
of liquid. Such type of wetting may be called an “external” wetting in contrast
to the “internal” wetting, when the wetting liquid is distributed as fine par-
ticles (droplets) in the bulk of the grains. For an internal wetting transition,
when the grain boundary becomes covered by a liquid layer of thickness λ at
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the expense of droplets in the bulk, the change in free energy of the system
can be written as

ΔG = −γ + 2γSL − 3λ
r
γSL (3.187)

The third term on the right-hand side of Eq.(3.187) describes the gain in free
energy due to the reduction of the total interphase (solid-liquid) area when
the liquid inclusions of radius r are transformed into a liquid boundary layer.
According to Eq. (3.187) and Fig. 3.112 the temperature of an internal wet-
ting transition should be lower than that of an external wetting transition,
which also corresponds to experimental observations [333].

In addition to the grain boundary wetting phase transition, where the
boundary is covered by a thin layer of a second phase, which is also a bulk
equilibrium phase under the given conditions, there is a prewetting (or pre-
melting) grain boundary transition when the grain boundary becomes covered
by a layer of definite thickness of a phase which is not an equilibrium bulk
phase under such conditions. The grain boundary phase transformation in
Al-Ga alloys is attributed to this kind of interfacial phase transitions. The ob-
tained results, i.e. decrease of boundary mobility and invariance of migration
activation enthalpy with increasing Ga concentration, are in agreement with
the hypothesis [330] that a change of boundary migration mechanism upon Ga
addition is associated with the formation of an interlayer of Ga-rich wetting
phase on the grain boundary. The rate controlling process of grain boundary
migration in this case cannot be the mass transport across the wetting phase
interlayer, because the activation enthalpy should then be on the order of 0.1
eV (activation enthalpy for diffusion in liquids), i.e. much smaller than ob-
served in experiment. Rather, grain boundary motion is apparently controlled
by the detachment of atoms from the shrinking grain, which occurs on the
crystal/interlayer interface. The magnitude of activation enthalpy is deter-
mined by the boundary migration mechanism, and must depend on structure
and properties of the crystal/interlayer interface, but obviously should be in-
dependent of the bulk impurity concentration. This was actually confirmed
by the experimental results (Fig. 3.108a).

A rise in the bulk Ga concentration leads to an increase in the bound-
ary thickness after the prewetting phase transition on the grain boundary, as
can be easily demonstrated in a quasi-chemical ideal solution approach of the
involved phases [334, 335].
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3.7 Compensation Effect in Grain Boundary Motion

3.7.1 The Fundamental Rate Equation

It is textbook knowledge that the temperature dependence of the absolute
rate ρ of thermally activated processes is governed by the Arrhenius relation

ρ = ρ0 exp
(
− H

kT

)
(3.188)

where ρ0 denotes the preexponential factor,H the enthalpy of activation and k
is the Boltzmann constant. For evaluation of experimental data the activation
enthalpy is commonly determined from the slope −H/k of an Arrhenius plot
ln ρ vs. 1/T . Little attention is usually paid to the preexponential factor ρ0,
although it has been long known that ρ0 changes, if the system is biased
such as to vary H . However, as we will show below, there is overwhelming
experimental evidence that the preexponential factor is strongly related to
the activation enthalpy: ρ0 increases or decreases if H increases or decreases
according to the relation

H = α ln ρ0 + β (3.189)

Here α and β are constants, the meaning of which will be dealt with below.
Eq. (3.189) is referred to as compensation effect (CE), since it strongly moder-
ates the effect of a variation of H on the value of the absolute reaction rate ρ,
such that above a so-called compensation temperature, Tc = α/k, the process
with the highest activation enthalpy has the highest reaction rate, while for
T < Tc the process with the lowest value of H proceeds fastest.

Although the CE has been also reported for bulk processes, e.g. bulk diffu-
sion of solute atoms in a crystalline matrix [336, 337] or diffusion in whiskers
of different size [338], it is most pronounced in surface and interfacial reac-
tion phenomena, since in such cases the changes of H and ρ0 can be quite
substantial. This was found for diffusion along grain boundaries and inter-
faces [339, 359, 367], grain boundary migration [274, 303] and spreading of
extrinsic grain boundary dislocations [368].

The CE probably was first reported by Constable [369] for dehydrogenation
of ethanol on a copper catalyst. More recently it has been found in other ther-
mally activated chemical, physical and biological processes and systems [370]–
[372]. The compensation effect in surface reactions and catalysis has been
associated with the interaction of adatoms in adsorbed surface layers [373]–
[377]. The variation of enthalpy and preexponential factor was attributed to
the number of ways in which the heat bath can furnish the energy needed
to overcome the barrier [378]. This, however, is closely connected with the
interactions in the adsorbed layers.

In this section we will review much of the existing data on the compensation
effect in thermally activated interface processes, although the fundamental
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concepts hold for surfaces and bulk processes as well. Since it is difficult to
track details of data published by other authors, we shall restrict ourselves to
the considerable body of data obtained in our own interface research activi-
ties.

We will show that the compensation effect can be rationalized from ther-
modynamic fundamentals and how it applies to select solid state kinetics, in
particular grain boundary migration.

3.7.2 Examples

The CE manifests itself by a linear relation between the preexponential factor
ρ0 and the activation enthalpy H , as expressed by Eq. (3.189). This equation
implies the existence of a temperature Tc = α/k, the compensation temper-
ature (CT), where all reaction rates ρ of the considered group of thermally
activated processes are the same, i.e. the lines for the corresponding Arrhe-
nius plots intersect at temperature Tc. Inserting Eq. (3.189) into Eq. (3.188)
at T = Tc yields

ρ (Tc) = exp
(
− β

kTc

)
(3.190)

In effect, the “Arrhenius coordinates” Tc and β govern the kinetics of the
thermally activated process, since they uniquely link H and lnρ0 according to
Eq. (3.189). In the following we present some pertinent examples for different
grain boundary processes.

The compensation lines H(lnA0) for the reduced mobility A = A0exp
(−H/kT) of 〈111〉 [274] and 〈100〉 [379] tilt boundaries in Al, 〈112̄0〉 tilt
boundaries in Zn [380] and 〈001〉 tilt boundaries in Sn [302] are given in
Figs. 3.113–3.116. The corresponding compensation temperatures are for Al
〈111〉: 450◦C, Al 〈100〉: 770◦C, Zn 〈112̄0〉: 420◦C, and Sn 〈001〉: 236◦C.
Fig. 3.117 shows results for Zn diffusion along tilt and twist boundaries in
Al [381]. In this case Tc is in the range 450–500◦C. The CE is not confined
to single phase systems as is obvious from Figs. 3.118-3.120 [359, 382]. For
interface diffusion in 〈001〉 twist boundaries between Sn and Ge monocrys-
tals in two temperature ranges, namely 40◦C and 184◦C, the compensation
temperature equals 27◦C in the former and 220◦C in the latter temperature
regime. It is noted in this context that the gray-white phase transition in tin
takes place at a temperature of 20◦C.

3.7.3 Thermodynamics of the Activated State

3.7.3.1 Nature of the Activated State

The preexponential factor in the Arrhenius relation (Eq. (3.188)) consists of
some geometrical constants ρ1, a frequency factor ν and an entropy term
exp(S/k), which depend on the kinetic quantity under consideration, like dif-
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fusivity, mobility, chemical reaction rate etc. For a given material and ki-
netic process, ρ1ν is constant and for convenience the dimensionless quantity
ρ/ (ρ1ν) ∼= ρ̃ can be considered instead, i.e.

ρ̃ = exp
(
− G

kT

)
= exp

(
S

k

)
exp

(
− H

kT

)
= ρ̃0 exp

(
− H

kT

)
(3.191)

A linear relationship between H and log ρ̃0 is equivalent to the fact that the
entropy of activation is linearly related or even proportional to the activation
enthalpy. This observed coupling of entropy and enthalpy of activation sug-
gests that the activated state is not a random energy fluctuation in space and
time, but a defined and thus reproducible although unstable state, which is
described by its respective thermodynamic functions. Its attainment from the
stable ground state corresponds to a first-order phase transformation. In an
interface we can associate the activated state with a local change of the inter-
face structure, or more precisely, of a structure that the interface could attain
if a more stable state would not exist for the given thermodynamic conditions.
In this sense we consider the saddle point configuration of the activated state
as the minimum free energy configuration of all potential metastable states
for the given thermodynamic system (Fig. 3.121) and the attainment of the
activated state as a displacive phase transformation of first order. In this con-
cept the compensation temperature is the equilibrium temperature for such a
virtual phase transformation.

The compensation relation (Eq. (3.189)) can be easily derived under these
conditions. As an example we consider the grain boundary mobility m, which
is known to depend on grain boundary structure and chemistry. Application
of the Arrhenius relation (Eq. (3.191)) to the grain boundary mobility mb

yields

ln mb = ln m0 − H

kT
=
S

k
− H

kT
(3.192)

where S = klnm0 and H represent the activation entropy and enthalpy of
grain boundary mobility, respectively.

Let the parameter λ denote some intensive structural or chemical specifica-
tion, like angle of misorientation, composition, surface tension etc. If λ changes
slightly from the reference state λ0, then S and H change accordingly

ln m0(λ) =
S(λ)
k

=
1
k

[
S (λ0) +

dS

dλ

∣∣∣∣
λ=λ0

· (λ− λ0) + ...

]
(3.193)

H(λ) = H (λ0) +
dH

dλ

∣∣∣∣
λ=λ0

· (λ− λ0) + ... (3.194)

As S and H change only slightly, since G = H−T ·S is at minimum, a linear
approximation is sufficient, and solving Eq. (3.193) for λ− λ0 yields

ln m0(λ) =
S (λ0) −H (λ0) /Tc

k
+
H(λ)
kTc

(3.195a)
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Tc =
dH
dλ

∣∣
λ=λ0

dS
dλ

∣∣
λ=λ0

=
dH

dS

∣∣∣∣
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(3.195b)

is the compensation temperature, i.e. the equilibrium temperature between
ground state and activated state, or equilibrium phase and “barrier” phase.
This result implies that the barrier phase, i.e. the activated state, is a
metastable phase closely related to the equilibrium state. It corresponds to
a configuration of atoms with the smallest increase of potential energy with
respect to the ground state. It seems obvious that equilibrium states occur-
ring in the vicinity of the compensation temperature most easily satisfy this
requirement. These conclusions are supported by the observation that the
compensation temperature is often close to the equilibrium temperature of a
nearby phase transition [382]. Of course, when considering interface phenom-
ena, potential metastable phases need not be confined to bulk phases.

3.7.3.2 Equilibrium Thermodynamics Approach

The simplified treatment given above already delivers the CE, i.e. Eq. (3.189)
and defines the compensation temperature. In the following we shall give a
more complete treatment of the thermodynamics of the activated state, based
on the previously rationalized assumption that the transition from the equi-
librium state to the activated state is a first-order phase transition.

Let G0 = H0 − TS0 denote the Gibbs free energy (referred to as free
energy in the following) of the equilibrium phase and G′ = G0 + G∗ ≡
(H0 +H∗) − T (S0 + S∗) the respective function of the barrier phase. We
want to investigate the behavior of the barrier phase close to the point of
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phase transformation. Enthalpy and entropy of the barrier phase are assumed
to depend on temperature, pressure and a constitutional parameter λ, as re-
ferred to in the previous section, which varies with modification of the inter-
facial system but does not noticeably affect the transformation temperature.

At a temperature T and pressure p near the transition point (Tc, pc)

ΔG′ = (G′ −G0) = G∗ ∼= (ΔG′)Tc,pc
+ (3.196a)

+
∂

∂T
(ΔG′)Tc,pc

ΔT +
∂

∂p
(ΔG′)Tc,pc

Δp+ ...

where

ΔT = T − Tc, Δp = p− pc (3.196b)

Introducing the thermodynamic functions

ΔG′ = G∗ = E∗−TS∗+pV ∗ ∼= −S∗ (Tc, pc, λ)ΔT+V ∗ (Tc, pc, λ) Δp (3.197)

we obtain

E∗ = S∗ (Tc, pc, λ)Tc + T [S∗ (T, p, λ) − S∗ (Tc, pc, λ)] − (3.198)
− V ∗ (Tc, pc, λ) pc + p [V ∗ (Tc, pc, λ) − V ∗ (T, p, λ)]

Approximating the terms in the square brackets by a series expansion to first-
order

S∗ (T, pc, λ) − S∗ (Tc, p, λ) ∼=
(
C∗

p

)
Tc,pc,λ

Tc
ΔT + Δ

(
C∗

p

T
ξ

)

Tc,pc,λ

Δp+ ...

because of cp/T = (dS/(dT ))p,N , where N is the number of particles, and
introducing

ξ =
(
∂T

∂p

)

V,N

, η =
(
∂V

∂T

)

p,N

, ζ =
(
∂V

∂p

)

T,N

(3.199)

we arrive at

E∗ ∼= S∗ (Tc, pc, λ)Tc + T

(
C∗

p

Tc

)

Tc,pc,λ

ΔT + (3.200)

+ T

(
C∗

p

T
ξ

)

Tc,pc,λ

Δp− V ∗ (Tc, pc, λ) pc +

+ p(η)Tc,pc,λΔT + p(ζ)Tc,pc,λΔp

Then, if the intensive parameters of an experiment are not too different from
their value at compensation, i.e. ΔT/Tc, Δp/pc � 1, Eq. (3.200) simplifies to

E∗ ∼= S∗ (Tc, pc, λ)Tc − V ∗ (Tc, pc, λ) pc (3.201)
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Eq. (3.201) manifests a linear relation between the enthalpy and entropy (or
volume) of activation, i.e. there is a special, metastable, “barrier” phase, which
is attained by a first-order phase transformation at a critical temperature,
pressure, etc. and which we refer to as compensation temperature, pressure,
etc.

Thus, in analogy to the (temperature) compensation effect for constant
pressure at variable temperature, there is also a (pressure) compensation effect
for constant temperature at variable pressure. For a temperature T �= Tc close
to the transition temperature the free energy change owing to a change of
pressure from pc to p reads

ΔG′ ≡ G∗ = E∗(λ) − TS∗ (T, pc, λ) + pV ∗ (T, pc, λ) = V ∗ (T, pc, λ) Δp
(3.202)

Combining Eqs. (3.201) and (3.202)

TS∗ (T, pc, λ) − TcS
∗ (Tc, pc, λ) ∼= pc [V ∗ (T, pc, λ) − V ∗ (Tc, pc, λ)] (3.203)

or in first-order approximation, introducing the coefficient of thermal expan-
sion α∗ = 1/V ∗ (dV ∗/dT )p,N

S∗ (T, pc, λ) ∼= pcV
∗α∗ − c∗p (3.204)

i.e. the entropy S∗ is linearly related to the activation volume V ∗. In fact, such
relation was experimentally verified (Fig. 3.122) [359]. In essence, the consid-
erations prove that the compensation effect can be derived from equilibrium
thermodynamics of the activated state which, in turn, can be associated with
a potential metastable state.11

3.7.3.3 Irreversible Thermodynamics Approach

The activated state is not a stable equilibrium state and, therefore, the re-
turn of the system to the equilibrium state ought to comply with the laws of
irreversible thermodynamics. One of the fundamental principles of nonequi-
librium thermodynamics is the principle of maximum rate of change of the
thermodynamic potential of the system [260, 261, 383]. This means, as stated
by Ziegler [260], that a system with given thermodynamic forces strives for
equilibrium on the shortest way, i.e. at constant temperature and pressure
with the maximum rate of Gibbs free energy reduction. It is noted that this
pertains to relative rather than absolute minima of the thermodynamic po-
tential function, i.e. to the most stable intermediate state of the system.

In application of these principles to interface processes let us consider, as

11It is noted that Eq. (3.196a) also holds if T is rather different from Tc. Since the higher-
order terms dnS/dT n are practically zero, the series expansion of S(T ) can always be
truncated after the first-order term.
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FIGURE 3.122
Dependence of the product under zero pressure on activation volume at 161◦C.

an example, the case of grain boundary motion under a constant driving force
P . The rate of reduction of the free energy of the system dG/dt,

dG

dt
= −vP (3.205)

where v = mbP is the velocity of grain boundary motion, mb the grain bound-
ary mobility. Accordingly,

dG

dt
= −vP = −mbP

2 (3.206)

and
mb = m0e

−H∗
kT ; m0 = e

S∗
k (3.207)

where G∗ = E∗−TS∗+pV ∗ = H∗−TS∗ is the Gibbs free energy of activation.
Let us consider the extremum of the function in Eq. (3.206) with respect

to an arbitrary state parameter λ:

d

dλ

(
dG

dt

)
=

d

dλ

(−mbP
2
)

= 0 (3.208)

and since P is independent of λ

d

dλ
(mb) = 0 (3.209)

With λ = λ0 at the maximum of dG/dt and using Eqs.(3.206) and (3.207)

d

dλ
(H∗ − TS∗)λ=λ0

= 0 (3.210)

© 2010 by Taylor and Francis Group, LLC



3.7 Compensation Effect in Grain Boundary Motion 305

Again we obtain the compensation temperature

Tc =
(
dH∗

dS∗

)

λ=λ0

(3.211)

As a result, the CE is in agreement with the principles of nonequilibrium
thermodynamics and yields the previously derived CT.

It is noted that there are several atomistic approaches of the activation
process. Either the energy dissipation into the adjoining finite volume is con-
sidered [384]–[386], or, alternatively, the transition state is examined as a
heterophase fluctuation [387].

3.7.4 Applications

3.7.4.1 The Island Model of Grain Boundary Migration

To reveal the meaning and significance of the CE and the CT we will study
a simple model system, namely grain boundary migration according to the
“island” model as proposed by Mott long ago [162]. The model assumes that
groups of n atoms “melt” on the side of the vanishing grain and become
attached to the side of the growing grain. The activated, metastable state is
identified with a frozen liquid state. This permits one to determine the entropy
and enthalpy of activation, namely

S∗ =
nL

Tm
, H∗ = nL (3.212)

where L is the heat of melting per atom, and Tm is the melting temperature.
The velocity v of the grain boundary according to this model reads

v = bνn
ΔG
kT

exp
(
S∗

k

)
exp

(
−H

∗

kT

)
(3.213)

where b is the atomic spacing and ν the Debye frequency.
It is obvious from Eq. (3.213) that the model complies with the compensa-

tion effect: the enthalpy of activation is proportional to the activation entropy.

H∗ = TmS
∗ (3.214)

and, therefore,

Tc =
dH∗

dS∗ = Tm (3.215)

An identical result can be obtained in terms of irreversible thermodynamics
according to Eq. (3.211).
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3.7.4.2 Brown-Ashby Relations

Brown and Ashby [388] analyzed diffusion data for a wide range of solids
(metals and ceramics) and, as a result, found three correlations for a given
structure and bond type

D (Tm) = κ1 (3.216)

H∗

kT 0
m

= κ2 (3.217)

and

V ∗ =
H∗

T 0
m

(
dT 0

m

dp

)
(3.218)

where κ1 and κ2 are constants, which in first order are independent of the
pressure p; T 0

m is the melting point at atmospheric pressure and k is the
Boltzmann constant.

We will show that Eqs. (3.216)–(3.218) are in full agreement with the con-
cepts of the CE as developed above [389]. If “for a given structure and bond
type” [388] the compensation effect is obeyed, the compensation tempera-
ture necessarily coincides with the melting point, as for pure elements not
undergoing a phase transition in solid state, Tm is the only temperature for
a first-order phase transition in the temperature range discussed. Then, in
accordance with Eq. (3.191) we obtain for bulk diffusion

H∗ = kTm ln D0 + β (3.219)

and at T = Tm

D (Tm) = e−
β

kTm (3.220)

Apparently Eq. (3.220) exactly corresponds to the empirical relation given by
Eq. (3.219). We shall not discuss Eq. (3.217), which is a special case of the more
general relation (3.218). Most interesting is the third relation, Eq. (3.218). Let
us consider this relation in terms of the “activation-barrier-phase.” The change
in the transition point (compensation temperature Tc) with pressure p is given
by the Clausius-Clapeyron equation

ΔV
ΔS

=
dTc

dp
(3.221)

With
ΔV = V ′ − V0 = V ∗ and ΔS = S′ − S0 = S∗ (3.222)

we obtain
V ∗(λ)
S∗(λ)

=
dTc

dp
(3.223)

Since
T 0

c S
∗(λ) = E∗(λ) (3.224)
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Eq. (3.223) can be rewritten as

V ∗ · T 0
c

E∗ =
dTc

dp
(3.225)

If the compensation temperature coincides with the melting point we arrive
at the Brown-Ashby relation

V ∗ =
E∗

T 0
m

dTm

dp
(3.226)

Therefore, the Brown-Ashby relation can be considered a direct consequence
of the CE [389].

3.7.4.3 Impact of the CE on Thermally Activated Processes

Fig. 3.50 gives the measured rate of boundary migration vs. the misorien-
tation angle about a common 〈111〉 tilt axis [264]. The maximum velocity
is attained for a misorientation angle of ∼ 41◦. Over many years this result
worried scientists (including the authors themselves [390]). The point is that
close to the 41◦〈111〉 tilt grain boundary there is the special grain boundary
Σ7: 38.2◦〈111〉 with apparently high mobility and low activation energy of
migration [190, 275, 280, 299]. Therefore, the 41◦〈111〉 boundary was tacitly
assumed to represent a scatter of the Σ7 boundary. Nevertheless, numerous
growth selection experiments provided strong experimental evidence that the
maximum mobility was attained at misorientation angles above 40◦, i.e. close
to 41◦ and not 38.2◦.

The misorientation dependence of activation enthalpy for migration of 〈111〉
tilt grain boundaries in the vicinity of the special grain boundary Σ7 (38.2◦)
as obtained from bicrystal experiments [190] is given in Fig. 3.123. Obviously,
the activation enthalpy is at maximum for a misorientation angle close to 41◦.
However, the misorientation dependence of the preexponential factor behaves
the same way, i.e. attains a maximum for 41◦ misorientation (Fig. 3.124). In
fact, the CE with a CT of ∼ 450◦C (Fig. 3.125) causes the grain boundaries
with the lowest activation energy to be most mobile at T < CT , whereas for
T > CT the opposite is the case (Fig. 3.126). As a result, due to the CE,
which boundary moves fastest depends on the temperature range (relative
to CT ), and this reconciles the contradiction between recrystallization and
growth selection experiments mentioned above.

As a general rule the compensation temperature divides the temperature
range into two regimes with different relations between the magnitude of re-
action rate and energy of activation. When the experiments are conducted
below Tc, then the processes with low energies of activation prevail. The re-
verse is also true; if the measurements are taken above Tc, then the processes
with high energies of activation dominate the kinetics (Fig. 3.127).

The example given above also elucidates another consequence of the CE,
namely the drastically mitigated influence of the activation enthalpy. For
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FIGURE 3.123
Activation enthalpy Hm for migration of 〈111〉 tilt grain boundaries as a
function of misorientation angle ϕ for two different aluminum charges: Al I -
0.4 ppm of impurity; Al II - 1.0 ppm of impurity.
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Reduced mobility preexponential factor A0 of 〈111〉 tilt grain boundaries as
a function of misorientation angle ϕ for two different aluminum charges: (• -
Al I; � - Al II).
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FIGURE 3.125
Dependence of migration activation enthalpy Hm on the preexponential re-
duced mobility factor A0 for the investigated 〈111〉 tilt grain boundaries in
high-purity aluminum of two different charges: (• - Al I; � - Al II).
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Schematic sketch demonstrating the impact of the CE on grain boundary
mobility m above and below the CT. (H∗

1 > H∗
2 > H∗

3 ; m01 > m02 > m03;
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instance, in the case of two different 〈111〉 tilt grain boundaries (Σ7 and
40.5◦〈111〉) in Al the activation enthalpies for grain boundary migration are
∼ 1.24 eV and 2.1 eV, respectively. If we take into account the difference of
the activation enthalpy only, then at 480◦C the mobilities of the two bound-
aries would differ by six orders of magnitude, while, in reality, due to the CE,
they differ by not more than a factor of 3!

However, very often conclusions are drawn only on the basis of the mag-
nitude of the activation energy. For instance, on this basis it is contended a
small amount of impurities (0.001% Mn) in Al reduces the rate of boundary
migration by many orders of magnitude (up to 1011 times) [390, 391]. Be-
cause of the CE this is very unlikely to happen and has never been observed.
In essence, the compensation effect controls the kinetics of the processes (at
least, interfacial reactions), restricting and compensating the influence of the
involved activation parameters, in particular of the activation enthalpy.

3.7.4.4 The CE in Thermally Activated Bulk Processes

The CE is not restricted to interface phenomena. Brief mention has already
been made of CE observations on bulk activation processes [336]–[338]. But
nowhere is the role of the CE as important as in grain boundary activation
processes. As an example let us consider bulk diffusion. In this case the preex-
ponential factor is predicted by Zener’s theory [392], which assumes that the
Gibbs free energy G∗ of an atom in the transition state — i.e. in the saddle
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point configuration — is defined by the work of elastic deformation

G∗ =
1
2
με20 (3.227)

where ε0 is some effective elastic strain, μ the relevant elastic modulus [392].
Since G∗

m is a free energy, the corresponding entropy

S∗ = −
(
∂G∗

∂T

)

p

(3.228)

and, taking into account the very weak temperature dependence of the elastic
modulus μ

S∗ ∼= −G∗
0

d (μ/μ0)
dT

= −H∗
0

d (μ/μ0)
dT

(3.229)

where G∗
0 = H∗

0 is the Gibbs’ free activation energy and enthalpy and μ0 the
shear modulus at 0K, respectively.

Introducing χ = d(μ/μ0)/d(T/Tm), where Tm is the melting temperature of
the solvent: S∗ ∼= (χH∗)/(Tm). According to Zener’s theory the preexponen-
tial factor for bulk diffusion can change by less than 2–3 orders of magnitude.
This is negligible compared to the 7–10 orders of magnitude (!!) for grain
boundary diffusion or migration. It is emphasized again that this large vari-
ance in the preexponential factor is a consequence of the collective nature of
grain boundary processes. This is why the CE plays such an important role
in interfaces and especially grain boundary kinetics.

3.8 Mechanisms of Grain Boundary Migration

In Sec. 3.1 we mentioned that there is actually no theory of grain bound-
ary migration and hitherto, we have no detailed information on the atomic
mechanism of grain boundary migration, except from preliminary results of
molecular dynamics computer simulations [309] or high-resolution TEM stud-
ies of boundary migration [393]. Because of the importance of this issue to
the major topic of this text, we at least want to review and critically assess
proposals made in the past.

Early models [162, 178] of grain boundary structure assumed that the
grain boundary comprised a certain volume of thickness δ � b, i.e. much
broader than the spacing of atoms in the adjacent lattices, in other words
a wide boundary (Fig. 3.128). Corresponding phenomenological theories of
grain boundary motion have to consider that for steady-state motion the
three fluxes

j1b = jc = jb2 (3.230)
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where j1b is the flux of atoms detaching from the consumed crystal, jb2 is the
flux of atoms attaching to the growing crystal and jc = v/Ωa is the convec-
tion flux in the boundary, i.e. a flux of atoms that an observer attached to the
boundary would see. The attachment and detachment processes will be ther-
mally activated and may occur in a specific respective process (Fig. 3.128b)

jb1 = c11
b

Ωa
ν exp

(
−Gm

kT

)
− c12

b

Ωa
ν exp

(
−Gm + PΩa/2

kT

)
(3.231)

jb2 = c21
b

Ωa
ν exp

(
−Gm − PΩa/2

kT

)
− c22

b

Ωa
ν exp

(
−Gm

kT

)

jc =
v

Ωa

where cij are geometrical constants, Gm the activation free energy of the
diffusive atomic motion. Assuming similar structural conditions on both shores
of the boundary: c11 = c22, c12 = c21 yields c11 = c12 and with Ωa ≈ b3

v = c11bν

[
exp

(
−Gm − PΩa/2

kT

)
− exp

(
−Gm + PΩa/2

kT

)]
(3.232)

∼= c11
b4ν

kT
e−

Gm
kT · P

which is the fundamental equation already derived in Sec. 3.1.
The detachment and attachment process may be composed of several steps,

each of which may be associated with a specific flux equation, which will com-
plicate the system of Eq. (3.231) but yield a similar solution to contain the
activation energies for the elementary steps considered. Also, vacancies may be
involved in the diffusion process at the boundary edges so that the boundary
vacancy concentration can be introduced in Eq. (3.232). Such an approach
allows us to introduce crystallography in the modeling of grain boundary
migration. This was first proposed by Gleiter [177], who treated grain bound-
ary migration like an evaporation/condensation process on the internal crys-
tal surfaces (Fig. 3.129) and, therefore, tacitly assumed the existence of a
wide grain boundary. This concept can, in principle, account for the observed
anisotropy of grain boundary migration. Unfortunately, this theory lacks pre-
dictive power since most involved crystallographic parameters are unknown.
A more serious objection to the theory, however, is the assumption of a wide
grain boundary, which is in obvious contradiction to the narrow structure of
real grain boundaries observed (Chapter 2).

Mott [162] assumed in his theory of boundary migration (Island model)
that the boundary contains small patches of perfect crystal structure which
become detached and attached to the crystal surfaces by partial melting and
solidification processes. The migration process can be modeled in analogy to
Eq. (3.232), except that the free activation energy is the energy of melting of a
cluster of n atoms and correspondingly the attachment of the island will move
the boundary by a distance nb. While this model is also based on unrealistic
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FIGURE 3.128
Wide grain boundary (schematically); (a) free energy barrier; (b) fluxes across
the boundary.

FIGURE 3.129
Model of grain boundary motion according to Gleiter [177]. Atoms are re-
moved from ledges on the surface of the shrinking grain and become attached
to ledges on the growing grain surface.
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assumptions of the boundary structure and does not incorporate boundary
crystallography, it is the first attempt to describe boundary migration as a
group motion of atoms. In Sec. 3.5 we reported the frequent observation of
high activation energies and large activation volumes of boundary migration
which are very difficult to reconcile with a single atom hopping motion as
a mechanism of boundary migration. Rather, the measured large activation
parameters hint at collective or cooperative motion of atomic groups. Never-
theless, in spite of their interesting approaches to account for specific exper-
imental observations, models based on a wide grain boundary structure are
unacceptable since there is unambiguous evidence that boundaries are narrow
and not wide (Chapter 2).

The rate theory of boundary migration for narrow boundaries is commonly
reduced to a single diffusive step as derived in Sec. 3.1 to yield Eq. (3.232)
for the migration rate. Such an approach cannot account for the observed
orientation dependence of activation energy and activation volume, since no
grain boundary structure is taken into account.

Substantial progress in the understanding of grain boundary phenomena
was achieved from the geometrical models of grain boundary structure, pre-
dominantly the CSL model (Chapter 2). With regard to grain boundary mo-
tion the CSL theory provided two important details. First, as already pointed
out by Kronberg and Wilson [394], low Σ CSL boundaries are expected to
segregate less and, therefore, are less affected by impurity drag. Second, non-
structural — or extrinsic — secondary grain boundary dislocations (SGBD)
cause steps12 on the boundary at the dislocation cores (Fig. 3.130). The dis-
placement of an SGBD along the boundary — an SGBD can only exist in
the boundary — is associated with the displacement of the step, which is
equivalent to the displacement of the boundary (perpendicular to its plane).
The model is particularly attractive for grain boundary migration during re-
crystallization, because it conveniently unifies the process of dislocation de-
composition in the grain boundary and the process of grain boundary mi-
gration [395]–[397]. Since the glide motion of dislocations is fundamentally
associated with a shear deformation, the process of SGBD motion results in
a combined migration and sliding process of the grain boundary. However,
during recrystallization and grain growth no macroscopic shape changes are
observed. Thus we have to assume that the sum of shears is zero or, cor-
respondingly, that the total Burgers vector strength is zero. The attractive
feature of this concept is that it easily predicts orientations of rapid growth.
This is the case if the threshold of thermal activation is low, for instance, for
SGBDs moving in the grain boundary by simple glide. Even if the Burgers
vector is parallel to the grain boundary plane, SGBD glide motion will dis-
place the grain boundary, owing to the step in the boundary associated with
the core of the SGBD (Fig. 3.130). An example is the motion of a Σ3 coher-

12Recently also referred to as disconnections [376].
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FIGURE 3.130
Secondary grain boundary dislocation in a Σ5 tilt boundary [395]. Note step of
boundary at dislocation core. (a) Burgers vector parallel to boundary. Dislo-
cation is glissile along the boundary. (b) Burgers vector inclined to boundary.
Climb is necessary for dislocation motion in the boundary.

ent twin plane by glide of Shockley partial dislocations in fcc crystals. In fact,
Shockley partials are the SGBDs of the twin orientation.

Recent experiments, however, cast doubt on this dislocation concept of
grain boundary migration. Babcock and Balluffi [224] conducted in situ ex-
periments on grain boundary migration and sliding in thin-film Au bicrystals
in a hot stage of a TEM. The structure of the boundary (an orientation close
to Σ5) could be exactly defined in terms of SGBD. They confirmed the dislo-
cation model of combined grain boundary sliding and migration by correlating
successfully the amount of sliding and migration with the number of moving
SGBD and their Burgers vectors (Fig. 3.131). However, this well-defined and
correlated motion constituted only a negligible part of the entire grain bound-
ary migration. Occasionally the authors observed jerky motion with very high
migration rate, but without any noticeable change in the dislocation struc-
ture of the grain boundary. The authors concluded from such results that the
normal process of grain boundary migration is not related to the motion of
SGBD. Rather, they propose a shuffling mechanism of atoms for the migra-
tion process (Fig.3.132). Such a shuffling model would be supported by recent
computer simulations of the motion of a Σ5 boundary under the pressure of
its curvature. The study revealed cooperative motion of groups of atoms dur-
ing certain steps of grain boundary migration. The authors concede, however,
that this coordinated motion may be facilitated by the high degree of order in
the grain boundary and may be less likely in random grain boundaries which,
however, also have been observed to move very fast.
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FIGURE 3.131
Observed boundary displacement � due to slip of N secondary grain boundary
dislocations in a thin-film gold bicrystal [224].

The concept of grain boundary migration by coordinated movement of
atoms is not new and the current results do not substantiate a model of
cooperative motion beyond the state of conjecture. But the findings make it
obvious that a closer look at the movement of atoms during the process of
grain boundary migration will be necessary to gain a deeper understanding of
this seemingly so trivial, but in detail so complicated, process.

More recent molecular dynamics computer simulations on flat 〈100〉 twist
boundaries [309] have confirmed such cooperative processes, although the ac-
tual trajectory of atoms during boundary migration is very complex owing
to a high level of thermal activation in and close to the boundary causing
concomitant rapid diffusive motion and high defect (vacancy) concentration.
A more detailed analysis of such results is provided in Chapter 5.

Finally, we should mention that there also have been attempts to observe
grain boundary migration in situ in an HREM. In fact, such a motion was
observed in thin-film bicrystals of Au. However, in analogy to the highly
perturbed boundary structure reported from molecular dynamics computer
simulations, the high resolution image of the atoms (columns) in the bound-
ary is blurred and prevents elementary steps of motion to be discriminated
(Fig. 3.133). However, the comparison of the atomic arrangement of the crys-
tal surfaces in the boundary definitely reveals that ledges on the boundary
are dismantled on one (shrinking) side and extended on the other (growing)
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FIGURE 3.132
Shuffling model of grain boundary motion as proposed by Babcock and Balluffi
for Σ5[001] twist boundary (a) ((α) The first planes of crystal 1 (0’s) and 2
(+’s)) and the same for Σ5 [001] tilt grain boundary (b) ((α) the first planes
of the crystals 1 and 2; (β) the view of the boundary edge) [224].
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side of the boundary (Fig. 3.134).
Eventually, the compensation effect opens up possibilities to look at the

mechanisms of grain boundary motion from quite a different perspective. The
compensation lines H(logA) for 〈111〉 tilt grain boundaries in aluminum with
different total impurity content or different misorientation, respectively, are
given in Figs. 3.135a,b. Obviously, these lines have different slopes and con-
verge toward a range (H ∼= 0.5 eV, A0

∼= 10−4 cm2s) which is shaded in
Fig. 3.135. Interestingly, these magnitudes of activation enthalpy and pre-
exponential factor correspond to the values predicted theoretically for grain
boundary migration under the assumption that the boundary moves by dif-
fusional jumps of individual atoms across the boundary [164]. We interpret
this result and the fact that the actually observed values of Hm and A0 are
much higher, as strong indications that grain boundaries move by the transfer
of groups of atoms across the boundary rather than by diffusional jumps of
single atoms. This approach is supported by the measurement of the acti-
vation volume of boundary migration as reported in Sec. 3.5.8 [304]. In fact,
Fig. 3.135 substantiates that a group mechanism is the intrinsic mechanism of
grain boundary migration, which would also be engaged for completely pure
material. The respective investigation [197] provides evidence that the preex-
ponential factor is only little affected by changing solute concentration, i.e.
for any impurity content the activation parameters A0 and H are far higher
than any reasonable estimate for a single atom jump mechanism of boundary
motion.

Prompted by the results of Rath and Hu [230]–[233] who found a non-
linear relationship between grain boundary migration rate and driving force
(erroneously, as explained in Sec. 3.5.1), there have been various attempts
to account for this finding theoretically. The impurity drag and vacancy drag
theory already predict a nonlinear dynamics of grain boundary motion in very
dilute alloys, but only in a very narrow range of conditions which were un-
likely to be maintained experimentally. The only way to account for stable
nonlinear dynamics is a velocity-dependent mobility in Eq. (3.6), since grain
boundary motion is always a drift motion and thus, its velocity proportional
to the driving force, as shown in Sec. 3.1.

The grain boundary mobility can depend on velocity only if the migration
mechanism is affected by the migration rate. One possible mechanism is the
spiral growth mechanism as proposed by [399] in analogy to crystal growth.
The centers of the spirals are grain boundary screw dislocations which are as-
sumed to be decomposition products of crystal dislocations, absorbed in the
grain boundary during grain boundary motion. Accordingly, the spiral density
is proportional to the dislocation density, i.e. proportional to the driving force

v = m(P ) · P ∼ P 2 (3.233)

Indeed, spiraling grain boundary screw dislocations were observed experimen-
tally (Fig. 3.136).

While this spiral mechanism at least would account for a nonlinear grain
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FIGURE 3.133
Selected video frames of HREM images of a moving boundary in a thin-film
gold bicrystal.
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FIGURE 3.134
Resolved atomic positions on video frames shown in Fig. 3.133. The boundary
moves first down and then back up. Filled circles denote newly attached atoms,
x indicates removed lattice sites. The two lines shown at 2.40 s represent the
initial and final positions of the boundary.
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FIGURE 3.135
Compensation lines H(logA0) for various tilt grain boundaries in Al: (a) same
misorientation but different impurity content; (b) same impurity content but
different orientation.

© 2010 by Taylor and Francis Group, LLC



322 3 Grain Boundary Motion

FIGURE 3.136
Generation of a spiral SGBD source by interaction of a crystal dislocation
with a moving grain boundary in dynamically recrystallizing Cu at 930◦C
[398].
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boundary dynamics, all accurate measurements so far have ruled out the need
for such dependency. It is finally noted that the spiral mechanism is easily
combined with vacancy drag owing to the annihilation of the crystal disloca-
tions in the boundary, since the dislocation decomposition will provide both
free excess volume (vacancies) as well as secondary grain boundary screw
dislocations, i.e. the center of a growth spiral.
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FIGURE 3.137
Cylindrical tricrystal of Al under hydrostatic pressure at 500◦C.

3.9 Problems

PROBLEM 3.1
Evaluate the driving force of grain growth in a sample with boundary excess
volume V ex under hydrostatic pressure P .

PROBLEM 3.2
A hydrostatic pressure 1010 Pa (∼ 105 atm) is applied to an Al cylindrical
specimen at 500◦C (see Fig. 3.137).

The grain boundary excess free volume of the grain boundary GB1 is equal
to 1.4 · 10−10m3/m2, of the grain boundary GB2 V

ex = 0.6 · 10−10m3/m2, re-
spectively. The mobility of grain boundaries GB1 and GB2 under atmospheric
pressure are: m01 = m02 = 2 · 10−6 m4/J.s. The activation volume of grain
boundary migration is equal to Vac = 10−5m3/mol for both grain boundaries
(Eq. 3.159).

Calculate the time when the grain II will disappear, in other words, the
time when grain boundary GB1 will catch the boundary GB2.

PROBLEM 3.3
Solve Problem 3.2 for the case that the grains are spheres. The values of all
other parameters remain unchanged.

PROBLEM 3.4
Determine the driving force for grain boundary migration in a polycrystal
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FIGURE 3.138
A turbine blade with a grain boundary during angular motion.
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FIGURE 3.139
Circular grain (a) and grain boundary half-loop (b).

(e.g. turbine blade) during angular motion (Fig. 3.138).

PROBLEM 3.5
Compare the rate of reduction of the surface free energy for two 2D configu-
rations: a circle with radius R and a half-loop of the size a = R (see Fig. 3.9).

PROBLEM 3.6
Use the so-called weighted mean curvature approach to determine the driving
force for grain boundary motion of the following configurations:
(1) a circular cylinder of radius R;
(2) a sphere of radius R;
(3) a grain boundary quarter-loop;
(4) a grain boundary system with triple junctions;
(5) a 2D regular n-sided polygon under junction kinetics. How does the driv-
ing force change with the topological class n of the grain?
Hint: Grains in a 2D system at junction kinetics are bordered by straight lines
and tend to form regular polygons.

PROBLEM 3.7
(a) Derive the Lücke-Detert relation for grain boundary motion in a system
with impurities in the case of negative adsorption.
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(b) Examine when the system satisfies the principle of maximal rate of free
energy reduction.

PROBLEM 3.8
Consider the effect of grain boundary detachment of a 38◦〈111〉 tilt grain
boundary from impurities in Al bicrystals. The driving force for grain bound-
ary motion is 6·102 J/m3; the concentration of impurities (at. %): Si = 1·10−5;
Zn = 1 · 10−5; P< 3 · 10−4; Cu = 7 · 10−5; Ti < 3 · 10−6; K = 1 · 10−4; Cl
= 1 · 10−4. The temperature dependence of grain boundary mobility is given
in Fig. 3.70.

Use the Lücke-Detert, Cahn, Lücke-Stüwe approaches to find:
(1) the impurity which dominates solute drag;
(2) the diffusion characteristics of this impurity;
(3) the kinetic properties of the grain boundary;
(4) the adsorption characteristics of the grain boundary and the impurities.

PROBLEM 3.9
Consider grain growth in a system with mobile particles. The radius of the
particles is r, the volume fraction of the particles is c. The number of the
particles is constant and the particles are distributed uniformly in the bulk of
the sample.
(1) Derive an expression for the grain growth kinetics when the grain bound-
ary sweeps up the particles during its motion.
(2) Calculate the time dependency of the mean grain radius.

PROBLEM 3.10
Estimate the efficiency of retardation of grain growth in an Al polycrystal
at 673 K by mobile particles. The radius of the particles r = 50 nm, grain
boundary mobility at 673 K mb = 2 ·10−12 m4/J·s, γ = 0.5 J/m2. The volume
fraction of the particles is c = 10−4.

PROBLEM 3.11
Consider a polycrystal with mobile second-phase particles. Show that there is
a certain radius of the particles which makes the particle drag most efficient.
Hint: Consider a single size particle distribution.

PROBLEM 3.12
Consider three grain boundaries with the following activation parameters of
grain boundary migration [404]:
Grain Boundary I (GBI): H = 1.4 eV, A0 = 102 m2/s
Grain Boundary II (GBII): H = 2.2 eV, A0 = 108 m2/s
Grain Boundary III (GBIII): H = 1.67 eV, A0 = 104 m2/s (1) Prove that the
compensation plots of all three grain boundaries intersect in one point.
(2) Determine the compensation temperature of this system.
(3) Calculate the ratio of the grain boundary mobilities at 380◦C and 520◦C.
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PROBLEM 3.13
Consider the migration of a grain boundary in a magnetic field as the motion
of an electric conductor. This causes an electromotive force, i.e. generates a
drag force on the grain boundary. The change of grain boundary mobility m
can be described as

Δm
m

=
σv�

c2
(3.234)

where σ is the conductivity, � is the thickness (or the width) of the sample, c
is the speed of light, v is the velocity of grain boundary motion.

Find the time dependency of the mean grain size of a polycrystal during
grain growth in a magnetic field.

© 2010 by Taylor and Francis Group, LLC



4

Thermodynamics and Kinetics of Connected
Grain Boundaries

“... You’re the only one who seems to understand
about tails. They don’t think — that’s what’s the
matter with some of these others. They’re no
imagination. A tail isn’t a tail to them, it’s just a
Little Bit Extra at the back.”
— A.A. Milne

“Expediency, therefore, concurs with Nature in stamping
the seal of its approval upon Regularity of conformation;
nor has the Law been backward in seconding their efforts.
‘Irregularity of Figure’ means with us the same as,
or more than, a combination of moral and criminality with you,
and is treated accordingly.”
— Edwin A. Abbott

4.1 Microstructural Elements of Polycrystals

The major elements of a polycrystalline structure are grain boundaries. The
energy of these grain boundaries is the source of the driving force of grain
growth; their motion and interaction either mutually or with crystal disloca-
tions constitute the mechanisms of recrystallization. The main properties of
the boundaries, which are essential for the migration process, are the surface
tension γ and mobility mb. As repeatedly mentioned, these properties are
likely to differ for different grain boundaries. Furthermore, grain boundary
surface tension and mobility can depend on the boundary orientation (incli-
nation). The motion of a grain boundary segment is determined by the grain
boundary shape in its closer vicinity.

In the course of motion grain boundaries interact with other grain bound-
aries. These interactions occur along the lines of intersection of grain bound-
aries, which are called triple junctions (Fig. 4.1). Besides grain boundaries and
triple junctions there is only one more topological element of a 3D arrangement

329
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FIGURE 4.1
Grain structure with grain boundary triple lines and quadruple points.

of connected boundaries, a grain boundary quadruple point at the location
where four grains meet. At the same time this point is the location where
four grain boundary triple lines intersect (Fig. 4.1). There is a large variety
of potential triple lines and quadruple junctions in polycrystalline materials
since their geometry is determined by the constituting grain boundaries, each
of which has five degrees of freedom. Hence, a triple line is defined by 12 in-
dependent geometrical parameters; a quadruple point requires 21 quantities
for a unique geometrical characterization. Six grain boundaries, four grains
and four triple junctions meet in one quadruple point (junction). All other
intersections are energetically unprofitable and as a consequence unstable.

These junctions possess specific physical properties (line tension γ� [1, 400,
402], triple junction and quadruple point mobility mtj and mqp [403]) and
move under the action of the surface tension of grain boundaries which join
at the junction and, in the case of triple lines, by their own line tension [401].

In the context of triple junctions we will consider only the intersection
of three boundaries. It is obvious that a line of intersection of two bound-
aries does not make sense physically. More than three boundaries might, in
principle, intersect along one line; however, such configuration is energetically
unprofitable and splits into several triple junctions. More than three grain
boundaries do not intersect along a line, but can meet in one point, the so-
called quadruple point or quadruple junction of grain boundaries.
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4.2 Thermodynamics of Triple Junctions

The thermodynamics of triple junctions might be treated in analogy to Gibbs’
thermodynamics of interfaces. We may here remark that a nearer approxima-
tion in the theory of equilibrium and stability might be attained by taking
special account, in our general equations, of the lines in which surfaces of
discontinuity meet. These lines might be treated in a manner entirely anal-
ogous to that in which we have treated surfaces of discontinuity. We might
recognize linear densities of energy, of entropy, and of the several substances
which occur about the line, also a certain linear tension. With respect to these
quantities and the temperature and potentials, relations would hold analogous
to those which have been demonstrated for surfaces of discontinuity ([1]). The
properties of the triple junction line can be determined formally according to
Gibbs as a difference between a real system, in which the triple junction line
is a distinct configuration, connected to three boundaries (interfaces) and an
ideal system, where the structure and the properties of the three boundaries
are assumed to be unaffected by their line of intersection. However, gener-
ally a change in the length of a triple junction line and in the area of the
grain boundaries are rigidly connected. Therefore, changes of triple junction
and boundary extensions should be considered in conjunction. Namely, if M
is a certain extensive parameter of the system (energy, volume, etc.), then
the triple junction and the boundary part can be determined as a difference
between the total value of M and its bulk part

M � +MS = M − (
Mα +Mβ

)
(4.1)

where Mα +Mβ = MV is the bulk part of the system, α and β are two parts
of the system, in particular, the grains; M � and M s are the triple junction
and boundary parts of the system, respectively.

In accordance with the concepts considered (Chapter 1), we assume that
not only the excess surface volume is equal to zero (V s = 0), but also the
excess triple junction volume V � is equal to zero: V α + V β = V , where V is
the total volume of the system. Geometrically it means that its 3-D shape,
e.g. (column or prism) of a triple junction, is replaced by a line. In analogy to
Eq. (1.27) we obtain

M = mαV α +mβV β +msÃ+m�� (4.2)

where mα and mβ are the bulk densities, ms is the surface excess density, m�

is the triple junction line excess density of the property M , Ã is the area of
the boundaries (interfaces) in the system, � is the length of the triple junction
line. Let us introduce one of the most important surface and linear excesses
— the adsorption. For the i-th component in accordance with Eq. (1.28) we
obtain

Ni = nα
i V

α + nβ
i V

β + ΓiÃ+ Γ�
i� (4.3)
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(Ni is the number of atoms of the i-th component, ni is the respective atomic
densities, Γi is the boundary adsorption, Γ�

i is the triple junction (triple line)
adsorption.)

The fundamental thermodynamic characteristic of a triple junction is the
tension line γ�. The work required for a reversible increase of the triple junc-
tion length � by δ� is

δW � = γ�δ� (4.4)

As mentioned above, it is more reasonable to consider the joint change of the
length of the triple junction line and the area of the boundaries

δW �s =
(
γ + γ� ∂�

∂Ã

)
dÃ (4.5)

For a constant temperature T , volume V , and the invariant chemical potentials
μi of the components (i=1,2,...k)

δW �s = dΩT,V,μi (4.6)

where Ω is the Gibbs grand potential.
For a system with a boundary and a triple junction

dΩ = −pdV − SdT −
k∑

1

Nidμi +
(
γ + γ� ∂�

∂Ã

)
dÃ (4.7)

or (see Eqs. (1.5) and (1.6))

Ω = −pV + γÃ+ γ�� (4.8)

For the surface-junction parameters Eq. (1.17) reads

dΩ�s = −pdV �s − S�sdT −
k∑

1

N �s
i dμi +

(
γ + γ� ∂�

∂Ã

)
dÃ (4.9)

Then, from Eqs. (1.41) and (4.9)

Ã

(
dγ + dγ� ∂�

∂Ã

)
= −S�sdT −

k∑

1

N �s
i dμi + V �sdp (4.10)

Introducing the specific values s�s = S�s

Ã
, Γ�s

i = N�s
i

Ã
, v�s = V �s

Ã

(
dγ + dγ� ∂�

∂Ã

)
= −s�sdT −

k∑

1

Γ�s
i dμi + v�sdp (4.11)

Eq. (4.11) is the triple junction variant of the well-known Gibbs equation
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which in this instance connects the change of boundary and triple junction
surface tension with a variation in temperature, pressure and chemical poten-
tials. For example, for a binary system at constant temperature and pressure,
using the Gibbs-Duhem relation (1.55) we arrive at

(
dγ + dγ� ∂�

∂Ã

)
= −Γ�s

1 dμ1 − Γ�s
2 dμ2 = −

(
Γ�s

2 − c

1 − c
Γ�s

1

)
dμ2 (4.12)

where c is the concentration. In the framework of this approach, we cannot
achieve more. There is no dividing surface, either between the grain bound-
ary and the bulk (see Chapter 1), or between the boundaries and the triple
junction, and it is not possible to make one adsorption Γ�s

1 equal to zero by
changing the position of the dividing surface.

Let us consider a binary system with the concentrations c1 and c2 under
the assumption that the triple junction is in thermodynamic equilibrium with
its constituent boundaries and with the bulk. Then

μ�
1

(
γ�, T, c�1

)
= μs

1

(
γ, T, cb1

)
= μv

1 (p, T, c1)

μ�
2

(
γ�, T, c�2

)
= μs

2

(
γ, T, cb2

)
= μv

1 (p, T, c2) (4.13)

where μ�
1, μ

�
2, μ

s
1, μ

s
2, μ

v
1, μ

v
2 are the chemical potentials of the first and

second component in the triple junction, at the grain boundaries, and in the
bulk, respectively, c�1, c

�
2, c

s
1, c

s
2 denote the respective triple junction and grain

boundary concentrations. The line tension stretches (or compresses, depending
on whether the line γ� is positive or negative) the triple junction, and the
equilibrium conditions can be written as

μv
1 (p, T, c1) = μ�

1

(
T, c�1

)− γ��̄1; (4.14)

μv
2 (p, T, c2) = μ�

2

(
T, c�2

)− γ��̄2

�̄i is the length of an atom of the i-th component in the triple junction line.
If it can be assumed that �̄1 = �̄2 = �̄, then

μv
1 (p, T, c1) − μ�

1

(
T, c�1

)
= μv

2 (p, T, c2) − μ�
2

(
T, c�2

)
(4.15)

Taking both the bulk and triple junction as ideal solutions

μv
1 = μv

10 + kT ln c1 (4.16)
μ�

1 = μ�
10 + kT ln c�1

The difference μv
10 − μ�

10 = −γ�
1�̄1, inasmuch as the value γ�

1�̄1 is the excess
energy of an atom of the first component in the triple junction in compari-
son with the same atom in the bulk; γ�

1 and γ�
2 are the line tensions of the

triple junction in pure first and second component, respectively. Combining
Eqs. (4.15) and (4.16)

c�1 =
c1B

�

1 − c1 + c1B�
(4.17)
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where B� = exp
[

γ�
2−γ�

1
kT �̄

]
. More complicated isotherms of triple junction ad-

sorption can be derived in analogy to the interface adsorption [197].
It is of interest to find a relation between interface (in particular, grain

boundary) concentration and adsorption on a triple junction. Let us consider
the equilibrium between the grain boundary and triple junction constitution,
taking into account that the boundary is stretched by the surface tension γ
and the triple junction is stretched (or compressed) by the line tension γ�.
Then from Eqs. (4.14) and (4.15)

μs
1 (T, cs1) − γĀ1 = μ�

1

(
T, c�1

)− γ��̄1

μs
2 (T, cs2) − γĀ2 = μ�

2

(
T, c�2

)− γ��̄2 (4.18)

where Ai is the area of an atom of the i-th component in the grain boundary.
Considering both the grain boundary and triple junction chemistry as ideal

solutions

μs
1 = μs

10 + kT ln cs1 (4.19)
μ�

1 = μ�
10 + kT ln c�1

By subtraction we obtain μs
10 − μ�

10 = − (
γ�
1�̄1 − γ1Ā1

)
and μs

20 − μ�
20 =

− (
γ�
2�̄2 − γ2Ā2

)
. These values represent the difference of the excess energy of

an atom of the first and second component, respectively, in the triple junction
and in the interface; γ1 and γ2 are the grain boundary surface tensions in the
respective pure components. For the simplest situation, when �̄1 = �̄2 = �̄,
Ā1 = Ā2 = Ā combining (4.18) and (4.19), we arrive at

c�1 =
cs1B

�s

1 − cs1 + cs1B
�s

(4.20)

where

B�s = exp

[(
γ�
2 − γ�

1

)
�̄− (γ2 − γ1) Ā
kT

]

One can see from Eqs. (4.17) and (4.20) that the concentration in the triple
junction is rigidly bound not only to the concentration in the bulk of the
sample, but to the concentration in the interface, in particular, in the grain
boundary. It is felt that the detachment of adsorbed atoms from the grain
boundary should initiate the same phenomenon in the triple junction. In this
case the triple junction will no longer be in equilibrium with the bulk, but,
nevertheless, and what is of importance, is that it might still be in equilibrium
with the boundaries.

As already mentioned by Gibbs [1], although the line tension of a triple
junction might be negative, still the line of the triple junction (termed “fila-
ment” by Gibbs) should be stable, and the phase of the triple junction would
differ from the phase in the interfaces. “We may here add that the linear
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tension there mentioned may have a negative value. This would be the case
with respect to a line in which three surfaces of discontinuity are regarded
as meeting, but where nevertheless there really exists in stable equilibrium
a filament of different phase from the three surrounding masses” [400]. The
triple junction with a negative linear tension should manifest unusual ther-
modynamic properties. In particular, the adsorption of impurities on a triple
junction, as a rule, should be negative and, therefore, definitely lower than at
grain boundaries. Further, the behavior of a triple junction with negative line
tension can be manifested in the attempt to increase its length. The descrip-
tion given above complies with this requirement. Computer simulations of the
energy of a grain boundary triple junction indicate the feasibility of such an
effect [405].

4.2.1 Grain Boundary Triple Line Tension — Experimental
Approach

The influence of grain boundary junctions on grain growth, stability and evo-
lution of the grain microstructure was recognized recently [360, 361, 411]. This
effect is especially pronounced in fine-grained and nanocrystalline materials.
The influence of the line tension of grain boundary triple junctions on grain
growth and stability of nanocrystalline materials is not confined to its contri-
bution to the driving force of grain growth but determines the adsorption on
the triple junctions and in turn their mobility, as well.

The problem of triple line energy was discussed by Gibbs who came to
the conclusion that the excess free energy of a triple line between fluid phases
might be positive or negative [1, 362]. McLean [23] contended that triple junc-
tions should have a positive energy owing to the influence of three connected
grain boundaries. The attempts to extract the triple line energy from simple
geometrical model were undertaken in [406]–[408]. More recent computational
studies by Srinivasan et al. [364] and Van Swygenhoven [363, 365] came to con-
tradictory conclusions. The authors of [364] concluded that a negative triple
line energy is possible although the value of the triple line tension obtained
in the simulation studies [365] was always positive. Unfortunately, there is a
poor body of experimental data to resolve this issue by properly conducted
experiments. This is mainly due to both the experimental difficulties and the
lack of a rigorous theoretical basis of such measurements [366].

The theoretical foundations of the measurement of triple line tension along
with the experimental technique were put forward and developed in [366, 421].

It is well known that the equilibrium at the straight root of a thermal groove
satisfies the condition

γ = γS1sinΘ1 + γS2sinΘ2 (4.21)

where Θ1, Θ2 and γS1, γS2 are the respective angles and surface energies to
both sides of the groove. In the case that the grain boundary is curved in the
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FIGURE 4.2
Grain boundary formed at a flat grain boundary with a curved groove root
[366].

root of the groove (Fig. 4.2), one has to take into account an additional term,
the so-called line tension γ� of the groove root triple line, i.e.

γ − γ�
∂2u
∂r2

[
1 +

(
∂u
∂r

)2]3/2
= γS1sinξ1 + γS2sinξ2 (4.22)

The term u(r) mathematically describes the profile of the groove root. The
multiplier of γ� is the Laplace curvature. The dihedral angles denoted by ξ1
and ξ2 have the same meaning like Θ1 and Θ2 in Eq. (4.21) but are different
in magnitude owing to the curvature. The topography of a triple junction
[366] after thermal annealing is formed by three grain boundaries which meet
in a way schematically shown in Fig. 4.3. The three groove roots are curved
towards the triple junction but remain straight far away from this point.

If one associates a line tension with the triple line, an equilibrium of the
four competing line tensions (the three groove line tensions γ�

i−j and the triple
line tension γ�

tj) at the triple junction will be established. The line tension of
these groove roots at the triple junction is

γ�
i−j =

γi−j − γSisinξi − γSjsinξj
∂2uij

∂r2

∣∣∣
r=0

[
1 +

(
∂uij

∂r

∣∣∣∣
r=0

)2
]3/2

(4.23)

From the equilibrium of the four line tensions it follows for the triple line
tension

γ�
tj = γ�

1−2 sinζ1−2 + γ�
1−3 sinζ1−3 + γ�

2−3 sinζ2−3 (4.24)

Eq. (4.24) constitutes the theoretical basis of the presented approach and can
be used to calculate the triple line energy from the geometry of the boundaries
merging at the triple junction [366].

The first measurements were performed on polycrystalline copper with

© 2010 by Taylor and Francis Group, LLC

http://www.crcnetbase.com/action/showImage?doi=10.1201/9781420054361-c4&iName=master.img-086.jpg&w=168&h=108


4.3 Motion of a Grain Boundary System with Triple Junctions 337

Triple line

Groove root 1-2

G
roove

root 1-3

Groove root 2-3
1 2 ( )u r−

1 2ζ −

γtj

γ1-3

γ1-2

γ2-3

u1-2

Triple line

Groove root 1-2

G
roove

root 1-3

Groove root 2-3
1 2 ( )u r−

1 2ζ −

γtj

γ1-3

γ1-2

γ2-3

u1-2

FIGURE 4.3
Schematic 3D view of the line tension equilibrium in the triple junction [366].

rather large grains [366]. The topography in the close vicinity of the triple
junctions was measured by means of atomic force microscopy. An example for
groove formation at grain boundaries intersecting the crystal surface is given in
Fig. 4.4. In the center of the figure there is a triple junction of the three adjoin-
ing grain boundaries (Fig. 4.4(a)) [366]. From AFM measurements (Fig. 4.4)
all necessary parameters can be derived to extract the triple line tension, such
as the grain boundary groove angles Θi, the groove root angles in the center
of the triple junction ξi, and the profile of the groove roots. The measured
value of the line tension of grain boundary groove root γ�

i−j and grain bound-
ary triple junction γ�

tj are positive and equal to (17.0 ± 7.0) · 10−9 J/m and
6.5± 2.5) · 10−9 J/m, respectively. The analysis given in [366] shows that the
negative value of γ�

tj can be expected only for the line tension of grain bound-
ary groove root γ�

i−j smaller than −4 ·10−7 J/m. A comprehensive description
of the approach and the experimental technique of the measurements was put
forward in [366].

4.3 Motion of a Grain Boundary System with Triple
Junctions

It is usually tacitly assumed in all studies of grain boundary migration and
grain growth that the line tension of a triple junction is of minor importance
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(a) (b)(a) (b)

FIGURE 4.4
Top view (a) of an AFM topography measurement in the vicinity of a triple
junction; (b) surface profiles along lines indicated in (a) [366].

and that a triple junction does not drag grain boundary motion. Thus, their
role in the migration process is reduced to maintaining the thermodynamic
equilibrium in terms of fixed dihedral angles during grain boundary motion.

However, as shown in [403], the movement of triple junctions caused by
boundary migration can involve additional energy dissipation, in other words,
a triple junction can have a finite mobility. The concept of a specific triple
junction mobility was first introduced in [403].

Steady-state motion of a system of boundaries with a triple junction is only
possible in a narrow range of geometrical configurations. One of them is shown
in Fig. 4.5 [403]. The triple junction in Fig. 4.5 is rectilinear and perpendicular
to the plane of the diagram. Far from the triple junction all three boundaries
are planar, their planes parallel to each other and perpendicular to the plane
of the diagram. This makes the problem quasi-two-dimensional.

Of course, this is very different from situations that arise in a polycrystal,
and real triple junctions are unlikely to experience steady-state motion. But a
detailed analysis of this problem allows us to isolate the main physical aspects
of triple junction motion.

The next assumption relates to the driving forces of grain boundary and
triple junction motion in this system. It is commonly assumed that the system
only migrates under the action of the surface tensions γ of the adjoining grain
boundaries. The problem can be considered in the framework of a uniform
boundary model, i.e. all grain boundaries possess equal surface tensions and
mobilities irrespective of the misorientation of the adjacent grains and the
crystallographic orientation of the boundaries, and the mobilities of grain
boundary and triple junction are independent of their velocity.

The given assumptions require symmetry with respect to the x-axis. The
normal displacement of each element of a boundary, the velocity of grain
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FIGURE 4.5
Geometry of the grain boundary system with triple junction in the course of
steady-state motion.

boundary motion, the differential equation of the shape y(x) of a moving
grain boundary, and the boundary conditions are identical to the problem of
the shape of a moving boundary (Chapter 3, Eqs. (3.117)-(3.119)) and are
repeated here for convenience:

y′′ = − V

mbγ
y′
[
1 + y′2

]
(4.25)

y(0) = 0 (4.26)
y(∞) = a/2
y′(0) = tan Θ

The meaning of the length a and angle Θ is clear from Fig. 4.5.
Since a driving force γ (2 cos Θ − 1) is applied to the triple junction, the

velocity of its motion can be expressed as

V = mtjγ (2 cos Θ − 1) (4.27)

where mtj is the mobility of the junction.
Eqs. (4.25)–(4.27) define the problem completely. The shape of a steady-

state moving grain boundary was already described by Eq. (3.143):

y(x) = ξ arc cos
(
e−

x
ξ +C1

)
+ C2 (4.28)

ξ =
a

2Θ
C1 = ln (sin Θ)
C2 = ξ (π/2 − Θ)
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FIGURE 4.6
Geometry of the grain boundary system with triple junction in the course of
steady-state motion.

As can be seen, a steady-state motion of the grain boundary system with a
triple junction is possible indeed. The velocity of steady-state motion V of
the system is equal to

V =
2Θmbγ

a
(4.29)

From (4.27) and (4.29) we arrive at the equation which determines the steady-
state value of the angle Θ:

2Θ
2 cos Θ − 1

=
mtja

mb
= Λ (4.30)

This equation associates the angle Θ with the value of the dimensionless
parameter Λ = mtja/mb, which characterizes the inhibiting influence of the
triple junction on grain boundary migration.

It should be stressed that the dimensions of mtj , triple junction mobility,
and mb, the grain boundary mobility, are different, so that their ratio mb/mtj

has the dimension of a length.
For small Λ, mtja/mb � 1, the contact angle Θ approaches zero. For large

Λ the junction does not influence boundary migration, and the angle Θ tends
to its equilibrium value π/3. The dependency of Θ vs. Λ is shown in Fig. 4.6.
When Λ � 1 the value V is independent of the mobility of the junction and
governed only by the boundary properties and the driving force, which is
proportional to 1/a

V =
2πmbγ

3a
(4.31)
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When Λ � 1 the velocity is controlled by the mobility of the junction

V = γmtj (4.32)

These relations comprise the theoretical background for experimental studies
of triple junction mobility and how it affects grain boundary migration.

4.4 Triple Junctions Motion in the Presence of Impuri-
ties

Until now we have considered the migration of a grain boundary system which
does not interact with impurities. In the following we analyze the main effects
introduced by impurities on the motion of a grain boundary system with
a triple junction. First of all we would like to emphasize that, contrary to
the motion of a single grain boundary, there are two aspects of the problem
where impurity influence can manifest itself, namely grain boundary motion
and triple junction motion. Let us consider more comprehensively the latter
aspect of the problem.

The theories of impurity influence on grain boundary motion also can be
applied, with certain corrections, to triple junction motion. Actually, if a triple
junction moves under the action of a driving force P with a certain number of
impurity atoms Γ� (per unit line length) the velocity of such a triple junction
is given by

Vtj = mtjPeff (4.33)

where the Peff is the effective driving force. (Please note that the dimension of
triple junction mobility and its driving force, respectively, are different from
the respective quantities for grain boundary migration.) Peff can be written
as

Peff = P − Γ�f (4.34)

where f is the attraction force between the triple junction and an impurity
atom, Γ� is the adsorption on the triple junction.

On the other hand the velocity of an impurity atom and, therefore, also
of the triple junction in the case that both move together reads with the
Nernst-Einstein relation

mim =
D

kT
(4.35)

where mim is the mobility of an impurity atom

v = mimf (4.36)
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From Eq. (4.33)-(4.36) we find

v =
Pmtj

1 + Γ� mtj

mim

(4.37)

or, for Γ� mtj

mim
� 1

v ∼= Pmim

Γ�
=

PD

Γ�kT
=
PD0e

−HD
kT

Γ�kT
(4.38)

where D0 is the pre-exponential factor and HD the activation enthalpy of
impurity diffusion, respectively.

Correspondingly, the triple junction mobility, with regard to the impurity
effect, can be defined as

mtj =
D

Γ�kT
=
D0e

−HD
kT

Γ�kT
(4.39)

Eqs. (4.37) and (4.39) describe the triple junction motion in the presence
of impurities in the Lücke-Detert approximation [193] (see Chapter 3). In
analogy to grain boundary motion in this approximation, an impurity atom
can move together with a triple junction at a velocity not exceeding

v∗ =
D0e

−HD
kT

Γ�kT
· U0

r0
(4.40)

where r0 is the smallest dimension of the defect (grain boundary or triple
junction width), and the ratio U0/r0 is an estimate of the maximum force
of interaction between the impurity atom and the triple junction. (It should
be remembered that the dimension of U0 for a triple junction line is [en-
ergy/length].) If the velocity exceeds v∗, the triple junction detaches from the
impurities.

However, apart from the influence of the impurity atoms on triple junction
motion, there is also an influence of these atoms on the motion of the adjoin-
ing grain boundaries. As mentioned, the motion of a grain boundary system
with a triple junction is akin to the motion of a grain boundary quarter-loop.
Therefore, the general solution for Eq. (4.25) is in accordance with [243, 244]

y = y0 +
mγ

V
arc cos

[
e−

(x−x0)V
mγ

]
(4.41a)

where y0 and x0 are integration constants.
The grain boundary velocity V is at a maximum at the triple junction and

reduces to zero at the straight, immobile sections. The critical velocity v∗ can
be described as the velocity of such point on the grain boundary system with
a triple junction (Fig. 4.5) which separates two boundary segments, namely
a segment detached from the impurity atoms (to the left in Fig. 4.5) and a
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segment loaded with impurities (to the right in Fig. 4.5), in other words, for
0 ≤ x ≤ x∗ the velocity V > v∗ and for x > x∗ the velocity V < v∗ (see
Chapter 3, Sec. 3.4.3).

The final solution for the shape of a moving grain boundary half-loop with
a triple junction is quite similar to the moving grain boundary quarter-loop
[244] (Eq. (4.41b))

y(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− (bF − bL) arc cos
(

sin Θ

e
x∗
bF

)

+a
2 − bL

π
2 + bF arc cos

(
e

bF ln(sinΘ)−x

bF

)
0 ≤ x ≤ x∗

a
2 − bL

π
2 + bL arc cos

⎛

⎝e
bLln(sinΘ)−x∗

„
bL
bF

−1
«
−x

bL

⎞

⎠x ≥ x∗

(4.41b)

From the relation for bL and bF

bL =
bF

[
arc cos

(
sinΘ

e
x∗
bF

)
+ Θ − π

2

]
− a

2

arc cos
[

sinΘ

e
x∗
bF

]
− π

2

where bF and bL relate to the “free” and “loaded” part of the boundary

bF =
mFγ

V
(4.42)

bL =
mLγ

V

we obtain the mobilities of “free” and “loaded” boundary mF and mL, re-
spectively.

The angle Θ in Eq. (4.41b) is defined by Eq. (4.30), in which the criterion
Λ is a function of triple junction and grain boundary mobility in the presence
of impurities.

There is a variety of possible situations. Besides the grain boundary impu-
rity attachment-detachment processes the phenomena of triple junction impu-
rity attachment-detachment have to be considered, and in addition the com-
binations “free” grain boundary — “free” triple junction, “free” grain bound-
ary — “loaded” triple junction etc. Unfortunately, little is known about triple
junction mobility, and there are no data at all about the interaction between
triple junctions and impurity atoms.
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4.5 Experimental Investigations of Triple Junction
Motion

As mentioned above, triple junctions along with grain boundaries comprise
the main structural elements of polycrystals. In spite of its importance for mi-
crostructural evolution the influence of triple junctions on boundary migration
has not been treated at all experimentally and has been hardly investigated
theoretically, mainly by computer simulations [409]. In comparison the mo-
tion of grain boundaries has been studied actively, especially in the past 20-
30 years [410]. In all studies concerning grain boundary migration and grain
growth it was tacitly assumed that triple junctions do not have an influence
on the motion of the boundaries; rather, their role in this process was reduced
to establishing the thermodynamic equilibrium angles at the junction during
boundary motion.

The lack of experimental results for triple junction motion is mainly due to
the experimental difficulties of obtaining reliable data. Not only the velocity
of the junction motion must be measured, but also the shape of the inter-
secting grain boundaries during the motion, as will be discussed below. For
conducting experiments a technique had to be developed which allowed con-
tinuous monitoring of the position and the geometrical arrangement of such
boundary system during the experiment. Moreover, the steady-state motion
of a grain boundary system with a triple junction is only possible in a very
narrow range of geometrical configurations with specific restrictions imposed
on the properties of the grain boundaries in the system. In particular, it was
suggested that all grain boundaries in the system are identical. The equations
considered for the motion of the grain boundary system with a triple junction
(4.28)–(4.31) retain their validity for the following boundary system, a so-
called symmetrical boundary system, which is shown in Fig. 4.5: two identical
curved boundaries (GB I and II) and a different straight boundary (GB III).
Such a system is much more convenient for experimental realization than a
system comprising only ideal uniform boundaries. In the following this defined
boundary system will be considered [183]. The respective surface tensions and
the mobilities of the boundaries are

γ1 = γ2 ≡ γ �= γ3 (4.43)
mb1 = mb2 ≡ mb �= mb3

If the angles at the triple junction are in equilibrium, the driving force is equal
to zero and for a finite triple junction mobility the velocity vtj should vanish
as well. Consequently, for a finite mtj , a motion of the triple junction detunes
the equilibrium angles and, as a result, drags the motion of the boundaries.
For the situation given in Fig. 4.5

vtj = mtj (2γ cosΘ − γ3) (4.44)
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In the case of steady-state motion of the entire boundary system the velocity
of the triple junction equals the velocity of the grain boundaries. Therefore,
the steady-state value of the angle Θ is determined by Eqs. (4.29) and (4.44)

2Θ
2 cosΘ − γ3

γ

=
mtja

mb
= Λ (4.45)

The dimensionless criterion Λ reflects the drag influence of the triple junction
on the migration of the system. One can distinguish two limiting cases:
a) Λ → 0: In this case the angle Θ tends to zero, i.e. the motion of the entire
boundary system is governed by the mobility of the triple junction and the
corresponding driving force. For the limit Θ = 0◦ the velocity of the system
is given with Eq. (4.44) by:

v = mtj (2γ − γ3) (4.46)

b) Λ → ∞: In this case the angle Θ tends to assume its value at thermody-
namic equilibrium:

Θ = arc cos
(
γ3

2γ

)
= Θeq (4.47)

The motion of the system is independent of the triple junction mobility and is
governed only by the grain boundary mobility and the corresponding driving
force. The velocity of the boundary system in this case with Eq. (4.29) and
(4.47) is given by

v =
2Θeqmbγ

a
(4.48)

The two states of motion of the entire grain boundary system can be distin-
guished experimentally for a known ratio γ3/γ by measuring the contact angle
Θ.

Experimentally, this idea was first realized in [183, 411]. The experiments
were carried out on zinc tricrystals with a grain boundary geometry as shown
in Fig. 4.5. The tricrystals were produced of high purity Zn (99.999 at%) by
a technique of directional crystallization in a high purity Argon atmosphere
(Fig. 4.7). The characteristics of the tricrystals studied are given in Table 4.1.
The orientations of the three adjacent grains of each sample were determined
by the Laue-technique, Electron Back Scatter Diffraction (EBSD) and by an
investigation of the fracture surface of a cracked sample. For the latter method
small cracks were induced by a sharp knife in the sample cooled by liquid ni-
trogen. The cracks propagated along the basal plane of each grain. Hence, the
misorientation could be determined by the orientation of the surface of the
cracks.

For measuring the migration rate and the geometry of the grain boundary
system during the motion temperatures a modified optical microscope operat-
ing with polarized light and a hot stage was used. An additional polarization
filter applied in the reflected beam allowed us to distinguish the different
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FIGURE 4.7
Method of tricrystal fabrication; the rectangular area represents the tricrystal
used for migration experiments.

orientations of the grains by the different intensity of the reflected light. A
color video camera was attached to the microscope and connected to a video
cassette recorder to record the motion of the triple junction system during
the experiment. For each temperature the velocity of the triple junction sys-
tem, the angle Θ, and the width a of the vanishing grain were measured. For
this, single video frames were grabbed by a computer and in accordance with
Eq. (4.28) a computed shape of the grain boundary system was superimposed.
By fitting the computed shape to the shape observed, the angle Θ and the
width a of the shrinking grain were determined.

TABLE 4.1

Misorientations of the Used Tricrystals
Sample GB I GB II GB III

S1 82◦〈011̄0〉 81◦〈011̄0〉 4◦〈123̄0〉
S2 61◦〈011̄0〉 62◦〈011̄0〉 3◦〈0001〉
S3 25◦〈101̄0〉 23◦〈101̄0〉 48◦〈101̄0〉
S4 14◦〈101̄0〉 16◦〈101̄0〉 30◦〈101̄0〉

Note: The numbering of the boundaries corresponds to Fig. 4.5.
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FIGURE 4.8
Sketch of an experiment to determine Θeq. (a) grain boundary system with
triple junction and notches to avoid a complete dissappearance of the grain
enclosed by GBI and GBII; (b) the same system after annealing at 655◦C.

Unfortunately, this technique cannot be applied to tricrystals of Al. Early
in the development of this research the migration rate of a grain boundary sys-
tem with triple junction in Al was measured by the XICTD technique. (The
XICTD technique is discussed in greater detail in Chapter 3.) The main dis-
advantage of an X-ray-diffraction-based technique is the difficulty to visualize
the shape of a moving boundary. That is why in [436] the following procedure
was used. For each temperature the velocity V , the angle Θ and the width of
the shrinking grain α were determined. For this the sample was rapidly cooled
down after measurements of the migration rate at each temperature. The po-
sition of the grain boundary system and the angle Θ were recorded from the
grain boundary grooves. Before subsequent heating to measure the migration
rate the specimen was polished to remove the grooves. Measurements of Θ
during annealing close to the melting point were carried out by the following
experiment. A sample with grain boundaries was annealed at a temperature
close to the melting point (T = 655◦C) for 5 minutes. To avoid the complete
vanishing of the shrinking grain enclosed by GBI and GBII (4.8a) the sample
was notched. After annealing the sample was rapidly cooled down, and the
position of the grain boundaries and the angle 2Θ ≈ 2Θeq (Fig. 4.8b) were
measured by optical microscopy. To determine Λ for the samples SII and SIII
(Table 4.1) the grain boundary energy data calculated by Hasson and Goux
were used [184].

However, electron backscatter diffraction (EBSD) is nowadays widely used
for the investigation of grain microstructure evolution. Since the contrast by
backscattered electrons (BSE) is sensitive to crystallographic orientation, the

© 2010 by Taylor and Francis Group, LLC



348 4 Thermodynamics and Kinetics of Connected Grain Boundaries

FIGURE 4.9
Heating stage for in situ measurements of grain boundary motion in an SEM
[430, 431].

shape of a moving grain boundary can, in principle, be visualized in an SEM
(see Chapter 3). The major difficulty is obtaining good orientation contrast
at elevated temperatures. A hot stage was specifically designed and fabricated
at the Institute of Physical Metallurgy and Metal Physics of RWTH Aachen
University, for the study of grain boundary migration in the SEM [430, 431].
To reduce the heat radiation and to protect the BSE detector the hot stage
was surrounded by double reflecting walls (Fig. 4.9). An Everhart-Thornley
backscattered electron detector was used to obtain the orientation contrast.
The hot stage allowed to heat the specimens up to 640◦C; the temperature
could be held constant within ±2◦. A video frame grabber system recorded
a sequence of BSE images with a scanning rate between 1 to 30 seconds per
frame. The recorded video frames contained the whole information to deter-
mine triple junction and grain boundary mobility and the magnitude of the
criterion Λ, the time dependency of the triple junction and boundary displace-
ment and the shape of the moving grain boundaries (Fig. 4.10).

The motion of four different triple junctions (Table 4.1) with a grain
boundary configuration as in Fig. 4.8 was investigated in the temperature
range between 330◦C and 405◦C [183]. The triple junctions of samples S1 and
S2 consisted of two nearly identical high-angle tilt grain boundaries (curved
boundaries, GB I and II) and a low-angle tilt boundary (straight boundary,
GB III). Due to the different properties of low-angle grain boundaries and
high-angle boundaries, the triple junction systems of samples S1 and S2 were
symmetrical junctions as described above. Under the assumption that the
properties of a high-angle boundary vary only little with misorientations, the
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FIGURE 4.10
Set of recorded SEM images of steady-state motion at different temperatures
of grain boundary systems with triple junction in Al [433].
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behavior of the triple junction system of samples S3 and S4 can be consid-
ered as an ideal triple junction as referred to in [403]. For both types of triple
junctions the shape of the moving grain boundary system was similar to the
shape predicted by theory. Fig. 4.11 shows a series of video frames of a moving
symmetrical triple junction in a Zn tricrystal. The straight grain boundary
(GB III) is invisible due to the small orientation difference (3◦) of the adjacent
grains. The solid line in the lower right picture was computed in accordance
with Eq. (4.28) and fit the shape of the curved grain boundaries quite well.
The small deviation between the theoretical and observed shape of the bound-
aries at the transition from the straight part of GB I and II to the curved part
may have been caused by facetting, i.e. a dependency of γ on the inclination
of the boundary, which was neglected in the derivation of Eq. (4.28). For the
ideal triple junction the same behavior was observed (Fig. 4.12). Because of
the different ratio γ3/γ the angle Θ for the ideal junction was smaller than for
a symmetrical one. As can be seen from this consideration, there is no reason
to take an impurity influence into account.

For all samples the velocities v (Fig. 4.13) and the angles Θ (Fig. 4.14)
were found to be constant for a given temperature over the entire temperature
range investigated. Evidently, the assumption of a steady-state motion of the
entire grain boundary system was justified.

As obvious from Figs. 4.11 and 4.12, Θ increased with increasing temper-
ature. In particular for the symmetrical triple junction the change of Θ was
dramatic (Fig. 4.15). In accordance with the temperature dependence of Θ, the
criterion Λ, determined by Eqs. (4.30) and (4.45), was found to be constant for
a given temperature, but increased with increasing temperature (Figs. 4.16,
4.17). At low temperatures Λ was on the order of unity and increased with
rising temperature up to 3 orders of magnitude. For the calculation of Λ for
symmetrical triple junctions (samples S1, S2) the ratio γ3/γ was determined
under the assumption that for temperatures near the melting point the value
of Θ reaches the thermodynamic equilibrium value.

The drag effect of a grain boundary triple junction was readily illustrated
in [434]. The authors undertook the attempt to compare “directly” the mo-
bility of a “free” grain boundary and a grain boundary system with triple
junction (Fig. 4.18). Actually, the boundary configuration in Fig. 4.1 without
triple junction constitutes a grain boundary half-loop (Fig. 4.19).

Essentially, the procedure was as follows: the motion of a grain boundary
half-loop in Zn of 99.995% purity was studied. Independently, the motion of
practically the same half-loop attached to a flat low-angle boundary (Fig. 4.18)
was investigated.“Practically the same” means that the incorporation of a low-
angle grain boundary changed the misorientation of curved grain boundaries
only negligibly. Hence, one can conduct a direct comparison between the mo-
tion of a grain boundary half-loop and the motion of practically the same
half-loop with a triple junction. In other words, we can determine the mo-
bility of a moving grain boundary system with and without triple junction.
It was mentioned above that the approach used for an analysis of a uniform
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T = 300°C a = 135 µm
θ = 45°

a = 115 µm
θ = 40°

100 µm

T = 370°C a = 130 µm
θ = 65°

a = 115 µm
θ = 60°

100 µm

T = 380°C a = 140 µm
θ = 67°

a = 110 µm
θ = 60°

100 µm

T = 385°C

a = 150 µm
θ = 80°

a = 140 µm
θ = 75°

100 µm

T = 390°C a = 155 µm
θ = 85°

a = 145 µm
θ = 75°

100 µm

T = 395°C a = 168 µm
θ = 86°

a = 155 µm
θ = 75°

100 µm

FIGURE 4.11
Video frames for different temperatures of a moving symmetrical triple junc-
tion (sample S2). GB III (see Fig. 4.5) is invisible, located at the tip of the two
visible boundaries. At T = 300◦C the grain boundary system did not move at
all. The solid line generated according to Eq. (4.28) in the lower right frame
fits the boundary shape.
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T = RT a = 310 µm
θ = 50°

a = 220 µm
θ = 50°

500 µm

T = 389°C a = 390 µm
θ = 48°

a = 290 µm
θ = 50°

500 µm

T = 395°C a = 400 µm
θ = 50°

a = 260 µm
θ = 52°

500 µm

T = 401°C a = 330 µm
θ = 53°

a = 280 µm
θ = 55°

500 µm

T = 404°C a = 410 µm
θ = 60°

a = 340 µm
θ = 55°

500 µm

T = 407°C a = 210 µm
θ = 63°

a = 340 µm
θ = 60°

500 µm

FIGURE 4.12
Video frames for different temperatures of an ideal triple junction of sample
S3. The room temperature (RT) frame shows the initial position. The solid
line was computed according to Eq. (4.28). It fits the shape of the boundaries.
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FIGURE 4.13
Triple junction position vs. time for different temperatures for sample S2.
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FIGURE 4.14
Reproducibility of measurements of the angle Θ at different temperatures for
sample S2.
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FIGURE 4.15
Evolution of the shape of the grain boundary system of sample S2 with in-
creasing temperature.

© 2010 by Taylor and Francis Group, LLC



4.5 Experimental Investigations of Triple Junction Motion 355

σ3 = 0.4σ

104

103

102

101

100

σ3/σ = 0.4

365 370 375 380 385 390 395 400
T [°C]

Λ
γ3/γ = 0 .4σ3 = 0.4σ

104

103

102

101

100

σ3/σ = 0.4

365 370 375 380 385 390 395 400
T [°C]

Λ
γ3/γ = 0 .4

FIGURE 4.16
Temperature dependence of the criterion Λ for a symmetrical triple junction
(sample S2).
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FIGURE 4.17
Temperature dependence of the criterion Λ for an ideal triple junction (sample
S3).
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2θ

GB II

Grain 1

Grain 2

Grain 3

GB III
GB I

2θ

GB II

Grain 1

Grain 2

Grain 3

GB III
GB I

FIGURE 4.18
Geometry of grain boundary system with triple junction.

FIGURE 4.19
Geometry of a grain boundary half loop, i.e. the grain boundary system in
Fig. 4.18 without triple junction.
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grain boundary system (Fig. 4.18) can be applied completely to a symmetrical
system, where grain boundaries I and II are the same, but different from the
rectilinear grain boundary III. This difference manifests itself in the relation
for the dimensionless criterion Λ and in the value of the equilibrium angle Θeq

Eqs. (4.44) and (4.45). The essential issue is the problem how to determine
Θeq. In [434] this problem was treated by two methods. In the first method
one grain boundary system was stopped by notches near the triple junction;
it gave a possibility to measure Θeq. An alternative way consists of using lit-
erature data of grain boundary surface tension in Al. In our case we used the
Read-Shockley equation to estimate the ratio between the surface tension of
low-angle and high-angle grain boundaries.

Two grain boundary systems were studied: a 〈112̄0〉 tilt boundary system
with 84◦ misorientation of the curved boundaries (half-loop); the misorienta-
tion across the straight boundary was about 3◦. The second grain boundary
system was a system of 〈101̄0〉 tilt boundaries. The misorientation for the half-
loop was 62◦, the misorientation of straight boundary was also about 3◦. The
velocities and mobilities of the grain boundary systems for the two types of
motion were compared; i.e. in free motion — half-loop — and in constrained
motion — half-loop with triple junction. In the following the product of the
displacement of the grain boundary vertex and the width of the grain a, i.e.
a�(t) will be referred to as reduced displacement.

In Fig. 4.20 the dependency of the reduced displacement a�(t) on time for a
grain boundary half-loop and a half-loop with a triple junction are presented.
Although half-loops (and half-loops with triple junction) of different width
were studied experimentally, the comparison of the product a�(t) compen-
sates the discrepancy between the major parameter of driving force — the
width a. Strictly speaking, in the driving force for the half-loop and half-loop
with triple junction would be 2γ

a and 2γ
a − γIII

a respectively, and should be
taken into consideration as well; however, since GBIII is a low-angle bound-
ary, we reason that such small correction may be disregarded. One can see,
the performed experiment brings out clearly that the triple junction strongly
drags grain boundary motion.

Let us consider the mobility of grain boundary and triple junction. Since
the exact value of γ, the grain boundary surface tension, is usually unknown it
is convenient to use the reduced mobility, Ab and Atj , which can be expressed,
respectively, as

Ab =
V a

π
= mbγ − for a half-loop (4.49)

Ab =
V a

2Θ
= mbγ − for a grain boundary system with triple junction

(4.50)

Atj =
V a

2 cos Θ − γIII

γ

− for a grain boundary system with triple junction

(4.51)
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FIGURE 4.20
Time dependence of reduced displacement a�(t) for 〈101̄0〉 tilt grain boundary
half-loop (solid circles) and triple junction configuration (solid squares) for
misorientation angle 62◦ at T = 390◦C [434].

(Contrary to mb and mtj , the quantities Ab and Atj have the same dimen-
sion).

The temperature dependency of Ab and Atj for system I and II is presented
in Figs. 4.21 and 4.22. It can be seen that the dependency can be subdivided
into two regions. The first one can be characterized by the relation Atj < Ab.
In this region the motion of the system is controlled by the triple junction
mobility. The second region is defined by the relationship Ab < Atj . In this
region the motion of a grain boundary system is determined by the grain
boundary mobility.

In Fig. 4.21 some experimental points that reflect the motion of a grain
boundary system with triple junction were recalculated according to the equa-
tion for boundary kinetics (Eq. 4.50). We are dealing with the points lying
above the intersection point with the line Ab

(
1
T

)
— mobility of the half-loop.

One can see that the recalculated points — open circles — are in good agree-
ment with the half-loop mobility (solid circles). It should be borne in mind
that the transition temperature between these two kinetics regimes might be
higher than the melting point. In such case the motion of the grain boundary
system will be governed by the triple junction mobility in the whole temper-
ature range.

The results obtained in the experiments on Zn tricrystals [434] were quali-
tatively confirmed by investigations on Al tricrystals [436], [437].

Since the mobility of grain boundaries in Al has been well investigated in
bicrystal experiments, such measurements permit a direct comparison of grain
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FIGURE 4.21
Temperature dependence of reduced grain boundary mobility Ab (solid cir-
cles) and reduced triple junction mobility Atj (solid squares) for 〈101̄0〉 tilt
boundaries in Zn; the regions I and II are the regions of grain boundary and
triple junction kinetics, respectively [434].
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FIGURE 4.22
Temperature dependence of reduced grain boundary mobility Ab (solid trian-
gles) and reduced triple junction mobility Atj (solid squares) for 〈112̄0〉 tilt
boundaries in Zn [434].
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boundary and triple junction properties. The experiments were carried out on
tricrystals of high purity (99,999%) aluminium with a grain boundary geom-
etry as shown in Fig. 4.18. The crystallographic characteristics of the studied
tricrystals are given in Table 4.2. The orientations of the three contiguous
grains of each sample were determined by the Laue technique and electron
back scatter diffraction (EBSD).
The motion of three grain boundaries systems with triple junctions (Ta-

TABLE 4.2

Misorientation of the Investigated
Tricrystals

Sample GB I GB II GB III

S I 21◦〈111〉 18◦〈111〉 3◦〈111〉
S II 27◦〈110〉 22◦〈110〉 5◦〈110〉
S III 44◦〈110〉 29◦〈110〉 15◦〈110〉

ble 4.2) was investigated in the temperature range between 400 and 590◦C
[436]. The investigated triple junctions consisted of two high-angle tilt grain
boundaries (GBI and GBII) and a low-angle tilt boundary (GB III). Due to
different properties of low-angle and high-angle grain boundaries and under
the assumption that the properties of high-angle grain boundaries vary only
little with changing misorientation, the investigated grain boundary systems
can be regarded as symmetrical junctions.

For all samples investigated the velocities V were found to remain constant
during an experiment at a given temperature over the entire investigated tem-
perature range. This supports the idea of a steady-state character of motion.
The angle Θ was seen to increase with increasing temperature (Table 4.3).
Due to the temperature dependence of Θ, the criterion Λ, determined by
Eqs (4.30) and (4.45), was found to increase with increasing temperature as
well. For a calculation of Λ for the motion of grain boundaries in sample SI
the ratio γIII/γ was determined under the assumption that for temperatures
near the melting point the value of Θ reaches the thermodynamic equilibrium
value1 (Θeq = arccos

(
γIII

2γ

)
). The values of the ratio γIII/γ for all investi-

gated systems are given in Table 4.3.
The measured quantities in the current experiments were the migration

rate V of the grain boundary system with triple junction and the triple junc-
tion angle Θ. Using the measured values of Θ, the dimensionless parameter Λ
was calculated for each annealing temperature, and the temperature depen-

1It is obvious that Θ → Θeq when the kinetics of the system become grain boundary
controlled. In other words Θmeasured

∼= Θeq can be expected near the melting point.
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TABLE 4.3
Parameters of the Motion of Investigated Grain Boundary Systems with Triple
Junctions in Al Tricrystals [436]

Sample T ◦C Θ Λ V Ab Atj Hb Htj

m/s m2/s m2/s eV eV

398 58.5 2.6 0.58 · 10−6 8.7 · 10−10

SI 418 62 3.19 1.1 · 10−6 2.0 · 10−9 3.2
418 62 3.19 1.17 · 10−6 2.5 · 10−9

γ3
γ

= 438 67 4.5 5.52 · 10−6 2.8 · 10−9 1.3 · 10−8

= 0.261 454 72.5 7.4 1.47 · 10−5 7.0 · 10−9 5.2 · 10−8 1.4
459 78 16.6 6.4 · 10−6 3.4 · 10−9 5.7 · 10−8

479 80 32.4 1.45 · 10−5 7.6 · 10−9 2.5 · 10−8

479 55 2.2 5.8 · 10−7 6.6 · 10−10

SII 489 61.5 3.2 1.13 · 10−6 1.7 · 10−9 2.7
510 61.5 3.2 4.79 · 10−6 6.0 · 10−9

530 62 3.3 1.85 · 10−5 7.4 · 10−9

γ3
γ

= 551 63.5 3.7 3.3 · 10−5 1.4 · 10−8

= 0.286 571 70 6.1 4.32 · 10−5 1.9 · 10−8 1.4
591 72 7.4

SIII 530 61.5 9.8 5.11 · 10−7 2.7 · 10−9

551 62 10.9 1.0 · 10−5 5.3 · 10−9

γ3
γ

= 571 64 16.4 1.86 · 10−5 9.8 · 10−9

= 0.735 591 67 50.7 2.06 · 10−6 9.4 · 10−9

dency of Λ was determined. Fig. 4.23 shows this dependency for the samples
of type SI. According from the approach outlined above, at low temperatures,
where Λ is of the order of unity, the motion of the grain boundary system
is controlled by the mobility of the triple junction. A rise of Λ with increas-
ing temperature reflects the transition from triple junction to grain boundary
controlled motion of the grain boundary system. The technique used for mea-
suring the angle Θ raises the important question whether the angle measured
after the sample was cooled down corresponded to the real triple junction
angle at annealing temperature. There are two main factors, which may af-
fect the angle Θ: a thermodynamical influence, which reflects the temperature
dependence of the grain boundary surface tension, and a kinetic influence, de-
fined by the relation between grain boundary and triple junction mobilities
and the width of the vanishing grain a. The thermodynamical effect is negligi-
ble, since the boundary surface tension depends only slightly on temperature,
although how slightly is not exactly known. In any event, if the grain bound-
ary surface tensions and their temperature coefficients are comparable, then
the angle Θ should be essentially temperature independent. The kinetic factor
can really affect the magnitude of the angle Θ. Taking into account that triple
junction kinetics predominate at relatively low temperatures [436, 437], the
observed value of Θ may be reduced compared to the real angle at annealing
temperature. However, due to the strong temperature dependence of grain
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FIGURE 4.23
Temperature dependence of the criterion Λ for triple junctions in Al [436].

boundary mobility and the high cooling rate of the sample this change in the
real value of Θ is likely to be sufficiently small.

The reduced mobilities for grain boundaries and triple junctions are given
in Fig. 4.24 where the triangles represent the (reduced) grain boundary mo-
bility, whereas the circles denote the respective triple junction mobility. The
system is obviously controlled by the slowest moving constituent, i.e. the triple
junction at low temperatures and the grain boundary at high temperatures.
According to their respective linear behavior in the Arrhenius plot the activa-
tion enthalpy can be determined as indicated in the figure. Obviously, there
is a distinct transition from triple junction kinetics at low temperatures to
grain boundary kinetics at elevated temperatures, and the activation enthalpy
for triple junction motion Htj is considerably higher than for grain bound-
ary migration (Hb). The behavior of the grain-boundary-controlled branch in
Fig. 4.24 compares well with measurements of the reduced grain boundary
mobility obtained from the data (see Chapter 3) of independent bicrystal ex-
periments. The corresponding evaluation for system SI is given in Fig. 4.24(a)
and yields comparable behavior.

We would like to stress two points. First, there is a transition tempera-
ture between two kinetic regimes, namely between grain boundary and junc-
tion regime. This transition temperature between these two kinetics regimes
might be either higher than the melting point, or a rather low temperature, in
particular lower than the temperature range of measurements. In this latter
case the motion of a grain boundary system will be governed by the grain
boundary mobility in the whole temperature range. One example is given in
Fig. 4.25. The measurements of grain boundary motion in the sample SIII
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FIGURE 4.24
Temperature dependence of triple junction (•) and grain boundary mobility
(�) in samples SI (a) and SII (b). Dotted line represents the mobility of
a 21◦〈111〉 tilt boundary in Al as reconstructed from literature data (see
Chapter 3) (H = 1.6eV; A0 = 103m2/s) [436].

were performed at a relatively high temperature. The persistently higher val-
ues of Λ and the constant but comparatively low activation enthalpy in the
entire investigated temperature range (Fig. 4.25) indicate that the system
always moves in the boundary-controlled regime. Obviously, this has to be
attributed to the structure and property of the rectilinear grain boundary in
sample SIII which is practically a high-angle boundary contrary to the respec-
tive boundaries in the samples SI and SII, which are low-angle boundaries.
It is noteworthy that the motion of system SII, also consisting of 〈110〉 tilt
boundaries, in this temperature range is controlled by boundary motion as
well.

Further, we would like to draw the attention of the reader to the essen-
tial difference in the activation enthalpy of grain boundary and triple junc-
tion motion. The activation enthalpy of triple junction motion is much larger
than the respective quantity for grain boundaries. However, these data are
not enough to determine the kinetic regime which controls the motion of the
grain boundary system with a junction. The explanation for this phenomenon
can be provided on the basis of the compensation effect. The compensation
effect manifests itself in a linear dependence between the logarithm of the
pre-exponential factor and the enthalpy of activation in the mobility relation.
A comprehensive description of this effect is given in Chapter 3. It was shown
that the compensation effect can be derived in the framework of a first-order
phase transition between the equilibrium state and the metastable “activation
barrier” state. The temperature and pressure of compensation correspond to
the temperature and the pressure of equilibrium between the “barrier” and
ground state. Experimental data indicate also that the compensation tem-
perature is often close to the equilibrium temperature of a first-order phase
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FIGURE 4.25
Temperature dependence of the reduced mobility of grain boundaries in sam-
ple SIII [436].

transformation in the bulk. As has been shown, the compensation effect rather
than the energy of activation or the pre-exponential factor individually con-
trols the kinetics of thermally activated interfacial processes. The results of
[437] where the motion of a rather large number of grain boundary systems
with triple junction in specially grown Al tricrystals was studied are very
useful to analyze this phenomenon. The crystallography and the kinetic pa-
rameters of grain boundaries and triple junctions investigated in [437] are
presented in Table 4.4. (Table 4.4 includes also some data listed in Table 4.2.)

Fig. 4.26 demonstrates the compensation effect for the mobility of grain
boundary systems with triple junction and individual tilt grain boundaries in
Al.

It is of interest to compare the transition temperature from triple junction
kinetics to grain boundary kinetics with the compensation temperature (Table
4.5). Apparently, the kinetic transition temperature compares to the compen-
sation temperature for all grain boundary systems with triple junctions, i.e.
is in accordance with the concept put forward in Sec. 3.7: the compensation
temperature is the equilibrium temperature between ground state and acti-
vated state. As shown in Sec. 3.7, this concept is supported by numerous
observations that the compensation temperature is close to the temperature
of a nearby phase transition. From the experimental data discussed above it
transpires that for the motion of a grain boundary system with triple junction
the compensation temperature coincides with the temperature of the kinetic
phase transition from the grain boundary regime to the junction regime.

In other words, the compensation temperature is the border between two
kinetic regimes: grain boundary kinetics and triple junction kinetics. Below
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TABLE 4.4

Crystallography and Kinetic Parameters of Grain Boundary and Triple
Junction Mobility in Al [437]
No. GB I GB II GB III ΔT,◦C Hb A0b Htj Atj

temp. eV m2/s eV m2/s
inter-
val

invest-
igated

1 21◦ 18◦ 3◦ 398–479 1.0 0.03 1.8 4.5 · 104

〈111〉 〈111〉 〈111〉
2 20◦ 25◦ 5◦ 380–420 2.0 1.8 · 106

〈111〉 〈111〉 〈111〉
3 20◦ 10◦ 30◦ 470–510 0.4 1.8 · 106

〈111〉 〈111〉 〈111〉
4 22◦ 28◦ 6◦ 460–495 3.3 1.8 · 1013

〈100〉 〈100〉 〈100〉
5 12◦ 25◦ 37◦ 590–620 1.3 0.5

〈100〉 〈100〉 〈100〉
6 37◦ 25◦ 12◦ 500–550 3.6 6.8 · 1014

〈100〉 〈100〉 〈100〉
7 12◦ 37◦ 25◦ 520–570 0.9 4.7 · 10−4 4.4 1.8 · 1019

〈100〉 〈100〉 〈100〉
8 27◦ 22◦ 5◦ 469–591 1.4 2.3 2.7 1.3 · 109

〈110〉 〈110〉 〈110〉
9 44◦ 29◦ 15◦ 530–591 1.3 0.4

〈110〉 〈110〉 〈110〉

TABLE 4.5

Transition Temperature (Ttrans) and Compensation Temperature (Tcomp) for
Al Bi- and Tricrystals [437]

Grain boundaries in Al bicrystals Triple junctions in Al tricrystals

Tcomp./Tmelt. Tcomp./Tmelt. Ttrans./Tmelt.

〈100〉 1.08 [437] 0.82 [436] 0.84 0.85
〈111〉 0.77 [434] 0.75 [436] 0.75 0.76
〈110〉 0.92 [434] 0.93 [436] 0.85 0.85

TC triple junctions drag the motion of the system, whereas at temperatures
above TC the motion is governed by the grain boundary mobility.
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FIGURE 4.26
Activation enthalpy H vs. pre-exponential factor A0 for: a) 〈111〉: triple junc-
tions in Al tricrystals [437] — � ; grain boundaries in Al bicrystals — � [274],� [435]; b) 〈100〉: triple junctions in Al tricrystals [437] — �; grain boundaries
in Al bicrystals — � [379], � [435]; c) 〈110〉: triple junctions in Al tricrystals
— �; grain boundaries in Al bicrystals — � [435], � [274].

4.5.1 Motion of a Grain Boundary System with Triple Junc-
tion in a Material with Impurities

At the beginning of this chapter we considered in general terms the influence of
impurity atoms on the motion of a grain boundary system with triple junction.
It was shown that the concurrent interaction between foreign atoms and the
two types of moving structural elements makes the process more complicated
and more intricate than for grain boundary motion. The first experiments in
this area were reported in [433]. The experiments were conducted on tricrys-
tals manufactured from high pure Al (99.9999 wt.%) with different contents
of Mg.

The total impurity concentration [433] includes a large number of chemical
elements of different concentration. Since each element may interact differ-
ently with grain boundary and junction it is important to select the element
which is most effective for migration. This problem is hard to address exper-
imentally as it is impossible to produce a “pure” binary alloy with a rather
low concentration of the alloying element.

That is why in [433] alloys were produced where the concentration of one
species (Mg, “alloying element”) exceeded the total amount of other impu-
rities in the specimen. It was assumed that just this element in the given
concentration is responsible for the impurity influence on grain boundary mi-
gration (Table 4.6).

All tricrystals studied had the same crystallographic parameters and dif-
fered only in Mg concentration. (The concentration of Mg in specimen Al II
is distinctly smaller than the total impurity concentration; however, the au-
thor of [433] used it as a starting point for the alloys studied.) The shape
and orientation of the grown tricrystals is shown in Fig. 4.27. The two curved
grain boundaries GB1 and GB2 were identical in terms of misorientation angle
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TABLE 4.6

Concentration of Mg in the Al Alloys
Studied [433]
Al Alloys Al II Al III Al IV Al V

Main solute
element Mg Mg Mg Mg
Concentration
wt. ppm 0.2 50 100 1000
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FIGURE 4.27
Geometry and crystallography of grown tricrystals [433].

and rotation axis. The 40◦〈111〉 tilt grain boundary (GB1, GB2) was super-
imposed by a rotation around the axis perpendicular to the grain boundary
plane by an angle ψ = ±4◦. Thus, such a boundary can be described as a
40◦〈111〉 tilt boundary with a ±4◦ twist component. GB3 is a low-angle twist
grain boundary with rotation axis 〈110〉 and misorientation angle 2ψ = 4◦.
The width of the shrinking grain a (Grain III) was about 900–1000 μm in all
specimens studied. The shape of the grain boundaries and the displacement
of the triple junction were recorded in situ using SEM. A sequence of video
frames of the recorded motion is presented in Fig. 4.28 [433].

For all specimens the velocity, the dihedral angle at the triple junction and
the criterion Λ were found to remain constant at constant temperature. This
confirms the assumption of a steady-state motion of the grain boundary sys-
tem. In Fig. 4.29 the temperature dependence of the reduced grain boundary
and triple junction mobility, Ab and Atj , respectively, and the dihedral angle
2Θ at the triple junction for a specimen with 1000 wt ppm Mg are presented.
The kinetic parameters of the grain boundaries and triple junctions studied
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FIGURE 4.28
Set of video frames of recorded SEM images for the motion of grain boundary
system with a triple junction in Al with 50 wt ppm of Mg [433].

..

FIGURE 4.29
Temperature dependence of the reduced mobility Agb (solid symbols), Atj

(open symbols), and the dihedral angle 2Θ in an Al specimen with 1000 wt
% Mg [433].
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are given in Table 4.7.

TABLE 4.7
The Activation Enthalpy and Pre-Exponential Factor for Grain Boundary and Triple
Junction Migration

Hgb,eV Agb0,m
2/s Htj ,eV Htj0,eV

Al II 1.45±0.16 7.173 · 102 +1.152 · 104 1.60±0.24 1.098 · 108 +1.096 · 108

−6.752 · 102 −9.182 · 107

Al III 1.49±0.01 8.938 · 102 +2.269 · 102 2.01±0.14 7.005 · 108 +8.089 · 109

−1.809 · 102 −6.446 · 108

Al IV 1.47±0.08 3.867 · 102 +3.348 · 103 1.57±0.11 8.597 · 104 +5.969 · 105

−3.005 · 102 −7.514 · 104

Al V 1.32±0.02 3.589 · 100 +1.488 · 100 1.46±0.02 7.324 · 102 +2.211 · 102

−1.052 · 100 −1.702 · 102

As shown in [433] the dihedral angle 2Θ and the criterion Λ remain con-
stant at a given temperature, however, they increase with rising temperature
(Figs. 4.29–4.31).

The criterion Λ decreases dramatically toward lower temperatures, reveal-
ing that triple junction drag increases at low temperatures. However, the
absolute value of the criterion Λ even at the lowest temperature studied was
still rather large (Λ ≈ 12). Probably, the motion of the grain boundary system
was still controlled by grain boundary kinetics. It is of interest how the cri-
terion Λ changes with Mg concentration at constant temperature (Fig. 4.32).
Obviously, a rising impurity content markedly decreases the criterion Λ. Since
Λ is proportional to the ratio of grain boundary and triple junction mobility
such a behavior substantiates that foreign atoms affect triple junction mo-
bility much more strongly than grain boundary mobility. Hence, there is a
significant difference in interaction of solute atoms with grain boundaries and
triple junctions. This is evident also from the concentration dependency of
triple junction and grain boundary mobility (Fig. 4.33).

In essence, the two different regimes of coupled triple junction and grain
boundary motion can be observed by a change in the angle Θ with temper-
ature. At low temperatures, where Λ is of the order of unity (Figs. 4.16 and
4.17), the motion of the boundaries is dragged by the hardly mobile triple
junction. Accordingly, the angle Θ is smaller than predicted by the equilib-
rium of grain boundary surface tensions (Figs. 4.11 and 4.12), and the motion
of the entire boundary system is controlled by the mobility of the triple junc-
tion. With increasing temperature the triple junction becomes more mobile
compared to the grain boundary as indicated by an increasing value of Λ
(Figs. 4.16 and 4.17). Therefore, triple junction drag decreases and at high
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FIGURE 4.30
Dihedral angle 2Θ vs. temperature in different Al alloys: 	 — Al II; � —
Al III; � — Al IV; � — Al V [433] (see Table 4.6 for composition of alloys).

FIGURE 4.31
Parameter Λ vs. temperature for different Al alloys: 	 — Al II; � — Al III;� — Al IV; � — Al V [433] (see Table 4.6 for composition of alloys).

© 2010 by Taylor and Francis Group, LLC

http://www.crcnetbase.com/action/showImage?doi=10.1201/9781420054361-c4&iName=master.img-5246.png&w=254&h=195
http://www.crcnetbase.com/action/showImage?doi=10.1201/9781420054361-c4&iName=master.img-5247.png&w=254&h=192


4.5 Experimental Investigations of Triple Junction Motion 371

0.00 0.02 0.04 0.06 0.08 0.10

0

60

120

180

240

300 T=360°C

T=400°C
�

c [% wt.]

FIGURE 4.32
Criterion Λ vs. concentration of Mg atoms at constant temperature [433].

temperatures, close to the melting point, the motion of the entire boundary
system is governed by the grain boundary mobility only. As a consequence
of this transition of the state of motion the angle Θ tends to attain its ther-
modynamic equilibrium value with increasing temperature (Fig. 4.15). One
might argue that the grain boundary surface tension will also change with
temperature and may effect a change in Θ. However, the observed tempera-
ture dependence of Θ cannot be explained in terms of a different temperature
coefficient of the grain boundary surface tension. First, the temperature co-
efficient of the surface tension is much higher for high-angle grain boundaries
than for low-angle boundaries. Thus, the change of Θ for samples S1 and S2
should be opposite to the experimental observations, i.e. the angle Θ would
have to decrease with increasing temperature. Secondly, the order of change of
Θ is too large to be explained by thermodynamic reasons in terms of different
temperature coefficients of the surface tension, in particular for samples S3
and S4, which comprise nearly identical boundaries [183]. Consequently, the
temperature dependence of Θ for all samples must result from a change of the
kinetics of motion, reflected by the temperature dependence of Λ (Figs. 4.16,
4.17).

The reported investigations unambiguously prove the existence of a specific
mobility of triple junctions. The dimensionless criterion Λ specifies the ratio
of triple junction mobility to grain boundary mobility (Eq. (4.45)). For low
temperatures Λ is on the order of unity and thus the mobility of triple junc-
tions is comparable to the grain boundary mobility (normalized by the width
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FIGURE 4.33
Reduced mobility Agb (solid symbols) and Atj (open symbols) as a function
of Mg concentration c at a constant temperature of (a) 360◦ and (b) 400◦C
[433].
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a of the shrinking grain). The mobility of the grain boundary and of the triple
junction was determined on the basis of the given approach (Eqs. (4.29) and
(4.44)). For convenience we use the reduced form (4.50, 4.51). For all triple
junctions investigated the activation enthalpy of triple junction migration Htj

was found to be higher than for grain boundary migration Hb. It is partic-
ularly stressed that in contrast to Ab the reduced triple junction mobility
Atj does not only depend on the intrinsic mobility but on the grain size a
as well (Eq. (4.51)). With increasing grain size the triple junction becomes
more mobile (in terms of its reduced mobility) in comparison to the grain
boundary mobility. As a consequence, the transition temperature between
the two kinetic regimes, where Ab is comparable to Atj , changes with grain
size. Fig. 4.34 [183] shows schematically the temperature dependencies of the
reduced mobility of a triple junction and the corresponding grain boundary
mobility for different grain sizes. For a large grain size (a3), as characteristic
for grain growth experiments, the mobility of grain boundaries is comparable
to the mobility of triple junctions2 at relatively low temperatures (Fig. 4.34).
The kinetics in the temperature regime, which is characteristic for conven-
tional recrystallization treatments, is controlled by the more slowly moving
grain boundary. For a very small grain size (a1), as characteristic for ultrafine-
grained material, e.g. nano-crystalline material, the situation is opposite. The
transition temperature is comparatively high, and the kinetics in the same
temperature regime is controlled by the triple junction mobility. Moreover, the
absolute value of the triple junction mobility and thus its migration rate at a
given temperature is distinctly lower for fine-grained than for coarse-grained
microstructures, and there is circumstantial evidence that the surprising ther-
mal stability of ultrafine-grained materials is due to insufficient triple junction
mobility [412, 413].

We feel that the results reported above are of particular importance for the
field of grain growth. If during grain growth the motion of the grain boundary
system is controlled by the mobility of the grain boundaries, the velocity v is
proportional to the grain boundary curvature (∼ 1/a) (Eq. (4.29)). By con-
trast, in the case of triple junction controlled motion the velocity v is constant
(Eq. (4.27)). The kinetics of the evolution of the mean grain size in the former
case will be determined by the dependency

v =
da

dt
∼ 1
a
⇒< a >∼ √

t (4.52)

i.e. the mean grain size increases in proportion to the square root of the
annealing time. By contrast, in the latter case

v =
da

dt
= const. ⇒< a >∼ t (4.53)

2In other words, mb
∼= mtj · a3.
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FIGURE 4.34
Sketch of the temperature dependence of the reduced grain boundary mobility
Ab and reduced triple junction mobility Atj for different grain size ai; ai <
a2 < a3; the shaded area indicates the temperature regime characteristic for
recrystallization experiments.

i.e., the mean grain size increases in proportion to the time of annealing.

4.6 Triple Junction Drag and Grain Growth in 2D Poly-
crystals

4.6.1 Introduction

The grain microstructure in a polycrystal is a mosaic. A 2D mosaic is a sur-
face, in particular, a plane, which is closely packed by 2D shapes. Similarly,
if a space is closely filled by 3D bodies, we can call this construction a 3D
mosaic. Grain growth in 2D and 3D polycrystals is a living mosaic. During
grain growth the grains are growing, shrinking, or disappearing. The grain
boundaries are moving as if they are trying to escape the sample, without
much success, though.

The observation and study of 2D grain growth in polycrystals — in real
polycrystals or in computer simulations — afford, beside pure scientific plea-
sure, a great aesthetic enjoyment. That is why we admire the mosaics of Seville
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or the wonderful engravings of Escher.
The driving force for grain growth is the excess free energy of grain bound-

aries — their surface tension. Under this driving force grain boundaries mi-
grate through the crystal. This motion leads to the shrinking of some grains
and growth of others but on average to an increase in the mean grain size.
Other examples of domain growth phenomena are antiphase domains and soap
froth. The described change in the grain microstructure conspicuously affects
some of the physical, mechanical, and chemical properties of the materials.
A polycrystal is an inhomogeneous system, and the characteristic scale of
this inhomogeneity is the grain size R̄. This quantity is of concern in a num-
ber of theoretical and empirical relationships and model considerations: the
Hall-Petch relation for plastic deformation, diffusion creep (Nabarro-Herring
and Coble relations), diffusivity, and so on. The dependence of R̄ on time
and the influence of different factors on the grain size such as temperature,
impurity content, etc. are the most important issues of grain growth kinet-
ics. In many cases not only the characteristic grain size R̄ is important, but
more specific features of the system as well, e.g. grain size distribution, orien-
tation distribution, topological aspects of grain microstructure, the effect of
the second-phase particles, voids, etc. It is well known that the major ther-
modynamic and kinetic properties of grain boundaries depend markedly on
the misorientation of adjacent grains and on the spatial orientation of the
boundaries (inclination) (see Chapters 1 and 3). In this chapter these aspects
of the problem will not be taken into account. Consideration and discussion
will be given in the framework of the so-called uniform grain boundary model
(to be explained below). The second distinctive property of this chapter is
that, contrary to other reviews and books (for instance [416]–[418]), special
consideration is given to the influence of grain boundary triple junctions and
quadruple points on grain growth.

The first part of this section is dedicated to the grain growth in 2D subjects
— foils, thin films, adsorbed phases, 2D phases, etc.

The second part addresses grain growth in 3D systems, the influence of
triple junctions and quadruple points on the kinetics of grain growth in such
a system and the generalized relation between the topological class of a grain
and the volume rate of change.

Finally, the kinetics of grain growth affected by vacancy generation is con-
sidered. The reduction in grain boundary area in the course of grain growth is
accompanied by a reduction in the grain boundary excess free volume which,
in turn, can be viewed as a flux of vacancies into the bulk of the sample, as a
cause of elastic stresses and plastic deformation, and may even lead to voids
and crack formation.
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4.6.2 Topology of Grain Structures

The different topological elements in a polycrystal are related by the Euler
theorem

−G+ F − E + V = 1 (4.54)

where G, F , E and V are the numbers of grains, boundaries, triple junctions
and vertices. For each grain another version of Euler’s theorem holds

fi − ei + vi = 2 (4.55)

where fi, ei, vi are the numbers of grain boundaries, triple junctions and
quadruple points (vertices) which are forming the ith-grain.

Important restrictions apply because of the conditions imposed on grain
boundary junctions; all lines of the junctions are triple lines and the points
are quadruple points. For a given grain this leads to the relation

2ei = 3vi (4.56)

From Eqs. (4.55) and (4.56) it follows that there is only one independent
parameter, for example, fi. At the same time grains with the same fi may be
topologically different [416].

The topological structure of a polycrystal can be described by the mean
values f̄ , ē, v̄

f̄ =
1
G

G∑

i=1

fi =
2F
G

(4.57)

ē =
1
G

G∑

i=1

ei =
3E
G

(4.58)

v̄ =
1
G

G∑

i=1

vi =
3V
G

(4.59)

Another important characteristic of the grain structure is the mean number
of vertices per boundary. Note that the average here is taken over the whole
ensemble of boundaries, not grains [416, 417]:

η̄ =
6
Gf̄

F∑

i=1

Gvi (4.60)

This quantity relates to f̄ by the well-known Coxeter relation:

f̄ =
12

6 − η̄
(4.61)

There are more restrictions on polycrystal topology. For example, the relations
discussed above allow f̄ = 4 which is to say that all grains are tetrahedra.
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However, it is impossible to fill space by tetrahedra and at the same time to
comply with the requirements of connectivity: all junctions are triple lines and
quadruple points. The second example is related to 2D grain growth under
the action of triple junctions. In this case, as will be shown, the grains should
be transformed to polygons with rectilinear grains boundaries. Unfortunately,
the requirements of the connectivity are difficult to formalize.

The topological structure of 3D polycrystals is rather complex [401, 404,
419]. The structure of a 2D polycrystal is much simpler. The topology of a
2D grain is described by one scalar integer parameter n, for instance, by the
number of triple junctions n which belong to the grain or, what is the same,
by the number of adjacent grains. The parameter n is commonly referred to as
the topological class of a 2D grain. The Euler relation for a 2D arrangement
leads to

G− E − V = 1 (4.62)

where G, E and V are the number of grains, boundaries (lines) and triple junc-
tions (points), respectively. Since three grain boundaries meet at a junction,
and every grain boundary connects two junctions, we arrive at

3V = 2E = n̄G (4.63)

where n̄ is the mean number of junctions per grain. For a representative
polycrystal (G � 1) < n >= 6 as evident from Eq. (4.62) and the fact that
one grain boundary belongs to two grains. The second consequence is that
the minimal value of n is two because there is no grain with a simple triple
junction, which would require that a boundary border two regions of the same
grain.

4.6.3 Elementary Topological Rearrangements

The topological structure of a polycrystal changes in the course of grain
growth. These changes are very important: grain growth proceeds by a de-
crease in the total number of grains and thus, is connected with the loss of
grains and the corresponding topological rearrangements. Not only does the
area of each grain vary with time, but so does the value of its topological
parameter n. The elementary topological rearrangements of a 2D structure
are shown in Fig. 4.35. In accordance with Eq. (4.61) the loss of a grain is ac-
companied by the disappearance of two junctions and three grain boundaries
(Fig. 4.35) [409, 416]. Such grain switching is called compulsory. Besides the
compulsory switching other spontaneous rearrangements are possible. Their
occurrence essentially affects the structure of a polycrystal and grain growth
kinetics. The shrinking of grains with n = 2 and n = 3 is completely deter-
mined (Fig. 4.35). For n = 4 there are two topologically alternative possibil-
ities and for n = 5 there are five possible ways (Fig. 4.35). A spontaneous
switching occurs when the length of a boundary shrinks to zero and an unsta-
ble fourfold junction is formed (Fig. 4.35). This junction splits into two new
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FIGURE 4.35
Topological rearrangements in a 2D system due to grain vanishing (a) and
due to grain boundary switching (b). For n = 5 there are five possible config-
urations [416].

junctions connected by a new boundary. Eventually, two grains decrease their
topological class by one and two grains increase their topological class by one;
so the total number of grains, boundaries and junctions remains unchanged
after the switching.

For a 3D system the topological rearrangements are much more compli-
cated. Parallel to the vanishing of grains there is a large spectrum of rear-
rangements in which the number of grain boundaries and junctions change in
accordance with the Euler theorem.

4.6.4 Grain Growth Kinetics

In this paragraph we will consider the role of different structural elements of
a polycrystal during grain growth.

The major structural elements of a polycrystal are the grain boundaries.
They are the main source of driving force for grain growth; their motion and
interaction define the mechanism of grain growth. The major grain boundary
parameters essential to this process are grain boundary surface tension γ
and grain boundary mobility mb. These parameters can differ for different
grain boundaries and depend on boundary inclination. The motion of a grain
boundary element is determined by the grain boundary shape in the close
proximity of the element.

Neglecting anisotropy the equation of grain boundary motion can be written
(Eq. (3.115)) as

v = −mbγκ = −Abκ (4.64)
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where v is the velocity of the normal displacement of the boundary element,
κ is the local curvature. Eq. (4.62) represents a nonlinear partial differential
equation of first order in time and second order in space.

During their motion grain boundaries interact at triple junctions and
quadruple points. Let us restrict our consideration here to grain boundaries
and triple junctions (the influence of quadruple points will be considered
later). Then the velocity of triple junction motion can be represented as

�Vtj = mtj

(
3∑

i=1

γi�τi − γ��r

r2

)
(4.65)

where mtj and γ� ·�r are triple junction mobility and line tension, respectively,
the vector �Vtj is directed normal to the junction and the unit vectors �τi are
directed along the adjacent boundaries. The vector �r is the radius of the triple
line curvature. Relation (4.65) defines the boundary conditions for the equa-
tions of grain boundary motion (Eq. (4.64)). The vector relation determines
two conditions at any point of a triple junction. However, three grain bound-
aries are intersecting at the triple junction; in other words, we need three
boundary conditions. The third condition is of geometrical origin: it is the
requirement for three surfaces (grain boundaries) to intersect along one line,
the triple junction.

If the role of triple junctions is neglected, the boundary conditions may be
simplified to the condition of equilibrium of the dihedral angles between the
three intersecting boundaries

3∑

i=1

γi�τi = 0 (4.66)

In many cases grain growth is considered under the assumption that the triple
junction line tension is rather small while grain mobility is rather large, so for
sufficiently large grains the effect of triple junctions can be neglected. We will
discuss this issue in greater detail later. However, we would like to stress here
that even for a polycrystal with rather large mean grain size it is impossible to
avoid a contribution of triple junctions to grain growth kinetics: the vanishing
grains necessarily experience a stage with extremely small grain size.

A configuration where more than three boundaries intersect along one line
is energetically unfavorable and thus unstable. It will split into several triple
junctions (see problem 2.3.4). We would like to remind the reader that this
holds in the framework of the uniform grain boundary model.

However, there is a stable configuration where more than three grain bound-
aries meet. These are so-called quadruple junctions (points). In such a point
six grain boundaries, four grains and four triple lines meet. All other config-
urations of intersections are energetically unprofitable and, as a consequence,
unstable.

If the line tension of the triple junctions is neglected, the quadruple points
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FIGURE 4.36
Definition of parameters for the effect of triple junctions for a calculation of
the rate of grain area change.

do not introduce new boundary conditions — the equilibrium angles at the
triple junctions unambiguously determine the grain boundary configuration
in the vicinity of the quadruple junctions [421]. In the case that the struc-
ture and energy of the triple junction line depend on the line direction the
line tension has to be taken into account for the equilibrium angles between
grain boundaries. It is stressed that the considerations made above relate to
stationary grain boundaries.

4.6.5 Uniform Grain Boundary Model and the Von
Neumann-Mullins Relation

For grain growth in a 2D system, Mullins [242] derived a fundamental relation,
which was originally formulated by Von Neumann for 2D soap froth [476]. The
respective model makes very fundamental assumptions, namely: (1) All grain
boundaries possess equal mobilities and surface tensions, irrespective of their
misorientation and the crystallographic orientations of the boundaries, the
so-called uniform grain boundary model; (2) the mobility of a grain bound-
ary is independent of its velocity; (3) the triple junctions do not affect grain
boundary motion; therefore, the contact angles at triple junctions are always
in equilibrium and, due to the first assumption, are equal to 120◦.

Let us consider a 2D grain with area S [242, 476]. In the time interval
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dt all points on the grain boundaries of the grain will be displaced normal
to the grain boundaries by the amount V dt, where V is the grain boundary
migration rate. Accordingly, the rate of change of the grain area S can be
expressed by

dS

dt
= −

∮
V d� (4.67)

where d� is an element of the grain perimeter. For grain growth

V = γmbκ ≡ Abκ (4.68)

where mb is the grain boundary mobility, γ is the grain boundary surface
tension, K is the local curvature of the grain boundary

K =
dϕ

d�
(4.69)

where ϕ is the tangential angle at any given point of the grain boundary.
From Eqs. (4.67)–(4.69), it follows that

dS

dt
= −Ab

∮
dϕ (4.70)

If the grain were bordered by a smooth line, the integral in Eq. (4.70) would
be equal to 2π. However, because of the discontinuous angular change at every
triple junction, the angular interval Δϕ = π/3 is subtracted from the total
value 2π for each triple junction. Consequently

dS

dt
= −Ab

(
2π − nπ

3

)
=
Abπ

3
(n− 6) (4.71)

where n is the number of triple junctions for each respective grain, i.e. the
topological class of the grain. Thus the rate of area change is independent of
the shape of the boundaries and determined by the topological class n only.
Grains with n > 6 will grow and those with n < 6 will disappear [242, 476].
Eq. (4.71) is referred to as the Von Neumann-Mullins relation.

What should especially be stressed is the generality of the approach con-
sidered and the versatility of the consequences; in part, the result expressed
in Eq. (4.71) does not depend on the shape of moving boundaries. The rate
of grain area changes along with the sign of the right-hand side of Eq. (4.71),
which is determined only by the number of the adjacent (neighboring) grains,
or, what is the same, by the topological class of the grain — the number of
triple junctions of the grain. That is why every attempt to revise either the
derivation of the Von Neumann-Mullins relation or its consequences attracts
considerable attention from materials scientists. However, Gusak and Tu de-
clared that they found an invalidity of the Von Neumann-Mullins (VN-M)
theorem [242, 476]. “To prove the invalidity of any theorem,” as the authors
wrote quite rightly, “it is enough to have just one example showing that it
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is wrong.” For this purpose the authors considered the shrinkage of a regular
convex triangle, using the VN-M theorem and a “direct derivation,” to com-
pute the area change of a regular convex triangle [477].

The VN-M relation yields dS
dt = πmbγ, whereas the “direct derivation” of

the grain area change in the case of a shrinking regular convex triangle results
in: dS

dt = 2
(
π −√

3
)
mbγ. Gusak and Tu attempted to explain the discrepancy

by considering in greater detail the motion of different parts of a moving grain
boundary, which cannot, of course, replace the general and powerful VN-M
derivation. As can be seen, a correct derivation for a regular three-sided grain
only deviates on the order 3% from the VN-M result, and the difference is
thus clearly a second-order effect.

Hunderi and Ryum [478] tried to solve the problem of the configuration
considered by Gusak and Tu by numerical methods on the basis of the major
equations of the VN-M approach. Since their calculations were carried out in
the framework of the VN-M approach, the result is quite evident and pre-
dictable from the very beginning: the VN-M relation is correct.

Nevertheless, one issue remains open: what is the reason for such a discrep-
ancy?

A more sophisticated treatment of the phenomenon is given in [479]. The
reason for the discrepancy between the VN-M approach and the approach
of Gusak and Tu are the different boundary conditions. Whereas the VN-M
approach associates the motion of a grain boundary element with the local
curvature when an element is displaced normal to itself, the approach put
forward by Gusak and Tu requires that the boundaries have a constant curva-
ture such that the contact angles at the triple junctions are in equilibrium. For
each displacement of a boundary, for instance a triangular grain, the curvature
has to be readjusted to account for equilibrium at the junctions. In fact, the
curvature will increase with progressing grain growth owing to the fact that
the grain shrinks. Therefore an additional adjustment of the grain boundary
geometry has to occur in order to maintain the proper curvature. In the VN-
M approach, such an adjustment is not enforced, since the boundary shape
can be arbitrary. Equilibrium at the junctions is established locally, and the
curvature driven grain boundary motion maintains or reduces the curvature
in contrast to the Gusak-Tu approach. In the Gusak-Tu approach two steps
of motion are involved, curvature driven growth and subsequent readjustment
of the curvature to re-establish constant curvature and junction equilibrium.
The VN-M approach considers only curvature driven growth and disregards
curvature adjustment at junctions as an effect of second order. There is ac-
tually no physical principle that would require constant curvature, and the
Gusak-Tu approximation is a very special case determined entirely by geom-
etry, which however is not realized in nature.

Finally, it can be stated that the evolution of a “regular convex triangle”
during grain growth does not follow the scenario of Gusak and Tu [477],
namely the shrinkage as a self-similar regular triangle. If a regular convex tri-
angle is left to its own devices, it becomes an isosceles triangle and collapses
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as a triangle of irregular shape. Its state as a regular triangle is only one pos-
sibility among infinitely many others. The correctness of the VN-M relation
cannot be judged from the behavior of a grain of a particular shape.

Thus, the phenomenon can be expressed like this. The configuration de-
scribed and discussed by Gusak and Tu can appear in the course of grain
growth, however this is a configuration without future, by increasing this
configuration will be transformed to another, not so symmetrical configura-
tion (isosceles triangle) and, finally, collapse as a triangle of irregular shape.
Eq. (4.71) follows from the general Gauss-Bonnet theorem about the integral
of the Gaussian (total) curvature κG. For two dimensions it coincides with the
Laplacian (mean) curvature κL. Just this curvature determines the capillary
pressure and, as a consequence, the capillary driven grain boundary motion.
In three dimensions, however, these two curvatures are different; even their
dimensionality is different:

κG =
1
R1

· 1
R2

(4.72)

κL =
1
R1

+
1
R2

(4.73)

where R1 and R2 are the principal radii of curvature. That is why a direct
transfer of Eq. (4.71) to 3D systems is impossible. There have been attempts
to extend the results of the VN-M approach to a 3D situation. The successes
and failures of this attempt will be analyzed in further considerations.

4.6.6 Effect of Triple Junction Drag on the Von
Neumann-Mullins Relation

Evidently, the existence of triple junctions dramatically affects the kinetics
of grain growth. However, we will show below that the interaction of moving
grain boundaries with triple junctions also impacts our conception of mi-
crostructure evolution.

Let us consider the system shown in Fig. 4.5 [183, 403, 474]. This system
was analyzed comprehensively above. As can be seen from Fig. 4.5 this sys-
tem comprises three grains (three grain boundaries) with a common triple
junction. If a triple junction is mobile and does not drag grain boundary mo-
tion, then parameter Λ (Eq. (4.30)) tends to infinity and the angle Θ → π/3,
i.e. the equilibrium angle at a triple junction in the uniform grain boundary
model. By contrast, however, when the mobility of the triple junction is rela-
tively low (strictly speaking, when mtja� mb then Θ → 0). It is particularly
emphasized that the angle Θ is completely defined by the dimensionless pa-
rameter Λ, which, in turn, is a function of not only the ratio of triple junction
and grain boundary mobilities, but of the grain size as well. In the following,
we shall use the term “triple junction of low mobility” when we mean “small
value of Λ”.
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FIGURE 4.37
Configuration of grain boundaries at triple junctions during steady-state mo-
tion for n > 6.

One of the cornerstones of the VN-M relation is the assumption that the
triple junctions do not drag grain boundary motion. However, the fact that the
kinetics of triple junctions may be different from the kinetics of the adjoining
grain boundaries affects the kinetics of microstructure evolution during grain
growth, as formulated in terms of the VN-M relation.

The rate of area change for a grain with n < 6 can be expressed as

dS

dt
= −mbγ

∮
dϕ = −Ab [2π − n (π − 2Θ)] = Ab (π − 2Θ)

(
n− 2π

π − 2Θ

)

(4.74)
Since the limited mobility of the triple junction reduces the steady-state value
of the angle Θ as compared to the equilibrium angle, the shrinking rate of
grains with n < 6 decreases, as obvious in the case when the mobility of the
triple junction becomes very low. In other words, for grains with n < 6 the
influence of the triple junction mobility slows down the process of grain struc-
ture evolution, decreasing the vanishing rate of grains with small topological
class (n < 6).

For grains with topological class greater than 6 let us consider the steady-
state motion of a grain boundary system shown in Fig. 4.37 with the same
set of assumptions applied to the previous boundary system, namely, uniform
grain boundary properties and quasi-two-dimensionality [473]. The steady-
state motion of this system is determined by Eq. (4.25) only with different
boundary and initial conditions

y′(0) = ∞ (4.75)
y′ (x0) = tan Θ
y(0) = 0

The velocity of triple junction motion can be expressed as

Vtj = mtjγ (1 − 2 cos Θ) (4.76)
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As in the previous case, Eqs. (4.25) and (4.75) fully define the problem con-
sidered.

y(x) = − x0

ln sin Θ
arc cos

(
e

x
x0

·ln sin Θ
)

(4.77)

The velocity of steady-state motion of the system is

V = −mbγ

x0
ln sin Θ (4.78)

The length x0 replaces the role of the grain size a in the previous case
(Fig. 4.37) or

y0 = y (x0) = − x0

ln sin Θ
arc cos

(
eln sin Θ

)
= − x0

ln sin Θ

(π
2
− Θ

)
(4.79)

From Eqs. (4.76) and (4.78) we obtain Λ, which describes the influence of the
triple junction mobility on grain boundary migration

− ln sin Θ
1 − 2 cos Θ

=
mtjx0

mb
= Λ (4.80)

Obviously, for Λ � 1, when the boundary mobility determines the kinetics of
the system, the angle Θ tends to its equilibrium value (π/3).

Again, the angle Θ changes when a low mobility of the triple junction
starts to drag the motion of the boundary system. However, as evident from
Eq. (4.80) and Fig. 4.6, in this case the steady-state value of the angle Θ
increases as compared to the equilibrium state. (Otherwise the triple junction
would move in the negative direction of the x-axis, increasing the free energy
of the system.)

For Λ � 1 the angle Θ (Eq. (4.80)) tends to approach π/2. The dependency
Θ = Θ(Λ) for both n < 6 and n > 6 are shown in Fig. 4.6.

Such an increase of the angle Θ also decreases the magnitude of (n−2π/Θ)
in Eq. (4.74), in other words, it decreases the “effective” magnitude of the
topological class of the growing grain with n > 6. Consequently, microstruc-
tural evolution will slow down due to triple junction drag for any n-sided
grain. The only exception holds for n = 6, since a hexagonal grain structure
becomes unstable when the contact angle 2Θ �= 2π/3. Since the actual mag-
nitude of Θ is determined by the triple junction and grain boundary mobility
as well as the grain size and is independent of the number of sides of a grain,
there is no unique dividing line between vanishing and growing grains with
respect to their topological class anymore, like n = 6 in the VN-M approach.

The generality of the approach considered and the diversity of the conse-
quences should be stressed. In particular, the result expressed in Eq. (4.71)
does not depend on the shape of the moving boundaries: the rate of grain area
change along with the sign of the right-hand side of Eq. (4.71) is determined
only by the number of the adjacent (neighboring) grains, or, what is same,
by the topological class of the grain — the number of triple junctions of the
grain.
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4.6.6.1 Triple Junction Motion and Grain Microstructure Evolu-
tion

The classical concepts of grain growth in polycrystals are based on a domi-
nant role of grain boundaries. Since metals are not transparent, we are used
to imaging crystalline microstructures by means of 2D sections, for instance
in optical micrographs.

The 2D model of grain growth provides the basis for our understanding of
the thermodynamics and kinetics of grain microstructure evolution. However,
2D grain microstructures are not pure mathematical abstractions. In modern
materials science objects with 2D grain structure are physically meaningful
and have achieved great importance. Metal sheet, thin films, coatings and thin
layers are prominent examples of objects with 2D grain microstructure.

For a variety of problems it is possible to obtain an exact physical solution
for 2D microstructures. The most famous example is the VN-M relation which
was considered above. This relation is based on three fundamental assump-
tions.

The first assumption agrees with the described uniform boundary model
and is likely to be realized in many cases. Of course, grain boundary mo-
bility is significantly affected by grain boundary character (see, for instance
Chapter 3), and an anisotropy of grain boundary properties manifests itself
also in grain microstructure evolution [422]. Nevertheless, in polycrystals with
random texture and in commercial alloys non-special boundaries are likely to
prevail [273, 424]. For a more refined analysis, anisotropic boundary proper-
ties also have to be taken into account; however, they will not change the
fundamental conclusions of the approach presented in the following [425].

The second assumption complies with the principles of absolute reaction
rates. The third assumption — the infinite mobility of grain boundary triple
junctions — is a mere hypothesis and needs to be checked experimentally. For
this it is necessary to measure the triple junction mobility.

As shown in the previous paragraphs the theoretical approaches and exper-
imental technique developed make it possible to measure quantitatively the
mobility of triple junctions [183, 427, 436]. It was shown that the behavior
of a grain boundary system with triple junction is determined by the dimen-
sionless criterion Λ = mtja

mb
. For steady-state motion of the grain boundary

system with triple junction the criterion Λ can be expressed as a function of
the angle Θ at the tip of triple junctions (relation 4.30). The line between Λ
and Θ makes it possible to measure the value of Λ and, in turn, the triple junc-
tion mobility for different metals and grain boundary systems. Experimental
investigations on grain boundary systems with triple junctions in Zn and Al
have shown that the triple junction mobility is finite and may be low. Molec-
ular dynamics simulation studies of triple junction migration, performed for
the same geometrical configuration as used in real experiments [183, 421, 436],
confirmed that the triple junction mobility, contrary to the VN-M assumption,
can be limited [439, 440] (see Chapter 5). On the whole, the simulations sup-
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port the experimental observations of non-equilibrium triple junction angles
and ascertain a substantial triple junction drag.

4.6.6.2 The Generalized Von Neumann-Mullins Relation

Since the assumptions made to derive the VN-M relation can obviously be vi-
olated it is of interest to consider this relation for the case of non-equilibrium
contact angles at the triple junction. Such an attempt was undertaken in
[427, 441, 442]. To conserve the central idea of the VN-M relation let us con-
sider first a situation when the influence of the triple junction is rather large,
but, nevertheless, the motion of the system can be viewed as grain boundary
motion, since the driving force is still due to grain boundary curvature, i.e.
the triple junction is reduced to a change in the angle Θ (Eq. 4.74)).

Since Λ = Λ(Θ) the relation between the rate of grain area change and the
criterion Λ can be found. In [442] such a relation was derived expanding the
function 2cosΘ − 1 into a power series in the vicinity of Θ = π/3 for n < 6
and n > 6, respectively. For n < 6

Θ ∼=
√

3πΛ
6 + 3

√
3λ

(4.81)

and, respectively,

Ṡ =
mbγπ

3

(
n

6 +
√

3Λ
2 +

√
3Λ

− 6

)
(4.82)

For Λ → ∞ — free boundary kinetics regime — Eq. (4.82) is identical to the
classical VN-M relation.

The topological class n∗ of grains for which Ṡ = 0 is equal to

n∗ =
2 +

√
3Λ

1 +
√

3
6 Λ

(4.83)

Evidently n∗ increases with Λ and for Λ → ∞ n∗ → 6. For n > 6

Θ ∼= π/3 +
1

ΛB
(4.84)

where B = −
√

3
ln sin(π/3) and, correspondingly

Ṡ ∼= mbγπ

3

[
n

(
1 − 6

πΛB

)
− 6

]
(4.85)

Apparently, for n < 6 and for n > 6, the equation for the rate of grain area
change becomes identical for Λ → ∞; the value of n∗ for n > 6 reads

n∗ =
6

1 − 6
πΛB

(4.86)
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FIGURE 4.38
Dependence of n∗

H and n∗
L on Λ.

The drag effect of grain boundary triple junctions results in a change in the
topological limit between the classes of shrinking and growing grains such that
the limit decreases for shrinking grains but increases for growing grains. This
behavior n∗(Λ) becomes obvious from Fig. 4.38, where the cases n < 6 and
n > 6 are distinguished as n∗

L(Λ) and n∗
H(Λ), respectively.

4.6.6.3 Grain Stability

Since there is a gap between n∗
L(Λ) and n∗

H(Λ) it is an interesting question
how grains behave with n∗

L(Λ) < n < n∗
H(Λ). From the above discussion it

appears that such grains are not capable of growing or of shrinking (Fig. 4.38),
i.e. grains of the topological classes in the hatched area of Fig. 4.38 will be
stable. This can be understood from the following consideration.

According to Eq. (4.74) Ṡ becomes zero for

Θ =
π

2

(
1 − 2

n

)
(4.87)

For any integer n, Θ(n) is exactly the (half) junction angle for an n-sided
polygon, i.e. Θ = 60◦

(
π
3

)
for n = 6, Θ = 54◦ for n = 5, Θ = 45◦

(
π
4

)
for

n = 4, Θ = 67.5◦
(
= 3π

8

)
for n = 8, etc.

This means for a given (integer) n∗ the angle Θ corresponds to the (half)
internal angle of an n∗-sided polygon, i.e. the boundaries are flat, and without
curvature the polygon is stable. The important point to consider is that the
angle Θ is a dynamical angle, i.e. it develops during motion of the bound-
aries that are connected at the triple junction. Prior to motion boundaries
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at a triple junction will adjust Θ to attain the equilibrium angle (Θ = 60◦).
Therefore, 6-sided grains have flat boundaries, n < 6-sided grains have convex
boundaries, n > 6-sided grains have concave boundaries. If the system is al-
lowed to move the curved boundaries will move and adjust Θ to the dynamic
value, which is less than 60◦ for n < 6 and larger than 60◦ for n > 6.

The 6-sided grain will not change since it has flat boundaries to begin
with, so there is no driving force for grain boundary motion and, therefore,
no change of Θ = mπ/3. Let us consider a 5-sided grain under the condi-
tion n∗ = 4, i.e. a 4-sided grain will attain flat boundaries and, therefore, is
stable (Fig. 4.39). Prior to motion the 5-sided grain has convex boundaries
with π/3 = Θ at the junctions. Triple junction drag will change the angle to
Θ = π/4. Corresponding to n∗ = 4, the angle Θ = π/4 = 45◦ is smaller than
the junction angle for a 5-sided grain with flat boundaries. During the change
of the angle from initially Θ = 60◦ to Θ = 45◦ for the given Λ the angle
will pass through Θ = 45◦, where the boundaries become flat and the driving
force ceases. The configuration is locked. The junction angle may return to
Θ = 60◦ to establish static equilibrium at the junction, but this will make the
boundary convex and drive the junction angle back to 54◦. In essence, if the
5-sided grain were to attain the angle Θ = 45◦ from initially 60◦, it would
have to change the curvature from convex to concave. For this to happen it
must pass through a flat configuration, where the driving force ceases and the
system becomes locked.

The same holds for a grain with n∗ > 6. Let us consider n∗ = 8 and a 7-
sided grain. Initially, Θ is in static equilibrium with Θ = 60◦. The boundaries
are concave. Because of n∗ = 8 the dihedral angle of the 7-sided grain will
change to a terminal 67.5◦. At Θ = 5π

14
= 64.3◦ the 7-sided grain will arrive

at a configuration with flat boundaries. Again, the boundaries at static equi-
librium are concave. A 7-sided grain for Θ = 67.5◦ with a Λ corresponding to
n∗ = 8 would have convex boundaries. It never can get there, since the change
in curvature requires a transient flat boundary, where the system will become
locked, when only curvature drives the boundary system.

In summary, grains with n-sides and n∗
L < n < n∗

H become locked and
can neither grow nor shrink. This phenomenon might be essential for under-
standing the high stability of grain microstructures in ultrafine-grained and
nanocrystalline materials, specifically in 2D thin layers and films. For Λ → ∞,
i.e. for Θ = π/3 = const., the border between growing and shrinking grains
is the singular value n∗ = 6. It dissociates to an interval (between n∗

L and
n∗

H) for rather small Λ. Such an effect is expected to further stabilize the
grain microstructure. Since Λ depends on grain size, this stabilization is more
pronounced in fine-grained and nanocrystalline systems.
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FIGURE 4.39
Geometry of a 5-sided grain during transition from static to dynamic equilib-
rium for n∗ = 4.

4.6.6.4 Triple Junction Controlled Growth

For a large grain size, or more correctly, for a rather large criterion Λ, the
system moves under boundary kinetics while triple junctions only slightly
disturb grain boundary motion. However, as the criterion Λ decreases, grain
boundary migration and grain growth, respectively, become controlled by the
motion of triple junctions. The triple junction kinetics are characterized by
some distinctive properties which we will discuss in more detail. To begin
with, we will show that under triple junction control in the course of grain
growth in 2D systems the grains will eventually be bordered by straight (flat)
boundaries, i.e. they will assume a polygonal shape.

Let us consider the curvature κ of a grain boundary system with triple
junctions (for configurations which relate to n < 6 and n > 6). As derived in
[441] for a system with n < 6 we obtain for the curvature κ

κ =
1
ξ
e−x/ξ+ln sinΘ =

2Θ
a
e−(2Θ/a)xsinΘ =

Λ
a

sinΘ(2cosΘ − 1)e−(2Θ/a)x

(4.88a)

where ξi = a
2Θ . For a system with n > 6 it was shown that

κ =
ln sinΘ
x0

e(x/x0)ln sinΘ =
Λ
x0

(1 − 2cosΘ)e(x/x0)ln sinΘ (4.88b)

Since for triple junction kinetics Λ → 0, the grain boundary curvature κ̄ also
approaches zero, i.e. the grain structure of 2D polycrystals comprises straight
grain boundaries. In other words, under triple junction kinetics the grains in
a 2D polycrystal represent a system of contiguous polygons.

More specifically, as shown in [441], in the framework of triple junction ki-
netics a polygon of arbitrary shape will be transformed into an equilateral
polygon, and any deviation from an equilateral polygon will generate a force
to restore the equilibrium shape. The only exception is a triangle, i.e. a grain
of topological class n = 3 is always unstable and must disappear. Eventually,
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all other shrinking polygons must by necessity go through this stage, when
grain growth is controlled by the motion of triple junctions.

This phenomenon has important consequences for the development of grain
growth. To demonstrate this we take a look at the evolution of a shrinking
grain in the course of grain growth. The topological class of such a grain must
be lower than 6, taking into account naturally all corrections to the VN-M re-
lation, given above. We emphasize that the transition between boundary and
triple junction kinetics does not only depend on grain boundary and triple
junction mobility, but on the size of a grain as well. When the size of a grain
diminishes progressively there comes a time when boundary kinetics become
replaced by junction kinetics. This will happen to grains of the topological
class n = 4 or n = 5 which are bound to shrink even after such a transition to
triple junction kinetics. Grains of topological class n = 3 will collapse without
transforming into a regular polygon. Since the kinetics of triple junctions are
significantly slower than boundary kinetics, the four- and five-side polygons
will shrink, and eventually contract to a point although at a markedly smaller
rate. How this phenomenon reveals itself during grain growth will be consid-
ered below.

The final stage of grain growth under triple junction kinetics is a regular
n-sided polygon. Let us finally consider the behavior of a regular n-sided poly-
gon. As shown in [441, 442], the rate of grain area change Ṡ can be expressed
as

Ṡ = −mtjγnR̃sin
(

2π
n

)[
2sin

(π
n

)
− 1

]
= −2mtjγnr̃sin

(π
n

) [
2sin

(π
n

)
− 1

]

(4.89)
where r̃ and R̃ are an interior and exterior radius, respectively.

In essence, a limited triple junction mobility always slows down the evolu-
tion of grain microstructure of polycrystals, irrespective of whether the topo-
logical class of the considered grain is smaller or larger than 6. Formally, for
grains with n < 6, the sluggish motion of the triple junctions “reduces” the
effective topological class of growing grains, whereas for grains with n > 6
the triple junction behavior makes the topological class of vanishing grains
appear larger.

The mere fact that there is a growing grain with triple junctions of low mo-
bility requires the existence of other grains with n < 6 to surround it. There
is no point in discussing to which grain their common junction belongs. The
only exception holds for n = 6, since under triple junction control a hexagonal
grain structure with contact angle 2Θ = 2π/3 becomes unstable. Since the ac-
tual magnitude of Λ is determined by the triple junction and grain boundary
mobility as well as by the grain size and is independent of the number of sides
of a grain, there is no unique dividing line between vanishing and growing
grains with respect to their topological class anymore, like n = 6 in the VN-
M approach. As has been detailed above for sufficiently small Λ the border
between shrinking and growing grains degenerates to an interval bounded by
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the lines n∗
H(Λ) and n∗

L(Λ) (Fig. 4.39) which contracts to a point for Λ → ∞.
In the following we consider the consequences of the two approaches for the

evolution of grain microstructures. The distinguishing feature of the VN-M
model is the infinite mobility of grain boundary triple junctions. This requires
that grains in a “Von Neumann-Mullins” polycrystals are bordered by curved
boundaries. This should manifest itself in linear dependences of the mean
grain area on time and of the rate of grain area change on the topological
class. For a given reduced boundary mobility Ab = mb · γ a grain with topo-
logical number n is characterized by a unique value of its rate of area change
dS
dt ≡ Ṡ. The slope of the relation3 Ṡ(n) is only determined by the reduced
grain boundary mobility: dṠ

dn = mbγπ
3 .

In the opposite case, for pure triple junction kinetics the grains in a 2D
polycrystal are bordered by straight lines, i.e. the grain microstructure is rep-
resented by a system of space-filling polygons. The temporal evolution of such
a system is defined by Eq. (4.89).

A practically relevant and theoretically interesting case is an intermediate
situation, when the triple junction influence is tangibly large, but neverthe-
less, the evolution of the system can be still considered as governed by grain
boundary motion. In this case the time dependence of the average grain area
< S > is practically linear; however, the rate of grain area change Ṡ is defined
not only by the topological class n but by the criterion Λ as well (Eqs. (4.82)
and (4.83)), respectively. So, there is no unique relation anymore between Ȧ
and topological class n of the grain; the dependence Ṡ(n) is blurred by the
impact of criterion Λ.

The discussed consequence afforded by the developed approach is probably
the most significant one, but the new approach also allows us to make some
more quantitative predictions.

i) Grains are not capable of growing nor of shrinking in the intermediate
situation that manifests itself in the dependency Ṡ = 0 and n∗ = n∗(Λ).

ii) Under triple junction kinetics grains should be bordered by flat bound-
aries, i.e. straight lines in 2D.

iii) Under triple junction kinetics a system of polygons tends to transform
to a system of equilateral polygons. The only exception is the triangle
which will collapse without transforming into a regular polygon.

iv) For triple junction kinetics the rate of grain area change can be described
by Eq. (4.89).

3We would like to remind the reader that both the VN-M model and the model discussed
in [441, 442] are based on the uniform grain boundary and triple junction approach.
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4.6.6.5 Computer Simulations

In both theoretical approaches only a single grain and its behavior are consid-
ered in an unspecified, i.e. average environment. The effect of discrete grain
arrangements was studied by computer simulations of 2D grain growth [442].
Curvature and boundary-tension-driven grain growth is best represented by
a (virtual) vertex model [443, 444]. In such a model the driving force is the
net grain boundary surface tension at a vertex. A vertex can be a triple junc-
tion or any point on a polygonized grain boundary. For a given time interval
the equation of motion is solved concomitantly for all vertices. Each vertex is
assigned a mobility so that different mobilities for triple junctions and bound-
aries can easily be implemented.

In Fig. 4.40 the simulated evolution of the microstructure of a 2D poly-
crystal is presented at various stages of grain growth. The evolution was fully
controlled by grain boundary kinetics. The time dependence of the mean grain
area was computed. As apparent from Fig. 4.40a the grains are bordered by
curved boundaries. The dependence of the mean grain area on time, and par-
ticularly the dependence of the rate of grain area change Ṡ vs. the topological
class n of a grain are shown in Fig. 4.40b,c. They reflect all features that are
peculiar to a “Von Neumann-Mullins” polycrystal: < S > increases linearly
with annealing time; the rate of grain area change Ṡ is linear in n, and the
line Ṡ(n) intersects the axis n at n = 6, i.e. Ṡ = 0 at n = 6. The slope of
the line Ṡ(n) = πmbγ

3
is as predicted by the Von Neumann-Mullins relation.

A decrease in the criterion Λ increases the effect of triple junctions on grain
growth.

Two essentially different situations were considered [442]. The first case
related to the kinetics when the triple junction influence is tangibly large,
but nevertheless, the evolution of the system can be described as a result
of curvature-driven grain boundary motion. In contrast to unconstrained
grain boundary motion, however, the boundaries are much more straight
(Fig. 4.41a). When Λ is still relatively large, 0.4 ≤ Λ ≤ 5.0, the mean grain
area < S > changes linearly with time t, which reflects the nature of the con-
trolling grain boundary kinetics of the system at this stage (Fig. 4.41b). The
quantitative variation of the rate of grain area change Ṡ on topological class
n, which is a straight line for pure grain boundary kinetics (Fig. 4.40c), is
transformed to an area under the constraint of a finite triple junction mobil-
ity (Fig. 4.41c). For all topological classes a large scatter of Ṡ(n) is observed.
While for unconstrained grain boundary kinetics (infinite junction mobility)
Ṡ is a function of n only, for a system with finite junction mobility Ṡ becomes
a function of both n and Λ, Ṡ = Ṡ(n,Λ) (Fig. 4.41c). The straight line in
Fig. 4.41c, which describes the Von Neumann-Mullins relationship, has the
slope πmbγ

3
and Ṡ(n = 6) = 0.

As the parameter Λ decreases the influence of triple junction drag becomes
obvious not only in the Ṡ − n diagram, but also in changes of the depen-
dency S(t) (Fig. 4.42). Hence, grain growth cannot be considered any longer
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FIGURE 4.40
Simulation results for a 2D polycrystal for grain boundary kinetics (Λ → ∞).
(a) Microstructure at S(t)/S0 = 1.72; (b) normalized area S(t)/S0 vs. time t;
(c) Ṡ as function of n.

© 2010 by Taylor and Francis Group, LLC



4.6 Triple Junction Drag and Grain Growth in 2D Polycrystals 395

FIGURE 4.41
Simulation results for 0.1 < Λ < 1.0. (a) Microstructure at St/S0 = 10.0; (b)
average area < S > vs. time t; (c) Ṡ as function of n for 0.1 < Λ < 10. Solid
squares are the results of computer experiments; the line represents the Von
Neumann-Mullins relation.
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FIGURE 4.42
Grain size vs. time for 0.01 < Λ < 1.0.
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to be controlled by purely boundary kinetics, affected by triple junction drag,
rather the dependency Ṡn(Λ) clearly demonstrates that a finite triple junction
mobility fundamentally changes the character of the function. For a given n,
Ṡ(n) is not represented by a point anymore, but by a line (Fig. 4.43). There
are two issues which should be stressed. Firstly, a good agreement between
the computer experiments and theory is observed. Further, according to the
presented theoretical approach, Eqs. (4.82) and (4.84) perfectly describe in
close proximity to equilibrium, i.e., for rather large Λ, the influence of a finite
triple junction mobility on the rate of grain area change, Ṡn, given that all
Von Neumann-Mullins conditions, except the infinite triple junction mobility,
are fulfilled. The expressions

λn<6 ≡ ṠTJ
n<6

ṠV NM
n<6

∼=
n 6+Λ

√
3

2+Λ
√

3

n− 6
(4.90a)

λn>6 ≡ ṠTJ
n>6

ṠV NM
n>6

∼= n
(
1 − 6

πΛB

)− 6
n− 6

(4.90b)

represent the ratio of the rate of grain area change for finite triple junction
mobility and for the pure Von Neumann-Mullins case. For the same value of
Λ, grains with n < 6 deviate more strongly from pure grain boundary kinetics
than do grains with n > 6. Therefore, grains with n = 4 are under triple
junction control (Fig. 4.43), whereas the growth of grains with n = 9 is still
governed by boundary kinetics (Fig. 4.43). In other words, triple junction drag
does not only slow down the rate of grain growth, but also changes the grain
microstructure of 2D polycrystals. This is also evident in experimental obser-
vations of grain growth in thin foils [445]. At the stage of the process where
triple junction influence becomes obvious, i.e. when the time dependency of
the mean grain size is linear, the grain size distribution becomes wider.

For grain growth strictly controlled by triple junction motion, theory pre-
dicts that the grain boundaries become flat and that the grains approach the
shape of equilateral polygons. A polygon of arbitrary shape will be trans-
formed into an equilateral polygon, and any deviation from an equilateral
polygon will generate a force to restore the equilibrium shape. The only ex-
ception is a triangle, i.e. a grain of topological class n = 3 is always unstable
and bound to disappear. The computer simulations fully confirm the theo-
retical predictions. Fig. 4.44 represents the grain microstructure developed
under triple junction kinetics. The grains are bordered by straight lines. The

ratio η =
Pn

i=1
Li

curv
Li

str
n gives a quantitative measure of grain boundary curva-

ture, where Lcurv is the length of a curved boundary and Lstr is the distance
between the two corresponding triple junctions (Fig. 4.45). When Λ tends to
zero, η → 1 (Fig. 4.46).

To assess the theoretical prediction that under triple junction kinetics
all 2D grains of arbitrary shape become converted to equilateral polygons —
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FIGURE 4.43
The rate of grain area change Ṡ as a function of Λ (a) for grains with n = 4.
Filled squares are the results of computer simulations. The solid line represents
the theoretical prediction of intermediate kinetics (Eqs. (4.30) and (4.71))
(5 < Λ < 25); the dotted line corresponds to the Von Neumann-Mullins
relation. (b) For grains with n = 9. The solid line represents the theoretical
prediction for intermediate kinetics (Eqs. (4.62) and (4.71)). The dotted line
corresponds to the Von Neumann-Mullins relation. (c) For grains with n = 4,
and 0.1 < Λ < 1.0. The solid line represents the theoretical prediction for
triple junction kinetics (Eq. (4.89). (d) For grains with n = 9. The solid line
is the theoretical prediction for intermediate kinetics (Eqs. (4.62) and (4.71));
the broken line represents triple junction kinetics.
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FIGURE 4.44
Simulation results for a 2D polycrystal at Λ ∼ 10−4. Microstructure at
St/S0 = 10.0.

Li
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FIGURE 4.45
Measure of boundary straightness. The diagram explains how the value η was
measured.

© 2010 by Taylor and Francis Group, LLC

http://www.crcnetbase.com/action/showImage?doi=10.1201/9781420054361-c4&iName=master.img-5582.jpg&w=173&h=162


4.6 Triple Junction Drag and Grain Growth in 2D Polycrystals 399

1.000

1.001

1.002

1.003

1.004

1.005

∞0- 2- 4

log Λ

1.000

1.001

1.002

1.003

1.004

1.005

∞0- 2- 4

log Λ

FIGURE 4.46
Computer simulation (filled squares up to St/S0 = 10) and theoretical pre-
diction (solid line) of η(log Λ).

except for triangles — we define the parameter

βn =
L1
L2

+ L2
L3

+ ...+ Ln−1
Ln

+ Ln

L1

n
(4.91)

where Li is the length of the i-th side of an n-sided grain. When the shape
of a grain approaches an equilateral polygon, βn → 1. The only exception
is a triangle, which is unstable and has to disappear, i.e. β3 should not con-
verge toward β3 = 1. The behavior of βn with time was determined from the
computed microstructure, including β3 (Fig. 4.47). Apparently for all studied
n-sided polygons βn → 1, except for β3 which changes randomly. Fig. 4.48
confirms that such behavior of βn holds for triple junction kinetics only. The
value βn was measured up to St/S0 = 10. As apparent from Figs. 4.47 and
4.48 a grain size ten times larger than the initial grain size was reached in a
much shorter time for boundary kinetics.

The function Ṡ(n) for triple junction kinetics is presented in Fig. 4.49.
The curve is calculated according to Eq. (4.89) whereas the symbols repre-
sent simulation results. Except for the intrinsically unstable triangular grains
(n = 3), the theoretical predictions are in good agreement with the computer
experiment. We note that Ṡ rises with n and approaches a limit (Eq. (4.89))
contrary to the predictions of the Von Neumann-Mullins relation.

The evolution of a 2D grain system with triple junctions was comprehen-
sively studied by computer simulations in [445, 446]. The results of [446] are
in good agreement with the approach discussed above.
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FIGURE 4.47
Time dependence of βn for various n under triple junction kinetics (Λ ≈ 10−4

up to St/S0 = 10.
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FIGURE 4.48
Time dependence of the “rectilinearity” βn under grain boundary kinetics
(Λ � 1) for St/S0 = 10.0.
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FIGURE 4.49
Ṡ vs. topological class n. Simulation results (filled squares) for Λ ∼ 10−4. The
solid line represents the dependency predicted by Eq. (4.89).
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4.6.6.6 Grain Growth in a System with Boundary Junctions of
Finite Mobility: Experiments on Metallic Materials

Doubtlessly, the experimental observation of the effects described above and
the general influence of grain boundary junctions on grain growth and evo-
lution in polycrystals especially in nanocrystalline materials is of great inter-
est. Unfortunately, there are only very few experimental investigations where
this attempt was undertaken. First we consider experimental studies of grain
growth in 2D Al foils [448].

As mentioned for junction-controlled grain growth all grains assume the
shape of a regular polygon, irrespective of their number of sides, except for
triangles. As shown in [441] a grain with the shape of a regular polygon re-
mains stable, i.e. does not undergo a shape change except for a triangular
shape.

Correspondingly, a 2D arrangement of grains with regular polygonal shape
would “freeze,” except if it contains triangular grains. The hexagonal structure
belongs to this set of stable geometries only if it is equilateral. On the other
hand, any other space-filling arrangement of regular polygons is a potentially
stable structure, if it can be attained4. The only exception is a triangle, and
any arrangement of regular polygons which contains at least a single triangle
would also be observed to behave in an unstable manner.

We reason that this phenomenon has important consequences for the de-
velopment of grain growth. Let us take a look at the evolution of a shrinking
grain in the course of grain growth. The topological class of such a grain
should be smaller than n = 6, naturally taking into account all corrections to
the Von Neumann-Mullins relation. As shown above the transition between
boundary and triple junction kinetics does not only depend on grain bound-
ary and triple junction mobility, but on the size of a grain as well. When the
size of a grain progressively diminishes there comes a time where boundary
kinetics is replaced by junction kinetics. This will happen to grains of the
topological class n = 4 or n = 5 which are bound to shrink even after such a
transition to triple junction kinetics. Grains of topological class n = 3 will col-
lapse without transforming into a regular polygon. Since the kinetics of triple
junctions are significantly slower than the boundary kinetics, the four- and
five-side polygons will shrink, and eventually contract to a point although at a
markedly smaller rate. Experimentally this phenomenon will manifest itself in
the mean value of the topological class of vanishing grains. In Fig. 4.50 exper-
imental data of grain growth in aluminum foil with 2D (columnar) structure
are presented, in terms of the grain size dependence of the mean topological
class < n > [448]. Extrapolation of this experimental dependence to zero area
yields the mean value of the topological class of vanishing grains. As can be
seen < n > (0) ∼= 4.2, i.e. n = 4 is the smallest topological class to shrink in

4We do not know whether space-filling topological arrangements of regular polygons exist
besides regular hexagons that satisfy the force equilibrium at junctions.
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FIGURE 4.50
Dependence of the mean topological class < n(s) > on “grain size” S/ < S >
(normalized by the average grain size) for pure Al [448].

a stable manner. In [429]–[432], the motion and geometry of connected (by
triple junctions) grain boundaries in 2D Al foils were investigated in situ in
an SEM with a specially designed heating stage. The experiments were car-
ried out on polycrystalline Al sheets of thickness 120 μm. The materials was
recrystallized to a mean grain size of 150 μm. This allowed us to realize an
approximately 2D microstructure.

EBSD measurements were carried out before and after in situ grain growth
experiments to determine the misorientation of the grains and to confirm the
quasi-two-dimensionality of the grain structure. These EBSD checks were nec-
essary to ascertain that no grains from beneath surfaced and interfered with
the measurement.

The experiments were performed in a temperature range from 250 to 300◦C.
The SEM was upgraded by a digital image scanning system, which collected
the images and saved them in AVI format. In post-processing the images were
analyzed by a special routine that measured the displacement of the triple
junctions and the vertex angles at the triple junctions.

The authors tried to fulfil the main physical criteria, which were used as
a basis for the analysis of steady-state motion of the grain boundary system
with triple junction: uniform grain boundary model, the geometrical configu-
ration (Fig. 4.51), and the steady-state motion of the junction. Two specific
configurations were studied: for n < 6 and for n > 6 (Fig. 4.51, Tables 4.8,
4.9).

Figs. 4.52 and 4.53 reveal steady-state motion of the investigated triple
junction in the course of grain growth triple junction displacement is linear
vs. time; vertex angles remain constant over the time of experiment.

The diagram obtained of the vertex angle Θ vs. the dimensionless criterion
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FIGURE 4.51
The two basic configurations of a grain boundary system with triple junction
during steady state motion studied in [429].
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FIGURE 4.52
(a) Displacement and vertex angle 2Θ vs. time for triple junction TP-S2 with
a configuration of Fig. 4.51a at 250◦C and 300◦C. (b) Displacement and vertex
angle 2Θ vs. time for triple junction TP-S3 with a configuration of Fig. 4.51a
at 250◦C and 300◦C.
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FIGURE 4.53
(a) Displacement and (b) vertex angle 2Θ vs. time for triple junction (a)
TP-G1 and (b) TP-G3 with a configuration of Fig. 4.51b at two different
temperatures.
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TABLE 4.8

Misorientation of Three Contiguous
Grains at Investigated Junctions

Junction GB I GB II GB III

TP-S2 19◦[021̄] 43◦[4̄33̄] 39◦[2̄1̄2̄]
TP-S3 35◦[310] 53◦[4̄3̄4̄] 46◦[1̄1̄2̄]
TP-G1 28◦[2̄2̄3̄] 31◦[1̄00] 30◦[1̄23̄]
TP-G3 26◦[014] 23◦[1̄00] 12◦[03̄2̄]

TABLE 4.9

Parameters of Motion of the Investigated
Boundary System with Triple Junction

Junction T(◦C) v(μm/s) 2Θ Λ

TP-S2 250 0.08 49 1
300 0.17 (0.35) 79 2

TP-S3 250 0.10 82 3
300 0.15 116 37

TP-G1 250 0.05 127 0.9
300 0.08 127 0.9

TP-G3 300 0.15 129 0.7
320 0.35 124 2

Λ confirms the results of computer simulations (Fig. 4.54), where the Λ de-
pendency of n∗ — the topological class for which Ṡ = 0 — was constructed.
However, the direct and conclusive way to estimate quantitatively the drag
effect of triple junctions on grain growth is to measure the rate of area change
of individual grains.

To attribute the rate of grain area change to triple junction drag and specif-
ically to a definite value of Λ, some rather strict criteria should be fulfilled in
experiment. In particular, the grain growth should be driven in a boundary
regime (Eqs. (4.82, 4.85)), and the motion of the triple junction has to be in
steady state.

It was shown that at constant temperature S ∼ t. This confirms the bound-
ary kinetics of the observed grain growth [429]. The main result, obtained in
[429], is the experimentally measured diagram Ṡ = f(n) (Figs. 4.54 and 4.55).
The diagram revealed that the rate Ṡ was not constant for a given n, as it
needs to be in accordance with the Von Neumann-Mullins concept, but follows
the relations (4.82, 4.85), which take into account the triple junctions drag.
Apparently, the grains which exhibited higher rates Ṡ were not (or were less)
affected by triple junctions. The Von Neumann-Mullins limit is represented in
the diagram of Fig. 4.55 by the straight line connecting the maximal values
of Ṡ and the point Ṡ = 0 for n = 6. The slope of this line is determined
by the reduced grain boundary mobility Ab = mbγ. The measured value of
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FIGURE 4.54
Vertex angle Θ vs. criterion Λ. The symbols denote the measured values for
the analyzed junctions; the lines are calculated according to Eqs. (4.81 and
4.82).

Ab

(∼ 10−10m2/s
)

is in a good agreement with mobility data of random grain
boundaries in Al [450].

On the other hand, if Ab is known, the values of Λ can be calculated for
each experimental point from equations (4.82) and (4.85). The more a meas-
ured value of Ṡ deviates from the Von Neumann-Mullins limit the stronger
the drag effect exerted by triple junctions and, respectively, the smaller the
value of Λ.

The experimental results are in a good agreement with predictions of vertex
simulations of grain growth, in particular with Fig. 4.41 [442]. We would like
to stress again that due to the finite mobility of the triple junctions there
is no more a unique linear dependence between grain growth rate and the
topological class of the grain; in other words, the growth rate Ṡ does not only
depend on the topological class of the grain but on the criterion Λ as well.

4.6.6.7 How to Evaluate the Mobility of Grain Boundary
Junctions? Phenomenological Approach

The main consequence of the consideration given above can be formulated as
follows: in order to predict and describe the kinetics and geometry of grain
microstructure evolution the mobility of grain boundary junctions needs to
be known.

Undoubtedly, the most correct way to determine the mobility of boundary
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Rate of grain area change dS/dt vs. topological class n of a grain for 300◦C.
The values of Λ are given next to the data point.

junctions is the study of a grain boundary system with a single junction in a
steady-state motion or a certain grain of defined topological class in the course
of grain growth [183, 436]. However, in general this is a cumbersome procedure
which requires a sophisticated technique of grain microstructure analysis and
the results of independent measurements of grain boundary mobility.

In [447] a rather simple approach was used for evaluation of the mobility
of grain boundary junctions, namely from the temporal evolution of the grain
size. Let us consider the motion of a grain boundary driven by grain boundary
curvature κ with triple and quadruple junctions which have their own mobility.
The motion of such a boundary can be considered as the motion of a boundary
with mobile defects [441, 447]. The velocity of such a boundary is given by

V = Peffmb (4.92)

where Peff is the effective driving force for grain growth

Peff = γκ− fi

a1
− f2
a2
2

(4.93)

and a1 and a2 are the spacings of the respective junctions. Since a1 and a2

are of the same order of magnitude we assume for simplicity a1 = a2 = a in
the following. f1 and f2 are the drag forces of triple and quadruple junctions,
respectively. In accordance with the Nernst-Einstein relation

f1 =
V

mtj

f2 =
V

mqp
(4.94)
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we arrive at

V

[
1 +

mb

amtj
+

mb

a2mqp

]
= mbγκ (4.95)

Eqs. (4.92)–(4.95) yield

V =
mbγκ

1 + 1
Λ + 1

Λ̄qp

(4.96a)

where Λqp = mqpa2

mb
.

1
mbγ

(
< R2 > − < R2

0 >
)

+
1

mtjγ
(< R > − < R0 >) +

1
mqpγ

ln
< R >

< R0 >
= t

(4.96b)

where < R > is the mean geain size.
Eqs. (4.99a) or (4.99b) define the different types of grain growth kinet-

ics in polycrystals. The first one is the well-known grain boundary kinetics:
1
Λ ,

1
Λ̄qp

� 1, the velocity V is proportional to the grain boundary curvature,
and the mean grain size increases in proportion to the square root of the an-
nealing time: V = d<R>

dt ∼ 1
<R> →< R >∼ √

t. If grain boundary motion
is controlled by the mobility of triple junctions ( 1

Λ � 1 and 1
Λ � 1

Λ̄qp
), the

velocity V is constant: V = d<R>
dt =const. →< R >∼ t. Finally, if the mo-

bility of the quadruple junctions (points) determines the motion of the grain
boundary system ( 1

Λqp
� 1 and 1

Λ � 1
Λqp

) the velocity V is proportional
to the radius of curvature: V = d<R>

dt
∼< R >→< R >∼ et. Under grain

boundary kinetics we observe the classical grain growth kinetics, which is to
hold for rather large grains. The schematic diagram of the mean grain size vs.
time dependence of different kinetic regimes is given in Fig. 4.56.

There is only a very restricted number of studies where the grain growth in
nanocrystalline and ultrafine-grained materials was observed, and much less
where it was quantitatively evaluated. Experimental data relevant to such ki-
netics were actually obtained for grain growth in thin (∼ 1000Å) silver films
[415]. Fig. 4.57 shows the dependence of the mean grain size on annealing time
at the early stage of grain growth. For all temperatures investigated the mean
grain size changed linearly with annealing time. At a later stage of annealing,
when the mean grain size reached a sufficiently large value, corresponding to
Fig. 4.55, the kinetics were ruled by the grain boundary mobility, and the
linear time dependence was replaced by a parabolic relationship.

In Fig. 4.58 the results of grain growth in nanocrystalline iron are pre-
sented [451, 452]. In [451, 452] grain growth for a rather small grain size is
characterized by a linear dependence of the mean grain size on annealing
time. It should be stressed that at large annealing time the linear dependence
< R >∼ t transforms to the classical grain boundary kinetics < R >∼ √

t.
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FIGURE 4.58
Mean grain size (radius) in nanocrystalline iron vs. annealing time [452].

There are indications that in the course of grain growth in nanocrys-
talline materials quadruple junction kinetics were also observed [453, 454].
The quadruple junction mobility mqpγ extracted from the experimental re-
sults of [453] is given in [447]: mqpγ ∼= 2 · 10−4s−1.

In Fig. 4.59 the experimental data of grain growth in nanocrystalline Pd are
presented [454]. We would like to draw the reader’s attention to the distinctive
property of the experimental curve: at the early stage of annealing the shape of
the curve is concave. The approach discussed gives us the possibility to extract
the values of the triple junction and quadruple junction mobility from the time
dependency of the mean grain size: mtjγ = 3 · 10−11s−1; mqpγ = 3 · 10−5s−1.

The agreement between equation (4.96a) for 1
mqpγ � 1

mbγ , 1
mtjγ and exper-

iment (Fig. 4.59) is reasonable [454]. This agreement can be improved if the
initial region of the curve, where grain growth does not take place in reality,
is neglected.

The inverse problem has been investigated by Novikov. He studied by com-
puter simulation the grain growth in 2D and 3D systems for different grain
sizes as well as triple junction and quadruple point mobilities [445, 446]. For
a rather small grain size and (or) low triple junction and quadruple junction
mobility the curves < R > −t have just the same peculiarities: linearity for
rather small Λtj = mtja

mb
and an exponential dependence < R >∼ exp(t) for

small Λqp = mqpa2

mb
.
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FIGURE 4.59
“Grain growth” in nanocrystalline Pd [454]; � — experiment, � —
Eq. (4.99b).

4.7 Grain Growth in 3D Systems

4.7.1 Analytical Approaches

As mentioned in Sec. 4.6.5 a direct transfer of the Von Neumann-Mullins
relation to 3D systems is impossible. However, the beauty and mathematical
clarity of the Von Neumann-Mullins relation encouraged a number of attempts
to search for a 3D analogy of this relation. All approaches share the assump-
tion that a 3D polycrystal can be represented as an assembly of polyhedra.
However, as shown in [545], a polycrystal cannot be completely constructed
from convex polyhedra, rather than piecewise convex or concave. First of all
let us consider grain growth in a case when the grain system is nearly two
dimensional. Levine et al. represented the Von Neumann-Mullins relation as
[544]

dS

dt
= mbγ

[π
3

(n− 6) + Siκ̄G

]
(4.97)

where κ̄G is the Gaussian curvature measured over the area of a grain. For
κ̄G > 0 the area of the grains at the surface will increase exponentially, whereas
for the grains inplane the area will change linearly with time. Finally, the en-
tire surface will constitute a single grain. On the other hand the negative
Gauss curvature (κ̄G < 0) stabilizes the grain microstructure (see Eq. (4.97))
for a definite grain area.

Mullins [546] proceeded from the assumption that grain growth in 3D sat-
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isfies the hypothesis of statistical self-similarity and that the grain boundary
normal velocity at any point of the grain boundary is proportional to the
local mean curvature. The volume rate of change V̇ for a given grain can be
described as

V̇ =
∑

i

∫

i

vndS (4.98)

and integration over all grain faces results finally in the kinetic equation

V̇ · V −1/3 =
(

3
4π

)1/3

mbγG1(N) ·G2(N) (4.99)

where N is the number of faces of the polyhedron considered

G1(N) = π/3 − 2arc tan
[
1.86(N − 1)1/2

N − 2

]
(4.100)

G2(N) = 5.35n2/3

[
N − 2

2(N − 1)1/2
− 3

8
G1(N)

]

The dependency (4.99) manifests some interesting features, in particular,
grains with N ≤ 13 shrink whereas grains with N ≥ 14 grow. The consider-
ation reflects the major properties of analogous approaches: the final kinetic
relation is based on a large number of approximations, the most essential of
which is the substitution of a real 3D grain by idealized polyhedra, bordered
by flat faces, and so on.

Hilgenfeldt’s approach [545] is based on the famous theorem of Hermann
Minkowski from 1903. Minkowski had shown that the mean curvature over the
surface of a convex body is linked to the caliper radius, which is the distance
between the coordinate origin (the center of mass of the body) and the plane
touching the body in the direction (Θ, φ)

∫

4π

c(Θ, φ)dw =
∫

s

HdA (4.101)

where the integrals are over all solid angles and the total area of the convex
body.

Hilgenfeldt applied Eq. (4.101) to two different polycrystals: to polyhedra
K with curved edges and its skeleton polyhedron K0, i.e. a polyhedron with
the same vertex positions, however, with flat surfaces to obtain

(
dV

dt

)
V −1/3 = mbγG(N) (4.102a)

where

G(N) =
3 [(n− 2)tanπ/ηN ]2/3 tan1/3(χN )

21/3
· (π/3 − χN)
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with ηN = G− 12
N and

χN = 2 arc tan
{

4 sin2 (π/χN )1/2
}

(4.102b)

Glicksman and Rios [547]–[551] developed the so-called “average N -hedra”
(ANH) model. The authors [547]–[551] describe ANH as a symmetric, i.e.
isometric N -hedron, consisting of N identical faces, meeting at 3(N −2) pairs
of identical symmetrical vertices, each separated from adjacent vertices by
constant distance. In other words, an ANH is a polycrystal of equidistant
(from volume centroid) vertices. Every pair of adjacent faces intersects at
the topologically required average internal dihedral angle of 120◦. Each ANH
in this infinite set manifests unique geometric properties, all of which are
determined by the index N ≥ 4 [547]–[551]. In this model all grains in a
polycrystal have the same vertex-to-vertex distance.

The expression for the grain volume rate of change renders
(
dV

dt

)
V −1/3 = mbγc1

(√
N −

√
Nc

)
(4.103)

where c1 ∼= 1.51 and Nc
∼= 13.397 is the critical number of faces or critical

topological class of ANH; this polyhedron would neither grow nor shrink.
It is emphasized that all approaches introduced so far are based on the

assumption that a 3D polycrystal can be represented by a system of convex
bodies (polyhedra).

In 2007 MacPherson and Srolovitz [552] derived a strict relation between
the rate of grain volume change and the topological and geometrical charac-
teristics of a polycrystal. It was shown that the integral curvature H (the sum
of the principal curvatures) for a domain D with mean width L(D) bounded
by a surface ∂D consisting of smooth surfaces that meet along curves (edges)
with dihedral exterior angle α = π/3 measured in the plane perpendicular to
the edges with length ei(D) can be expressed as [552]

∫

∂D

H dA = 2π

(
L(D) − 1

G

N∑

i=1

ei(D)

)
(4.104)

The significance of average mean curvature for quantitative metallography
was already shown by Cahn [553]. In particular it was described how the
average value of the mean curvature of surfaces in a specimen can be pre-
cisely determined by simple measurements performed on random sections or
on projections of these surfaces. The inverse problem reads

κ̄p = (1/L)
∫
κpd� (4.105)

where κp is the curvature, κp = y′′

(1+y′2)3/2 , d� =
√

1 + y′2dx, and L =
∫
d�

is the total length of the curve. The integral in Eq. (4.105) can be called the
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total curvature κT . The average curvature κ̄p can also be expressed as

κ̄p =
(

1
L

)
(ΔΘ) (4.106)

where ΔΘ gives the change in the direction of the tangent to the end of
the curve considered (Θ = arc tan(y′)). For a closed curve ΔΘ = ±2π and
κ̄p = ±2π/2. In accordance with [553] κ̄p is positive for the concave curve and
negative for the convex curve.

Then for a given grain

dV

dt
= −mbγ

∫

∂D

HdA = −2πmbγ

(
L(D) − 1

6
e(D)

)
(4.107)

or if the volume of the grain is known at any time

(
dV

dt

)
V −1/3 = −2πmgbγ

(
L(D) − 1

6
e(D)

)
· V −1/3 (4.108)

As the Von Neumann-Mullins relation, the new relation (Eq. (4.108)) depends
only on the geometrical characteristics of the grain.

However, contrary to the Von Neumann-Mullins relation Eq. (4.104) is not
purely topological. The rate of grain volume change depends on the mean
width of the grain and the total length of the triple junctions. However, it
does not depend distinctly on the shape of the grain. If the right-hand side of
Eq. (4.104) is proportional to the grain size then the kinetics of grain growth
are governed by a parabolic law.

It is stressed that all approaches so far considered assumed (tacitly [545]–
[551], or explicitly [552]) that grain boundaries move slowly enough to main-
tain the equilibrium dihedral angles at triple junctions. In other words, the
mobility of all junctions is assumed to be infinite.

For an isolated convex polyhedral grain with curved faces bounded by sharp
edges the total curvature κT is equal to κT = 1

2Δ̄ΘL + κ̄sS = 2πD̄ where
κs is the average mean curvature of just the grain surfaces (faces), ΔΘ is the
complement of the average dihedral edge angle, S is the total area and L is
the edge length. Then

κ̄s =
2π
s

[
D̄ − Δ̄Θ

4π
L

]
(4.109)

For the particular case of polyhedra with flat faces κs is zero and the caliper
diameter D̄ is equal to D̄ = Δ̄Θ

4π
L. Cahn’s equation can be considered a par-

ticular solution of the general Eq. (4.104). In what follows the approach based
on relation (4.104) will be called the Cahn-MacPherson-Srolovitz relation.
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(a) (b) (c)(a) (b) (c)

FIGURE 4.60 (SEE COLOR INSERT FOLLOWING PAGE 424)
Configurations used for the simulation of the diverse analytical expressions
corresponding to (a) a 3-sided grain, (b) a tetrahedral grain and (c) a hexag-
onal prismatic grain. The grains surrounding these grains and forming the
granular aggregates are not shown. The case of the hexagonal prism is special
since it is surrounded by other hexagonal prisms and thus presents steady-
state motion of its grain boundaries [554].

4.7.2 Computer Simulations of 3D Grain Growth

4.7.2.1 Solitary Grains

In [554] a three-dimensional vertex model was utilized to study grain growth
in 3D systems and to analyze how the aforementioned approaches represent
reality.

Contrary to the 2D situation the details of grain growth in 3D systems can
be quantitatively studied only by computer simulations since the techniques
for continuous characterization of 3D grain structures are still at their infancy.

The problem was considered in two stages. Firstly, the grain growth of a
single grain was examined and the results were compared quantitatively with
analytical approaches developed by MacPherson and Srolovitz [552]. In the
second stage the kinetics of grain growth in 3D polycrystals obtained by com-
puter simulations were compared to analytical predictions [541, 542, 554].

Three simple singular grain shapes were considered in [554] (Fig. 4.60). Al-
though these configurations are unlikely to be found in a normal polycrystal
(the tetrahedron is an exception) their simplicity makes them a good subject
to test the different approaches discussed above.

We would like to stress again that the Cahn-MacPherson-Srolovitz ap-
proach is the only one that considers the metrics of the grains, which change
dynamically in the course of grain growth. As a result this approach predicts
a non-constant time dependency of the normalized volume rate of change
(V̇ V −1/3). All other models depend only on the topological class and thus
predict a constant value of (V̇ V −1/3). Comparison of the Cahn-MacPherson-
Srolovitz approach with experimental results is somehow complicated because
the parameters of this approach have to be determined from the current ge-
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FIGURE 4.61
A hexagonal prismatic grain and the two dimensions a and d are shown [542].

ometry of the grains. A vertex model allows us to define all the parameters for
this calculation during the evolution of the volume of a grain. In the following
we will explain more comprehensively how the Cahn-MacPherson-Srolovitz
relation (4.104), (4.108) can be computed from the simulated microstructure
[554].

For this we consider the example of a hexagonal prismatic grain [542]
(Fig. 4.61)

L(D) =
1
2π

nef∑

i

βiei (4.110)

e(D) =
ntj∑

i

etj
i (4.111)

The term e(D) is the length of the triple junctions of a given grain and is
equal to the sum of the length of all triple lines Ntj of such a grain.

The term L(D) reflects the local variation of the surface with respect to
a fixed reference. To better understand this we need to imagine that the
surface is also divided into very small surface elements. The normal to each
element of the surface dS characterizes its spatial orientation, which may
be different from all other pieces of surface surrounding the element dS; the
angle β is known as the turning angle and represents precisely the variation
of one surface element with respect to another. The term ei in Eq. (4.110)
comprises the length of the junction between the dS elements. The sum over
all junctions nef corresponds to the mean width of the whole domain. The
orientation difference β across a triple junction corresponds to the external
dihedral angle which in the equilibrium is established by the surface tensions
of the adjoining grain boundaries. Another interesting feature of this term is
that it introduces implicitly the curvature of the surface in Eq. (4.104).

As an example in Fig. 4.61 two new variables, a and d, define the dimensions
of the grain: d is the length of the longitudinal triple line grain and a is the
length of a side of the hexagonal cross section; the curvature of the triple line
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is included in this parameter. Now we can calculate first the term e(D) for
this grain as follows:

e(D) =
ntj∑

i

etj
i = 6d+ 12a (4.112)

the term L(D) can also be easily calculated:

L(D) =
1
2π

nef∑

i

βiei =
1
2π

(
2Lk +

1
3
π · 6d+

1
3
π · 12a

)
=
Lk

π
+d+2a (4.113)

where Lk is the unknown mean width of the two curved grain boundaries of
the grain. Because all other grain boundaries are flat, β = 0 and their surfaces
do not contribute to the mean width.

From Eqs. (4.105), (4.112) and (4.113), we arrive at

dV

dt
= −2πmbγ

(
Lk

π
+ d+ 2a− d− 2a

)
= −2mbγLk (4.114)

The volume change rate for the configuration considered is determined by the
term Lk which represents only the curved grain boundaries. It can be seen
that Eq. (4.114) delivers a constant rate dV/dt and complies with reality since
the configuration in Fig. 4.61 demonstrates a steady-state evolution of its vol-
ume.

In order to compare the different approaches the volume rate of change was
normalized by the cubic root of the volume of the grains at any time, and for
the case of the Cahn-MacPherson-Srolovitz approach Eq. (4.108) was used.

Fig. 4.62 shows the temporal evolution of the volume and the normalized
volume rate of change for a 3-sided grain (Fig. 4.60). The volume is seen to
decrease non-linearly with time (Fig. 4.62) indicating that, as predicted by
Eqs. (4.104) and (4.108), there is not a constant volume rate of change (V̇ )
for a particular topological class. Since the parameters in Eq. (4.104) change
with time, V̇ cannot have a constant value unless special conditions are met
as in the case of the hexagonal prism [542]. The normalized volume rate of
change (Fig. 4.62b) also does not seem to be constant with time. A compar-
ison of V̇ V −1/3 for the different approaches evidences best agreement of the
simulations with the Cahn-MacPherson-Srolovitz approach Mullins’ model
(Eq. (4.99)) also yields reasonable agreement. This indicates that the expres-
sion V̇ V −1/3 of this particular grain is not far from the mean of the topological
class n = 3. The models of Hilgenfeldt et al. [545] and Glicksman-Rios [551]
cannot deliver a value for the topological class n = 3 since Eqs. (4.102) and
(4.103) become undetermined for this number of grain faces.

The evolution of the tetrahedral grain shows similar features, a non-linear
dependency of the volume on time (Fig. 4.64) and, consequently, a non-
constant V̇ ; however, V̇ V −1/3 is closer to a constant value (Fig. 4.64b). As
in the previous case, the agreement with Eq. (4.108) is good. The observed
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(a)

(b)

(a)

(b)

(a)

(b)

FIGURE 4.62
Volume evolution with time (a) and comparison of the volume rate of change
of a 3-sided grain with the different model as calculated from the simulation
data. (b) The Hilgenfeldt and Glicksman-Rios models do not appear because
the volume rate of change of a grain with a topological class n = 3 cannot be
calculated with their approaches (Eqs. (4.102) and (4.103) become undeter-
mined [554]).
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FIGURE 4.63
Reuleaux tetrahedron.

deviations in the beginning of the simulation are caused by the fact that the
starting configurations have flat grain boundaries and thus need a certain re-
laxation time to attain the necessary curvature and equilibrium at the triple
lines. The tetrahedral grain is of special interest for the Glicksman-Rios model
[551]; the point is that the tetrahedral grain has a particular geometry, since
it resembles a Reuleaux tetrahedron that is formed by the intersection of four
spheres of equal radius with centers located at the surfaces of the neighboring
spheres (three-dimensional equivalent of the Reuleaux triangle (Fig. 4.63)).

This geometry is optimal to study the Glicksman-Rios approach [551] be-
cause during its evolution it meets the condition of a constant vertex-to-vertex
distance λ4 that is assumed in this model, and thus Eq. (4.103) represents an
exact solution for the growth rate of this grain. The simulation results show, in
fact, excellent agreement with this model. The Hilgenfeld and Mullins models
[545] also show reasonable agreement.

As shown in [542] the evolution of a hexagonal prism takes place in the
steady-state regime and V̇ = const. Fig. 4.65 shows the calculated parameters
L(D) and e(D) taken directly from the geometry of the evolving grain [542].
For a grain which evolves in a steady-state regime (V̇ = const) the curves
L(D, t) and e(D, t) need to be parallel (Eq. (4.104). One can see that this
condition is evidently fulfilled (Fig. 4.65).

The results for the hexagonal prism (Fig. 4.66) show that the Cahn-
MacPherson–Srolovitz approach [552] is the only one that reproduces almost
exactly the evolution of the mean volume rate of change of the prism whereas
other approaches deviate from the simulation results since they can only ren-
der a constant value, yet, on average with reasonable agreement. It is also
confirmed that neither a constant V̇ nor a constant V̇ V −1/3 can be expected
for a given topological class because of the dependency of the growth rate
on the metrics of the grain. For the 3-sided and tetragonal grain a constant
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(a)

(b)

(a)

(b)

FIGURE 4.64
Volume evolution with time (a) and comparison of the volume rate of change of
a tetrahedral grain using the different models as calculated from the simulation
data (b) [554].
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FIGURE 4.65
The temporal evolution of the parameters L(D) and e(D) for a hexagonal
prism [554].

V̇ cannot be achieved. It is be stressed that even in these cases a constant
V̇ V −1/3 is highly debatable since any perturbation in the geometry of the
grains from the assumed ones will lead to deviations from the expected val-
ues. The hexagonal prism shrinks at constant V̇ and, therefore, cannot deliver
a constant V̇ V −1/3.

The analysis of the data of Fig. 4.66b reveals another interesting feature.
The deviation between the Cahn-MacPherson-Srolovitz relation and the nor-
malized volume rate of change remains constant for the entire simulation (with
the exception of the incipient relaxation time). This occurs because the area
of the grain boundaries that provides the driving force for the reduction of
the volume of the grain does not change and, accordingly, the surface is rep-
resented by about the same quantity of triangular facets. Thus, the numerical
error remains constant. The reduction of the grain boundary area and, hence,
of the free energy, occurs at the expense of the lateral flat grain boundaries
of the grain.

The results presented demonstrated that the Cahn-MacPherson-Srolovitz
relation 4.104 delivers the best description for the curvature-driven grain vol-
ume change under specific controlled conditions. Despite the simplicity of the
configurations studied, the results indicate that a grain of a given topological
class can only shrink or grow with a constant V̇ V −1/3 or V̇ under special
conditions. The volume rate of change of normal closed domains for constant
topological class will scatter over a certain range depending on the change
in the metrics of the grain L(D) and e(D) in Eq. (4.104) until a topological
transformation occurs that changes the topological class of the grain.

© 2010 by Taylor and Francis Group, LLC

http://www.crcnetbase.com/action/showImage?doi=10.1201/9781420054361-c4&iName=master.img-5867.jpg&w=226&h=169


4.7 Grain Growth in 3D Systems 423

(a)

(b)

(a)

(b)

FIGURE 4.66
Volume evolution with time (a) and comparison of the volume rate of change
of a hexagonal prismatic grain predicted by different models and simulation
data (b) [554].
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FIGURE 4.67 (SEE COLOR INSERT FOLLOWING PAGE 424)
Polycrystal used in the simulation composed of 125 grains with periodic
boundary conditions [554].

4.7.2.2 3D Polycrystals

In the previous section we considered how the results of computer simula-
tions of the temporal evolution of the volume of solitary grains compare to
the different analytical approaches [541, 542, 554]. However, the behavior of
a single grain is not the major goal of the approaches discussed. The main
objective is to find a key to describe the grain growth in 3D polycrystal, to
compute the rate of change of the volume of the grains in complex grain as-
semblies. This problem was considered in [554], where the grain growth in
a polycrystal composed of 125 grains (Fig. 4.67) was studied quantitatively.
The volume rate of change of all grains showed very good agreement with
the Cahn-MacPherson-Srolovitz relation. In Fig. 4.68, an example of three
grains with different growth rates is shown. During growth the grains suffer
topological changes by gaining and losing grain boundaries [554]. One can see
that the volume rate of change V̇ is apparently affected less by the change
in the topological class than by the change in the metrics of the grains as
substantiated also by the good agreement of the Cahn-MacPherson-Srolovitz
relation with simulation results. In ([554]) it was shown that the evolution
of individual grains and grain growth in polycrystal are well described by
the Cahn-MacPherson-Srolovitz relation. An agreement between this relation
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FIGURE 4.68 (SEE COLOR INSERT FOLLOWING PAGE 424)
Volume rate of change as a function of the topological class; the lines represent
the analytical approaches of Mullins, Rios, and Glicksman, and Hilgenfeldt et
al. The normalized volume rate of change was calculated directly from the
change of grain volume with time [554].

and computer simulations signifies that there is no constant growth rate for
a given topological class. Hence, grains with the same number of triple junc-
tions may exhibit different growth rates depending on the difference between
the mean width and the length of the triple junctions. Since this is the case,
none of the approaches that formulate the growth rate as a function of the
topological class (4.99, 4.102, 4.103) can be entirely valid for single crystals,
since they can yield a correct result only under very specific conditions, i.e. if,
at a certain time, there are grains fulfilling the relations. In order to test the
predictive power of these approaches, the volume rate of change as a function
of the topological class is plotted for these relations in Fig. 4.68 and compared
to simulation results ([554]). It is evident that each topological class can have
various growth rates in accordance with the Cahn-MacPherson-Srolovitz rela-
tions (4.104, 4.108). The mean normalized volume rate of change

〈
V̇ V −1/3

〉

for each topological class is represented as a solid black circle, whereas open
circles represent the mean according to the Cahn-MacPherson-Srolovitz rela-
tion that was calculated from the mean L(D), e(D), and volume for each topo-
logical class, i.e.

〈
V̇ V −1/3

〉
= 2πmgbγ (〈L(D)〉n − 1/6 〈a(D)〉n) · < V >

−1/3
n .

If only the mean values for each topological class are compared, all approaches
show very good agreement with the simulation results. This has also been
pointed out by Wakai [555], Weygand [556] and in phase-field simulations by
Kim [557]. The mean value determined by the Cahn-MacPherson-Srolovitz
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relation renders also a good agreement; however, it must be stressed that
this relation is not meant to be used as a general descriptor of the average〈
V̇ V −1/3

〉
.

The main property which distinguishes the observed analytical geometrical
approaches is that all of them, except the Cahn-MacPherson-Srolovitz rela-
tion, do not include the metrics of the grain.

The theories of Mullins, Glicksman and Rios and Hilgenfeldt et al. are con-
structed by analogy with the Von Neumann-Mullins approach, they are purely
topological. That is why the major weakness of the approaches mentioned
are not quantitative discrepancies in computer simulations. All of these ap-
proaches give asymptotically a reasonable rate of the grain volume evolution,
but in the absence of metrics. This is the reason why it has been impossi-
ble in the frame work of these approaches to consider problems connected
to grain growth in systems with finite mobility of grain boundary junctions.
The influence of the metrics comes particularly into play when it is impossible
to assume that grain boundary junctions have an infinite mobility. Such an
attempt was undertaken in [542].

When deriving Eq. (4.104) Cahn, MacPherson and Srolovitz assumed that
the dihedral angles at triple lines attain their equilibrium value of 120◦. Con-
sequently, the angle between triple lines at quadruple junctions must reach
the tetrahedral angle of ∼ 109.47◦ [542]. Since a finite mobility of the junc-
tions influences the value of these angles, one might expect that the Cahn-
MacPherson-Srolovitz relation will not be able to predict adequately the vol-
ume rate of change of a grain in the case of a finite mobility of grain boundary
junctions. This principal problem was studied in [542, 554] for different triple
junction and quadruple junction mobility. In all cases a tangible deviation
from the values predicted by Eq. (4.104) was observed. However, for a finite
quadruple junction mobility the effect is much smaller than for a finite triple
junction mobility.

In Fig. 4.69 the results of computer simulation and different analytical
approaches are presented. Under the action of a finite mobility of triple lines
(Λtj = 0.2), the different analytical approaches predict values of the volume
change rate which depart greatly from the simulation results both in a quan-
titative and qualitative sense. For a better agreement the diverse approaches
need to consider the change of curvature that comes with a boundary junction
of finite mobility. One major effect of a finite quadruple junction mobility is
a change in the curvature of the adjoining triple lines, which implicitly alters
also their length. The total length of the triple lines d(D) for the configuration
shown in Fig. 4.61 is given by the sum of all triple line lengths a and d. The
length of the triple lines for a hexagonal cross section can be easily calculated
as (Figs. 4.37 and 4.61) [427, 441]

a = 2� =
2x0

ln sinΘ
ln
(

1 + cosΘ
sinΘ

)
(4.115)
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Glicksman-Rios

simulation Λtj = 0.2

Hilgenfeldt
Mullins

Cahn-MacPherson-Srolovitz
Glicksman-Rios

simulation Λtj = 0.2

Hilgenfeldt
Mullins

Cahn-MacPherson-Srolovitz

FIGURE 4.69
A comparison of the different approaches with simulation results for the case
of a finite triple junction mobility reveals a strong discrepancy [542, 554].

FIGURE 4.70
Dependency of the triple line length on the parameter Λqp [542].
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FIGURE 4.71
A comparison of the different approaches and with the simulation results for
the case of a finite triple mobility reveals a strong discrepancy [542].

where Θ can be expressed as a function of the criterion Λqp

Θ ∼= 2Λqp

3Λqp +
√

Λqp (9Λqp + 2)
+
π

2
(4.116)

On the other hand the length d can be represented as

d = d0 − 2vbt (4.117)

where d0 is the length of the longitudinal triple line at t = 0, vb is the velocity
of the front and rear faces of the grain.

The simulation gives us the possibility of extracting the dependency of the
parameters a and L(D) on Λqp (Figs. 4.70 and 4.71). One can see that L(D)
increases rapidly for rather small Λqp to a value of L(D), which corresponds
to the curvature of the grain boundary for Λqp → ∞. The dependence of the
parameters L(D) and e(D) on a finite quadruple junction mobility questions,
strictly speaking, the applicability of the Cahn-MacPherson-Srolovitz relation
to grain growth in real 3D systems. However, it can be expected that, similar
to the generalized Von Neumann-Mullins relation [427, 441, 442] there is a
generalized Cahn-MacPherson-Srolovitz relation

dV

dt
= f (L [Λqp, Λtj] e [Λqp, Λtj]) (4.118)
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4.8 Kinetics of Grain Growth Inhibited by Vacancy
Generation

Even for a crystal of a pure element it is thermodynamically profitable to con-
tain “intrinsic impurities” — the vacancies. It it a rather elaborate problem
to account for the effect of vacancies on the processes in solids. Even if we
restrict ourselves to processes where the vacancies are generated as a product
of a kinetics process the list is long enough. Vacancy production by moving
jogs on dislocations during plastic deformation, by a progressing solid/liquid
interface in solidification, or, generally, in every first-order phase transition,
which includes the crystalline phase, shrinking voids in sintering, or, finally,
during grain growth due to the different density of grain boundary and the
ideal crystal [20], [455]–[457] (grain boundary excess free volume — see Chap-
ter 1). As for the latter example of vacancy production, which is the subject of
this paragraph, the point is that the excess of grain boundary free volume lib-
erated by the reduction of total grain boundary area can be considered a flux
of vacancies into the bulk of a sample, a cause of elastic stresses or a source of
plastic deformation. However, in principle, the approach which considers the
elimination of volume excess by vacancies is most versatile. In fact, the way
to reduce the excess through elastic stresses is a deadlock. The relaxation of
elastic stresses is a long-term and slow process. That is why in a short time
the reduction of grain boundary area will result in a strong increase of free
energy. Moreover, as mentioned above, the relaxation of elastic stresses occurs
by a directed flux of vacancies. The inhibiting effect of vacancies on the very
process in which they are generated will be considered from a thermodynam-
ics viewpoint [11, 12], [458]–[460].

The excess free volume a system has to get rid of in such processes can be
released as vacancies which have to be accommodated by the crystal bulk. A
vacancy can be understood as an “impurity atom” which is dissolved in a crys-
tal, and the distinctive property of which (compared to ordinary impurities)
is that a vacancy is born from vacuum and disappears in vacuum, i.e. there is
no conservation rule. Other than that the properties of vacancies are similar
to the usual impurities: creating a solution even in absolutely pure crystals,
vacancies decrease the free energy; if the vacancy concentration exceeds the
solubility limit — the equilibrium concentration of vacancies ceq — vacancies
try to leave the crystal or to precipitate as second-phase particles, i.e. voids.
The kinetics aspect of vacancy influence on grain growth was considered in
[198, 199]. In [11, 12], [458]–[460] it was shown that in the course of grain
growth a self-drag of grain boundaries can be observed, caused by the libra-
tion of excess free volume in terms of vacancy emission.

In the most general terms, the Gibbs free energy G of a system with vacan-
cies can be written as

G = Gnon-vac +Gvac (4.119)
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where Gnon-vac is the non-vacancy part of the Gibbs free energy and Gvac is
the contribution due to vacancies.

Obviously small deviations of the vacancy concentration c from its equilib-
rium value ceq will increase the last term in Eq. (4.119), irrespective of the
sign of the difference c− ceq. As shown in [459]

(
d2Gvac

dc2

)eq

=
NkT

ceq

[
1 + exp

(−Hf
v

kT

)]
∼= NkT

ceq
(4.120)

Here n and N are the number of vacancies and the number of atomic sites per
unit volume, respectively, and Hf

v is the vacancy formation enthalpy. Then,
taking into account that at equilibrium dGvac

dc = 0, we arrive at

G = Gnon-vac +Gvac (ceq) +
1
2
NkT

ceq
(c− ceq)2 (4.121)

Higher order terms in c−ceq have been neglected. It is noted that this compact
formula for the vacancy part of the free energy embraces both the vacancy
formation enthalpy term and the entropy contribution,

The formulation given in [459] makes it possible to look at the kinetic
processes involving vacancies from a viewpoint of their thermodynamic feasi-
bility. Obviously, a kinetic process will be promoted thermodynamically if the
derivative of G with respect to time t, G, is negative, i.e.

Ġ = Ġnon-vac +
NkT

ceq
(c− ceq) ċ < 0 (4.122)

The time derivative of the vacancy concentration ċ can be written as

ċ = ċ+ − ċ− (4.123)

representing a competition between the vacancy production (ċ+) and the va-
cancy removal (ċ−) rates. While the latter quantity can be expressed in a
generic form

ċ− =
Dv

d2
(c− csink) (4.124)

where Dv is the vacancy diffusivity, d is the sink spacing and csink the vacancy
concentration at a sink, the vacancy production rate depends on the particular
mechanism of vacancy generation and is related to the rate of variation of
the first, “non-vacancy,” term of the free energy Ġ. In what follows, kinetic
processes which are significantly affected by this coupling with their “by-
product,” i.e. the vacancies produced, will be investigated.

As a “by-product” of this process, vacancies are released into the crystal
bulk. Indeed, the density of a grain boundary is generally lower than that of
the bulk (see Chapter 1).

The excess free volume released during the reduction of the grain boundary
area has to be accommodated by the bulk. This assumption is supported by
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recent computer simulations of grain boundary motion [457]. The supply of
vacancies by moving grain boundaries may produce a vacancy supersaturation
in the bulk, raising the Gibbs free energy and producing a thermodynamic
force on the boundary. As can be expected intuitively, particularly by analogy
with the Le Chatelier principle, this thermodynamic force will oppose grain
bounday migration. Under certain conditions considered in [11, 458, 459], this
effect may be strong enough to temporarily suppress grain growth altogether.
In the approach proposed uninhibited grain growth was considered to occur
only during a limited time t∗ (Eq. (4.125)). After that time, on reaching the
condition when the time derivative of the free energy of the system becomes
positive, “locking” of grain growth occurs

t ≥ t∗ =
1
24

· γceqR2

NkT (V ex)2V
(4.125)

Under the assumption that t∗ � τ = d2/Dv the expression for the effective
velocity of grain growth Veff can be written as

Veff =
t∗

τ
V =

1
24

· γDSD

NkTZ (V ex)

(
R

d

)2

(4.126)

Here d and Dv are the average spacings between vacancy sinks and the va-
cancy diffusivity, correspondingly. V is the “unperturbed” rate of grain growth
driven by the boundary energy; γ, δ, β and m are grain boundary charac-
teristics: free energy per unit area, thickness, the relative excess free volume,
and mobility, respectively; R̄ is the average grain size (radius), DSD is the
bulk self-diffusion coefficient, N is the number of atoms per unit volume and
Z is the coodination number; kT has its usual meaning. Clearly it is more
correct to express the product βδ as a grain boundary excess free volume
V ex

[
m3/m2

]
. The ratio d2

Dv
determines the characteristic vacancy annihila-

tion time. Smoothing the discontinuous solution by replacing Veff with the
time derivative of the average grain size dR̄/dt and solving Eq. (4.125) yields
the time law for the grain growth model of [11, 459]

1
R̄0

− 1
R̄

=
1
24

· γDSDt

NkTZ(V ex)2d2
(4.127)

where R̄0 is the initial grain size.
The model outlined above accounts for the inhibiting effect of vacancies on

grain growth, but, of course, it is not more than an approximation of the real
continuous process of grain growth. Guided by the principle that “natura non
facit saltus,” the authors of [12, 460] suggested a description of grain growth
as a continuous process.

An equation expressing the balance of energy associated with an increment
of grain size dR within a time increment dt can be written as

− d

dR̄

(
3γ
2R̄

)
dR̄ =

3
2
· 1
R̄

(
dR̄/dt

)2

mb
dt+

NkT

ceq
(c− ceq)

6V ex

R̄2
dR̄ (4.128)
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Eq. (4.128) expressed the energy balance: the energy release associated with
the reduction of the GB area (the left-hand side of Eq. (4.128)) is distributed
between the dissipation due to the drag forces (first term on the right-hand
side of (4.128) and the vacancy sub-system — second term on the right-hand
side of Eq. (4.128)).

ċ =
6V ex

R̄2
· dR̄
dt

− Dv

d2
(c− ceq) (4.129)

Eqs. (4.128) and (4.129) render a full description of the evolution of the grain
system in terms of the average grain radius and the vacancy concentration.
In a dimensionless form they can be rewritten as

ξ
dξ

dt
+AΨC −A = 0 (4.130)

dC

dt
=

p

ξ2
dξ

dt
− C (4.131)

Here ξ = R̄/d, C = c − ceq, A = mbγ/Dv, Ψ = 4NkT (V ex)
ceqγ

, p = 6V ex/d; the
time t is now non-dimensional and is measured in units of d2/Dv.

Numerical solutions of the above set of equations for a broad range of pa-
rameters have shown that for sufficiently small initial grain size ξ0 = R0/d
the grain growth uninhibited by vacancies is preceded by an incubation time
during which the growth rate is substantially reduced, the time dependence of
the grain size exhibiting a plateau-like behavior (Fig. 4.72). For large values
of ξ0 no incubation time is observed. The incubation time is defined as the
time at which the grain growth rate is a maximum. This time corresponds to
the termination of the plateau-like behavior and a transition to uninhibited,
parabolic grain growth (Fig. 4.72). During the incubation time the vacancy
concentration stays approximately constant (Fig. 4.72). Numerical results also
show that the non-dimensional incubation time is inversely proportional to ξ0
and can be represented by the following formula

τincubation =
PΨ
ξ0

(4.132)

or in dimensional form

tincubation = 24
NkT (V exd)2

γR̄0DSD
(4.133)

where DSD is the bulk self-diffusion coefficient.
For times larger than the incubation time a common parabolic grain growth

law follows, while within the incubation time an approximate analytical solu-
tion of the set of Eqs. (4.132) and (4.133) reads

C = 1/Ψ (4.134)
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Eq. (4.139)Eq. (4.139)

FIGURE 4.72
Dependence of non-dimensional grain size (a) and of excess vacancy concen-
tration (b) on the non-dimensional time calculated from Eqs. (4.130), (4.131)
for the following values of parameters: A = 10, Ψ = 100, and p = 100 [12].

1
ξ0

− 1
ξ

=
1
Pξ

(4.135)

or rewritten in dimensional form

1
R̄0

− 1
R̄

=
1
24

· γDSDt

NkT (V ex)2d2
(4.136)

This demonstrates that the approximation [11, 458] based on the intermittent
locking-unlocking scheme with smoothing, provides a quantitatively adequate
representation of continuous grain growth in the regime where the inhibiting
effect of grain growth-induced vacancies is operative. Indeed, Fig. 4.72 demon-
strates an excellent match between the ξ(t) dependencies over the incubation
period given by Eqs. (4.135) and (4.136).

The condition for the occurrence of the vacancy-induced stabilization
against grain growth can be extracted from a comparison of the inhibited grain
growth with the common, parabolic grain growth kinetics. In fact, parabolic
growth occurs if the vacancy effect can be neglected, i.e. if the vacancy con-
centration is sufficiently close to its equilibrium value. From Eq. (4.130) it
then follows

ξ2 − ξ20 = 2At (4.137)

Obviously, the solution of the set of Eqs. (4.130) and (4.131) coincides with the
parabolic law given by Eq. (4.137) for a time tending to zero and also for times
much larger than the incubation time, when C tends to zero, cf. Fig. 4.72. A
real inhibition of grain growth means that the rate of growth in the plateau
region, described by Eq. (4.135) is much smaller than that corresponding to
“free” uninhibited growth described by Eq. (4.137). This condition reads

ξ � (ApΨ)1/3 (4.138)
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or in the dimensional form

R̄0 � R̄∗
c =

[
24NkTZ(V ex)2d2 mb

DSD

]1/3

(4.139)

One can see that this condition is not very material sensitive, particularly due
to the fact that the ratio of the grain boundary mobility and the coefficient
of bulk self-diffusion is not strongly material dependent, and also due to the
power of 1/3. One possible source of structural dependence is the sink spacing
d, for example if it is related to the inverse of the square root of the dislocation
density that may bring about some variability of the quantity on the right-
hand side of inequality (Eq. (4.139)).

One particular case needs to be considered separately, though. It is the case
when the initial grain size is so small that no other vacancy sinks but the grain
boundaries themselves are available, so that d is to be identified with the grain
size R̄. Eq. (4.136) then changes to

dC

dt
=

1
ξ2

(
6
dξ

dt
− C

)
(4.140)

Eq. (4.135) remains unchanged. However, the meaning of the non-dimensional
grain size and the non-dimensional time are different now: ξ = R̄(V ex), and
time is measured in units of (V ex)2/Dv.

Solving the set of Eqs. (4.135) and (4.140) numerically, one can see that the
temporal behavior of the grain size in this case is different from the behavior in
the case of constant sink spacing d. After a short initial period of time ttrans

the case of vacancy-inhibited growth slows down considerably (Fig. 4.73).
After that grain growth effectively stays inhibited for very long times. The
growth rate is thus always lower than the respective rate of usual parabolic
growth (Fig. 4.73). Again, using the fact that after the transient period ttrans

the vacancy concentration is sustained at an approximately constant level and
that the grain size does not change significantly, we arrive at an approximate
solution of the set of Eqs. (4.135) and (4.140) which reads

R̄− R̄0 =
1
24

· γDSDt

NkTZ(V ex)2
(4.141)

From Fig. 4.73 one can see that Eq. (4.140) indeed provides a good analytical
approximation for sufficiently short times, which nevertheless should be longer
than ttrans.

The stability condition of nanocrystalline material against grain growth can
be expressed by the inequality

R̄0 � R̄c = 24NkTZ(V ex)2
mb

DSD
(4.142)
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FIGURE 4.73
Dependence of non-dimensional grain size on the non-dimensional time cal-
culated from Eqs. (4.130) and (4.140) for the following values of parameters:
A = 10, Ψ = 100 for two different time scales [12].

These results have an interesting interpretation: a nanocrystalline mate-
rial cannot be stable if condition (4.142) or (4.139) (whichever is relevant)
is violated. In that sense, the critical radius R̄c or R̄∗

c can be regarded as a
limiting stable grain size above which grain growth uninhibited by vacancies
is possible. Obviously, as seen from (4.139) and (4.142) the critical grain size
is temperature dependent. As the activation energies for grain boundary mo-
bility are generally different, the sense of the temperature variation of the
critical grain size will depend on the interplay of the temperature dependen-
cies of the mobility and self-diffusion coefficient. It is emphasized that the
grain boundary mobility may depend very strongly on the type of the bound-
ary, the texture in the material and its purity (see Chapter 3), which makes
an estimation of the critical radius to a fairly difficult task. In [12] such an
estimation was attempted for Al, the only material for which mb is known
with some confidence. At 300◦C one obtains both R̄c and R̄∗

c =
(
R̄cd

2
)1/3 of

the order of 100 nm. These estimates can, from our viewpoint, explain the
relative stability of nanocrystalline materials against grain growth.

The results of the described approach were compared with grain growth ex-
periments in nanocrystalline Fe [452]. As intimated by the authors of [452] the
theory developed is able to account for the growth rate discrepancy between
nanocrystalline and microcrystalline Fe without recourse to impurity effects.

We would like to remind the reader that the results of [452] were considered
in the previous paragraph as an experiment, which supports the grain bound-
ary junction drag approach, predicting under definite conditions a linear de-
pendence between average grain size R̄ and annealing time. The vacancy drag
concept suggests also another explanation. A quantitative experiment only
can say which approach gives more adequate description of reality. The set of
Eqs. (4.135) and (4.136), or (4.132) and (4.133) yields solutions that predict a
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FIGURE 4.74
Dependence of non-dimensional grain size on the non-dimensional time cal-
culated from Eqs. (4.130) and (4.131) for various levels of initial vacancy
supersaturation.

decrease of the average grain size for the case of an initial vacancy supersatura-
tion. In other words, it can be speculated that grain refinement can be induced
by a high vacancy concentration, which can be created in different ways, e.g.
by quenching from a high temperature, irradiation with energetic particles
or plastic deformation. An example of the computed variation of the average
grain size with time for three different initial excess vacancy concentrations is
shown in Fig. 4.74. Although the magnitude of grain size decrease is small the
very possibility of vacancy-induced grain refinement appears interesting. The
physical reason for this grain refinement is similar to the well-known effect of
grain refinement during discontinuous precipitation [462], diffusion-induced
grain boundary migration [463] and discontinuous ordering reactions [464]. In
all cases the loss of energy associated with an increase of grain boundary area
is compensated for by the energy gain in the bulk due to decomposition of a
supersaturated solution, formation of a solid solution, or bulk ordering of the
quenched disordered alloy behind moving grain boundaries.

In [460] the discussed approach was applied to grain growth in thin films,
one of the most important subjects of modern information technology. Grain
growth in thin films has some distinctive properties, which are mainly con-
nected with the stresses developing in thin films and with a strong influence
of the free surface on grain boundary motion [465, 466]. The consideration
of the first feature dates back to Chaudhari [13, 14] [467]–[469]. First, the
cohesion between a film and a substrate should lead to internal stresses in
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the film. Second, under certain conditions an equilibrium grain size can exist
beyond which no grain growth occurs. The latter results from consideration of
the interplay between the elastic strain energy and the total grain boundary
energy during grain growth. The model proposed by Chaudhari appears to
be commonly accepted, see, e.g., a review [14]. In that approach it was tac-
itly assumed that the excess free volume of grain boundaries released during
grain growth disappears instantly, giving rise to a tensile stress. This strong
assumption limits the applicability of the model, as the free volume release
would normally occur via generation of lattice defects, notably the injection
of vacancies into the bulk of the material [457].

Let us consider briefly the situation analyzed in [13, 14]. A polycrystalline
thin film is deposited on a substrate, and we assume the film is initially in
a stress-free state. In the course of grain growth the reduction of the excess
grain bounday free volume would lead to a decrease in the free volume, and,
as a result (at constant film thickness), to a decrease in the area of the film.
Then the stress in a given direction of the isotropic film can be estimated as

σ =
E

2(1 − ν)
V ex

(
1
R0

− 1
R

)
(4.143)

Here E/(1 − ν) is the biaxial elastic modulus expressed in term of Young’s
modulus E and Poisson’s ratio ν.

However, Eq. (4.143) going back to [13] does not take into account the elon-
gation of the specimen due to the generation of vacancies. One possibility is to
convert it into individual vacancies. As long as the vacancies thus generated
stay in the film, no net volume change occurs. (This implies that the excess
free volume is considered to be equal to the total volume of vacancies gen-
erated, i.e. possible relaxation effects are neglected.) However, when vacancy
removal by diffusion (e.g. to the film surface) occurs, film shrinkage due to
loss of grain boundary area will outweigh its extension due to vacancies. If an
individual vacancy leads to the specimen elongation αb, where b is the atomic
spacing in the direction of interest and α is the numerical coefficient of the
order of unity, the resulting stress reads [460]:

σ =
E

(1 − ν)

{
1
2
V ex

(
1
R0

− 1
R

)
− α (c− ceq)

}
(4.144)

The coefficient α can be extracted from a simple consideration. In the case
when no vacancy removal occurs the stress should vanish:

1
2
V ex

(
1
R0

− 1
R

)
= α (c− ceq) (4.145)

On the other hand one has under such “adiabatic” condition

c− ceq = V ex

(
1
R0

− 1
R

)
(4.146)
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From (4.145) and (4.146) we get α = 0.5.
As mentioned above, Chaudhari’s approximation presumes that the excess

volume disappears instantaneously, while in our approach part of it is con-
tained in the vacancies. In this case the resulting stress can be expressed by

σ =
E

2(1 − ν)

{
V ex

(
1
R0

− 1
R

)
− (c− ceq)

}
(4.147)

The Gibbs free energy of the film (per unit volume) can be written as a sum
of three contributions:
The elastic energy:

Gel =
σ2

2E
(1 − ν) (4.148)

the grain boundary free energy (per unit volume):

Ggb =
γ

R
(4.149)

where γ is the boundary surface tension; the relation (4.149) is derived under
the assumption that the grains are cylindrical with height equal to the film
thickness; and, finally the “vacancy” free energy:

Gvac =
NkT

2ceq
(c− ceq)2 (4.150)

Consider the derivative of the full Gibbs free energy G = Gel + GGB + Gvac

with respect to the average grain size R

dG

dR
=
[
NkT

ceq
(c− ceq) − σ

2

]
· dc
dR

+

+
{

1
4

E

(1 − ν)
V ex

[
V ex

(
1
R0

− 1
R

)
− (c− ceq)

]
− γ

}
1
R2

(4.151)

The behavior of the system can be diagnosed by an analysis of the sign of this
derivative. The thermodynamic viability of the grain growth process requires
that the derivative be negative.

The evolution of the vacancy concentration with time t is given by

dc

dt
=
V exV

R2
− Dv

d2
(c− ceq) (4.152)

The first term on the right-hand side represents the rate of vacancy gener-
ation accompanying grain growth (V being the grain growth rate, which is
proportional to the velocity of grain boundary migration). The second term
describes the vacancy removal by diffusion to the film surface, with Dv being
the vacancy diffusivity and d the film thickness.

Two essentially different situations of grain growth in thin films were consid-
ered in [460]. When vacancy removal can be neglected (which can be referred
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to as the “adiabatic” case), σ = 0, and the last term in (4.152) can be dropped
leading to

dc

dR
=
V ex

R2
(4.153)

Equation (4.151) then assumes the form

dG

dR
=

1
R2

{
−γ + (V ex)2

NkT

ceq

(
1
R0

− 1
R

)}
(4.154)

It is seen that in the early stages of grain growth, when R is close to R0, the
derivative dG

dR̄
is negative, meaning that the process is favorable thermody-

namically. However, at a certain critical value of R given by

Rc =
R0

1 − γceqR̄0
(V ex)2NkT

(4.155)

the derivative dG
dR̄

vanishes. This critical value of R can be seen as an “equilib-
rium” grain size beyond which no growth will occur. Obviously, such a critical
grain size is only possible if the denominator of Eq. (4.155) is positive, i.e. if

R0 <
(V ex)2NkT

γceq
(4.156)

A simple estimate using representative values of the parameters

V ex = 2 · 10−11m3/m2, γ = 1J/m2, T = 500K, ceq = 10−8

shows that this condition is fulfilled for R0 < 1.5 · 10−5m. The estimation is
given for V ex = 2 · 10−11m3/m2 [460]. However, the direct measurements of
grain boundary excess free volume (Chapter 1) show that V ex might be in the
range of 5 ·10−11m3/m2, which gives us the value of R0 equal to R0 ≈ 10−4m.
Of course, this value is strongly temperature dependent, primarily through
the thermal equilibrium vacancy concentration. If inequality (4.156) is not
fulfilled, grain growth will be unrestricted.

The second situation, which can be called the “Chaudhari” approximation
[467], also follows from Eqs. (4.152) and (4.153). Indeed, assuming the exis-
tence of such a critical radius and thus setting V to zero and further assuming
that the vacancy concentration is equal to its thermal equilibrium value (a
tacit assumption in Chaudhari’s paper [467]) we find that

R ∼= R0

1 − 4γR0(1−ν)
E(V ex)2

(4.157)

This formula produces Chaudhari’s result [13] which was revisited by Thomp-
son and Carel [14].

The modified energy balance equation reads

γ

R2

dR̄

dt
= (1 − ν) · σ

E

dσ

dt
+
NkT

ceq
(c− ceq)

βδ

R2

dR

dt
+

V 2

mbR
(4.158)
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The set of Eqs. (4.158) and (4.153) with σ given by Eq. (4.144) describes this
problem completely.

A convenient non-dimensional form of this set of equations reads

dc

dt
=

dχ

χ2dt
− c (4.159)

[
A+ (1 −B)C −

(
1
χ0

− 1
χ

)]
dχ

χ2dt
=

= −
(

1
χ0

− 1
χ
− C

)
dC

dt
+Q

1
χ

(
dχ

dt

)2

(4.160)

where C = ceq − c, χ = R
V ex , χ0 = R0

V ex , A = 4γ
V exE (1 − ν),

B =
4NkT
Eceq

(1 − ν) and Q =
4(1 − ν)V exDv

d2Emb
(4.161)

Dv is the vacancy diffusivity, d is the sink spacing.
The set of equations (4.159) and (4.161) describing the evolution of the

grain size and the vacancy concentration provide a full description of the sys-
tem [460]. Some results of a detailed numerical study are given below.

The maximum growth rate is observed at the very beginning of the process.
An almost uninhibited, nearly parabolic growth regime is observed at large
times (Fig. 4.75).

The length of the plateau-like incubation stage depends on the value of
model parameters and the initial grain size χ0. An interesting feature should
be noted — during the incubation time the vacancy concentration remains
constant (Fig. 4.76). The end of the incubation period is signified by a pre-
cipitous drop in C and a peak in the time dependence of the grain growth
rate dχ

dt (Fig. 4.77) [460]. The dependence of the incubation time τ on 1/χ0

is shown in Fig. 4.78; this dependence can be represented by a simple formula

τ =
B

A
· 1
χ0

(4.162)

It should be stressed that τ is not sensitive to the dissipation parameter Q.
The formula (4.162) can be rewritten as a dimensional relation

τinc. =
(V ex)2NkT

γR0
· d2

Dvceq
(4.163)

expressing the incubation time τinc. in terms of the physical parameters of the
system, temperature and sink spacing [460].

The thermodynamic-kinetic approach developed in [11], [460] makes it pos-
sible to give a full description of the evolution of the average grain size for
many systems. Similar consideration can be applied to grain growth in rein-
forcement particles in a composite to grain growth in a multiphase system, or
the kinetics of void dissolution [459].
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FIGURE 4.75
Variation in the grain size time for various values of the initial grain size. (All
quantities are given in dimensionless units [460].)
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FIGURE 4.76
Evolution of the excess vacancy concentration with the non-dimensional time
for three different values of the initial grain size [460].
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FIGURE 4.77
The grain growth rate as a function of time for three different values of the
initial grain size. (All quantities are given in dimensionless units [460].)
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FIGURE 4.78
The initial grain size dependence of the incubation time. (Note the different
scales for the two different values of the parameter A used [460].)
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4.8.1 Diffusion-Controlled Creep in Nanocrystalline
Materials under Grain Growth

The developed approach to the processes in materials where vacancy gener-
ation is considered as an integral part of grain growth was applied to creep
in nanocrystalline materials governed by diffusion [558]–[560], [563]. Let us
consider a frequent situation in polycrystals when creep deformation occurs
in parallel with grain growth.

The amount of vacancy supersaturation and the corresponding grain size
variation, as mentioned before, can be described by a set of coupled differ-
ential equations (Eqs. 4.130, 4.131, and 4.158). One expresses the balance of
energy associated with an increment dR of the mean grain size R, and the
other describes the change of vacancy concentration in the bulk.

As shown in [561] for nanocrystalline materials it is natural to assume that
no vacancy sink of dislocations type are available in the bulk of a grain, in
other words, the sink spacing d can be identified with average grain size R.
The vacancies generated at grain boundaries will be firstly adsorbed by the
boundaries and then directed to the free surface of a sample by boundary
diffusion. Nevertheless, the main concept of the approach developed in [11],
[458]–[460] is valid in this case as well. Although the concept discussed above
related to non-equilibrium processes, like grain growth in polycrystals and in
thin films on a substrate, void dissolution, and sintering, it considered the
phenomena in terms of equilibrium thermodynamics, i.e. the change of va-
cancy concentration of the system was felt as a change of the vacancy part of
the free energy. So, in our case the increase in the local vacancy concentra-
tion in a boundary results, in accordance with equilibrium between the grain
boundary and the adjacent bulk, in an increase in the vacancy concentration
in the grain.

We would like to remind the reader that qualitatively the physics of the
phenomenon can be described as follows. Grain growth is suppressed over a
characteristic incubation time tincubation, followed by “normal” grain growth
characterized by a parabolic time law. During this time, the average vacancy
concentration in the bulk is maintained at a nearly constant level above the
equilibrium one. After the incubation time the vacancy concentration drops
down to thermal equilibrium.

The vacancy concentration during the incubation time can be estimated by
setting the rate of the concentration variation ċ to zero and substituting for
dR/dt an expression following from [460]

dR/dt =
1
24

· γDvc
eq

NkT(V ex)2
(4.164)

The resulting vacancy concentration reads

c =
[
1 +

γ

4NkT(V ex)

]
ceq (4.165)
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Estimates show that the second term stemming from the vacancy generation
effect is at least an order of magnitude larger than the first one so that

c =
γ

4NkT(V ex)
ceq ≡ λceq (4.166)

holds. At first glance, it may appear strange that the magnitude of the effect
is inversely proportional to the “vacancy efficiency” of grain boundaries rep-
resented by the grain boundary excess free volume V ex. However, the level of
vacancy supersaturation is the result of an interplay between the number of
vacancies injected in the bulk due to the shrinkage of the total volume of the
boundaries and the rate of this shrinkage. While the first quantity is propor-
tional to V ex, the latter is inversely proportional to the square of V ex, as seen
from Eq. (4.164). It should be noted that the time

tincubation = 24
NkT(V ex)2R0

γDvceq
(4.167)

during which the increased vacancy concentration is maintained is propor-
tional to (V ex)2. Here R0 is the initial grain size.

We would like to discuss here one long-standing misconception in the sci-
entific literature. If we take into account that the vacancy concentration is
increased during grain growth the expressions for Nabarro-Herring or Coble
[558]-[560] creep need to be modified. However, according to a standard text-
book treatment of diffusional creep, no effect of this enhancement of the va-
cancy concentration would follow. It is customary to attribute diffusional creep
to the non-uniform vacancy concentration in an inhomogeneously stressed
solid. In this case the diffusive flux is determined by the gradient of the va-
cancy concentration and an overall increase in the vacancy concentration, as
with grain growth-induced vacancies, would not affect the creep rate. This
concept is physically wrong, though, because the vacancies in an inhomoge-
neously stressed solid are in thermodynamic equilibrium and, therefore, their
chemical potential is zero everywhere, even though their concentration is non
uniform. As Herring [559] pointed out correctly, it is the inhomogeneous chem-
ical potential distribution of the atoms that gives rise to a diffusion flux in
diffusion creep. In the presence of a stress σ the chemical potential of an atom
is changed by an amount σΩ. A uniaxial stress causes a chemical potential
gradient of the order σΩ/R on a grain scale, which gives rise to a diffusion
flux, and hence, diffusion creep. The overall vacancy concentration does af-
fect the creep rate since the atomic mobility is proportional to the total local
vacancy concentration. The atom flux across a grain is then given by

j =
D

kT
N · Ωσ

R
(4.168)

where D denotes the bulk diffusivity of atoms. For the vacancy mechanism of
bulk diffusion it can be written as

D = Dvc (4.169)
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The plastic strain rate associated with the grain shape variation is then given
by

ε̇NH = A
jΩ
R

= A
Ωσ
kT

1
R2

Dvc (4.170)

Here A is a numerical coefficient; use was made of the relation NΩ = 1
that holds for a pure material. In a similar way an expression for the plastic
strain rate can be obtained for the case when creep is controlled by diffusional
mass transfer via grain boundaries (Coble creep [560]) assuming a vacancy
mechanism of grain boundary diffusion

ε̇Coble = Aπ
Ωσ
kT

δ

R2
DGB

v cGB (4.171)

Here DGB is the vacancy diffusivity and cGB the vacancy concentration
in grain boundaries. (An interesting modification of the diffusion-controlled
creep, in which the 1/R2 dependence is combined with the grain boundary
diffusion, was discussed in [562].)

The value V ex, the excess of grain boundary free volume, is the vacancy
capacity of the grain boundary. However, when considering Coble creep [560],
the authors of [561] were forced to separate β and δ: the difference in the den-
sity between grain boundary and the bulk β and the grain boundary width
δ. The diffusion flux during grain boundary diffusion is determined by the
grain boundary width δ. Nevertheless, we would like to stress that a physical
meaning has only the parameter V ex. V ex, as shown in [20, 564] (see also
Chapter 1) can be measured experimentally. For instance, for a 40◦〈111〉 tilt
grain boundary in Al V ex ∼= 5 · 10−11m3/m2.

In the case when no grain growth-induced vacancies are present, c in
Eq. (4.170) (and also in Eq. (4.171) where it enters implicitly, provided that
grain boundary diffusion is controlled by the vacancy mechanism) is equal to
ceq. However, in the case when a vacancy supersaturation due to grain growth
prevails, c = λceq, i.e. the actual vacancy concentration in the grain interior
needs to be substituted. The modified creep rates by the Nabarro-Herring and
the Coble mechanism are then given by

ε̇∗NH = λε̇NH =
γ

4NkTV ex
· ε̇NH (4.172)

Similar considerations can be applied to Coble creep. If thermodynamic equi-
librium between the grain interior and the grain boundaries is assumed to
be reached quasi-instantaneously (i.e. within a time much smaller than the
incubation time tincubation), the actual vacancy concentration in the grain
boundaries cGB will be enhanced, as compared to the thermal equilibrium
value by the same factor of λ. This leads to an enhanced rate of Coble creep

ε̇∗coble = λε̇coble =
γ

4NkTV ex
· ε̇coble (4.173)

While an enhancement of the creep rate by a factor of λ is quite significant,
the strain increment acquired during the incubation time, when the vacancy
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concentration stays at a higher level, is even more impressive. It is given by

ΔεNH =
∫ incubation

0

ε̇∗NHdt = 6A
V ex

δ

Ωσ
kT

δ

R0
(4.174)

and

Δεcoble =
∫ incubation

0

ε̇∗cobledt =
4π
3
A
V ex

δ

Ωσ
kT

(
DGB

Dvceq

)(
δ

R0

)2 Ωσ
kT

δ

R0

(4.175)
for the Nabarro-Herring and the Coble type of creep, respectively. As shown
in [561], for creep accompanied by grain growth the “extra” strain Δε for
t > tincubation can be significant. Thus, for the Nabarro-Herring mechanism
ΔεNH

∼= 2%. For the Coble mechanism the effect is much stronger.
We would like to emphasize once more that the commonly accepted ap-

proach to diffusional creep based on a vacancy concentration gradient is in-
sensitive to the effect discussed, as grain growth-induced vacancy generation
does not give rise to additional concentration gradients. The principal idea
of Herring that the diffusion creep mechanism is based on a gradient of the
chemical potential of atoms has to be utilized instead.
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4.9 Problems

PROBLEM 4.1
Find the pinning force that particles exert on a boundary.
(a) The radius of the particles is r = 10−8m; the number of the particles per
unit volume is N = 1021m−3; the surface tension of the grain boundary is
equal to γ = 0.5J/m2.
(b) r = 5 · 10−9m, N = 1022m−3; γ = 0.5J/m2.

PROBLEM 4.2
Find the pinning force that particles exert on triple junctions.
(a) The radius of the particles r = 10−8m, the number of pareticles per
unit volume N = 1021m−3, the surface tension of the grain boundary is
γ = 0.5J/m2; the triple line tension γ� = 10−9m, the mean grain size
< D >= 10−6m.
(b) r = 10−9m; N = 1022m−3; γ = 0.5J/m2; γ� = 10−8J/m; < D >= 10−7m.
Compare the result with the result of (a).

PROBLEM 4.3
Find the pinning force that particles exert on grain boundary quadruple junc-
tions.
(a) The radius of the particles is r = 10−8, the number of the particles per
unit volume is N = 1021m−3, the surface tension of the grain boundary is
0.5J/m2; the mean grain diameter is < D >= 10−6m.
(b) The radius of the particles is r = 10−7m, the number of the particles
per unit volume is N = 1021m−3, γ = 0.5J(m2, the mean grain diameter
< D >= 10−6m.

PROBLEM 4.4
Show that the rate of change of the total area S in a polycrystal in the course
of grain growth is proportional to S3.

PROBLEM 4.5
Find the dependency of the grain area change rate dS

dt
as a function of the

topological class n for a system with triple junction for different parameters
Λ:
Λ = 10.39(n < 6); Λ = 103(n < 6)
Λ = 1.11(n > 6); Λ = 10.39(n > 6)
Λ = 200(n > 6); Λ = 103(n > 6)
γmb = 10−9m2/s

PROBLEM 4.6
Consider the steady-state motion of a grain boundary half-loop with facets
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FIGURE 4.79
(a) Geometry of four triple lines (tl) meeting at the quadruple junction (qj).
(b) Forces acting on the quadruple junction.

and triple junction. Find relations between the facet length, the facet mobil-
ity, and the mobilities of grain boundary and junction.

PROBLEM 4.7
Use dimensional analysis to obtain
(a) a relation between the mean grain size and the annealing time for grain
growth.
(b) the dimensionless parameters which determine the motion of connected
grain boundaries, i.e. grain boundaries and grain boundary junctions.
(c) a relation for the velocity of a flat grain boundary which moves in a system
with impurities.

PROBLEM 4.8
In Chapter 4 the steady-state motion of the boundary system with triple and
quadruple junctions is considered. It was shown that the behavior of such a
system is controlled by the dimensionless parameter Λgp

Λqp = − ln sin Θ
1 + 3 cos Θ

=
mqpx0

mtj
(4.176)

where Θ is the tetrahedral dihedral angle Θ (Fig. 4.79).
In equilibrium Θ = Θ∞ = arc cos (−1/3) ≈ 109 · 47◦, mgp is the mobility
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of the quadruple junction, x0 the length which characterizes the grain size,
mtj the mobility of the triple junction.

Use the results [mbγ = 2 · 10−14m2/s, mtjγ = 4 · 10−12m/s, mgpγ =
9 · 10−5s−1] to find the criterion Λ and the angle Θ for 2D configurations
n < 6 and n > 6 in Al. Use < R >= 5 · 10−8m to find the tetrahedral angle
at the tip of the quadruple point.

© 2010 by Taylor and Francis Group, LLC



5

Computer Simulation of Grain Boundary
Motion

“The steady state
Is out of date
Unless my eyes deceive me ...”
— George Gamow

“If this be true, (and they affirm it with great Confidence)
it is much to be wished that their Observations were made public”
— Jonathan Swift

5.1 Introduction

With the advent of high performance computers new tools have become avail-
able to study grain boundary motion and related phenomena like recrystal-
lization and grain growth. Already in the 1970s the structure and energy of
low Σ grain boundaries had been computed and important information on
the relaxed structure of coincidence boundaries was obtained (see Chapter 2)
but the dynamics of grain boundaries could not be addressed with the com-
puter power available at that time. Molecular-dynamics (MD) simulations are
widely used to study the atomic-level behavior of GBs at finite temperatures.
The method itself is nowadays well established in the field of atomistic simula-
tions. As early as the late 1950s [492] and early 1960s the first MD simulations
were performed and the basis of this method was established [491]. During the
following decades, refinements of the MD method by introducing finite tem-
perature thermostats [493, 494, 497, 498], progress in deriving sophisticated
interatomic potentials [495, 496, 499] and extending the MD method by in-
troducing the simulation box vectors as variables [500, 501] steadily increased
the potential of the method.

Wolf et al. [480] were the first to address the motion of flat grain boundaries
by molecular dynamics (MD) simulations. Srolovitz and coworkers also used
MD to study the curvature driven motion of a grain boundary half-loop, a
geometry akin to experimental approaches [481]–[488].

451
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In this chapter we will describe the fundamentals of the simulation method
and the essential results obtained so far. Overviews on MD simulations of
grain boundary energy and mobility were recently published [489, 490].

5.1.1 Classical Molecular Dynamics

The classical MD method utilizes concepts of classical mechanics. The aim
of this method is to compute the time evolution of a system of N particles,
usually atoms or molecules. Since in classical mechanics a particle system
can be successfully characterized by a Lagrangian or Hamiltonian function,
an equivalent approach can be utilized for an atomistic system. The simplest
case of an interatomic interaction only depends on the distance rij between
two atoms, i and j, and not on their orientation or the local environment. In
such case the Lagrangian, L, reads

L({ri}, {ṙi}) = K({ṙi}) − V({ri}) =
N∑

i=1

mi

2
ṙTi · ṙi − 1

2

N∑

i=1

N∑

j=1

V (rij) ,(5.1)

where K({ṙi}) represents the overall kinetic energy and V ({ri}) the overall
potential energy of the system1. The equations of motion of each atom, i, are
then derived by the Newtonian equation of motion

mi · d
2ri
dt2

= −
N∑

j=1

dV (rij)
dri

= −
N∑

j �=i

1
rij

· dV (rij)
drij

· rij, (5.2)

where rij = ri−rj and rij = |rij|. In this case the Hamiltonian, H({ri}, {pi =
mi · ṙi}), reads

H({ri}, {pi}) = E =
N∑

i=1

1
2mi

pT
i · pi +

1
2

N∑

i=1

N∑

j=1

V (rij) (5.3)

E represents the total energy of the system and is conserved during motion.
Time integration of Eq. (5.2) gives the trajectories of each particle, i, under
the constraints that E = const., V = const., and N = const., i.e. the particle
system represents a microcanonical ensemble [491].

For most MD simulations it is desired to set the macroscopic temperature
T , constant. Then the constraints are T = const., V = const., and N = const.,
and the system represents a canonical ensemble. For this, Eq. (5.2) as well as
the Lagrangian need to be altered (see Sec. 5.1.5).

1AT denotes the transpose of A, where A is a tensor of rank one or two.
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5.1.2 Parrinello-Rahman Method

A simulation based on the Parrinello-Rahman scheme [501] allows the simu-
lation box to vary in shape and size. This feature is important for GBs due
to the two-dimensional (2D) nature of the defect. For instance GBs have an
excess volume [503, 504] which can only be modelled correctly if the box di-
mensions are allowed to adjust to internal and/or external stresses. In this
particular case the dimension parallel to the GB normal is allowed to expand
or contract according to the internal stress. The in-plane dimensions within
the GB plane remain fixed since it is assumed that the in-plane dimensions
are determined by the bulk properties far away from the GB region. In the

�

�

�

�����������	


��
��
��
�	

�����������	

�����



�����

������

FIGURE 5.1
Simulation box notation according to the Parrinello-Rahman scheme: The
vectors a,b and c span the edges of the simulation box and its orientation is
described by the vectors b× c, c× a and a× b. It should be noted here that
these vectors do not necessarily need to be parallel to the (x, y, z) coordinate
system.

following the matrix convention introduced by Parrinello-Rahman is used, i.e.
the simulation box is described by a matrix h the columns of which represent
the simulation box vectors a, b and c, h = (a,b, c).

A schematic of a simulation box is shown in Fig. 5.1. The Parrinello-Rahman
scheme adds nine new degrees of freedom to the already 3N degrees of free-
dom of an atomistic system composed of N atoms. To derive a new set of
equations of motion for each atom and the simulation box matrix h, the scal-
ing of the real space coordinates of each atom by the simulation box matrix,
h, needs to be introduced into the Lagrangian which is expressed by ri = h ·si
or si = h−1 ·ri, where ri and si are the coordinates in real and reduced space,
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respectively. The new Lagrangian is then given by

L ({si}, {ṡi}, {h}, {ḣ})
= K({ṡi}, {h}) − V ({si}, {h}) + Kbox({ḣ}) − Velastic({h}) (5.4)

=
N∑

i=1

mi

2
ṡT
i ·G · ṡi − 1

2

N∑

i=1

N∑

j=1

V (rij) +
1
2
W · TR(ḣ

T · ḣ) − Velastic({h})

where W is constant and has the dimension of mass and TR stands for the
trace of a (3× 3) matrix or second-rank tensor. Furthermore, G = hT ·h, and
in the derivation of Eq. (5.4) it was assumed that ṙi can be approximated by
ṙi = ḣ · si + h · ṡi ≈ h · ṡi.

For a general stress state the elastic energy Velastic({h}) reads

Velastic{h} = p · (Ω − Ω0) + Ω0 · TR
((
σ − p · 1) ε) (5.5)

where Ω is the volume of the simulation box.
The equations of motion for each atom in reduced space do not depend on

the specific form of Velastic({h}) or the kinetic energy of the box Kbox({ḣ}),
because the reduced coordinates si do not appear in these terms as obvious
from Eqs. (5.4) and (5.5). Utilizing the Lagrangian equation of motion for the
coordinate si,x, si,y and si,z yields

mi · d
2si
dt2

= mi · s̈i = −
N∑

j �=i

1
rij

· dV (rij)
drij

· sij − mi ·G−1 · Ġ · ṡi (5.6)

To derive the equations of motion for the simulation box represented by the
matrix h; the strain tensor ε in Eq. (5.5) needs to be expressed in terms of
the components of the simulation box vectors. In a linear approximation, the
strain tensor, ε, is given by

ε =
1
2
·
((

h h
0

−1 − 1
)

+
(
h h

0

−1 − 1
)T

)
(5.7)

and the rotation tensor, ω by

ω =
1
2
·
((

h h
0

−1 − 1
)
−
(
h h

0

−1 − 1
)T

)
. (5.8)

For the derivations of Eqs. (5.7) and (5.8) it is assumed that the atomistic
system deforms homogeneously, i.e. the displacement, uj , of an atom, j, is
fully determined by the deformation of the simulation box h when changing
from state h

0
to h. The displacement, uj , of an atom, j, is given by

uj = rj − rj0 = h · sj0 − h
0
· sj0 =

(
h · h−1

0
− 1

)
· rj0

=
(
h · h−1

0
− 1

)
·

⎛

⎜⎝
xj

0,1

xj
0,2

xj
0,3

⎞

⎟⎠ =

⎛

⎝
uj

1

uj
2

uj
3

⎞

⎠ (5.9)
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Utilizing the displacement vector uj, the strain tensor components, εμ,ν , and
the rotation tensor components, ωμ,ν , can be derived from

εμ,ν =
1
2

(
∂uj

μ

∂xj
0,ν

+
∂uj

ν

∂xj
0,μ

)
(5.10)

ωμ,ν =
1
2

(
∂uj

μ

∂xj
0,ν

− ∂uj
ν

∂xj
0,μ

)
(5.11)

The equations of motion of the simulation box can be derived under the
assumption that the strain tensor, ε, is given by the non-linear expression

ε =
1
2
·
(
hT

0

−1 ·G · h−1

0
− 1

)
(5.12)

and reads

Wḧ =
(
P − p · 1) · hT −1

Ω − h · Σ
= h · h−1 · (P − p · 1) · hT −1

Ω − h · Σ = h DP
︸︷︷︸

symmetric

(5.13)

During an MD simulation with an adjustable simulation box, Eq. (5.13) will
be numerically integrated and the evolution of h and ε with time can be calcu-
lated. The incoporation of the simulation box vectors as dynamical quantities
of the system is far from being trivial. Following Ray and Rahman finally
leads to new equations of motion2 for each atom, i.

mi · s̈i = −
N∑

j �=i

1
rij

· dV (rij)
drij

· sij −mi ·h−1 · ḧ · si − 2 ·mi ·h−1 · ḣ · ṡi (5.14)

5.1.3 Time Integration Schemes

The main goal of MD simulations is to determine the temporal evolution
of a many particle system in phase space and to determine the structural
and thermodynamic properties of the system. This can be achieved by time
integration schemes based on finite difference approaches for the equations of
motion of the particle system (Eq. (5.2) or (5.6)). Several schemes to integrate
the equations of motion exist, which usually are derived from a Taylor series
expansion for position, velocity, acceleration and higher order time derivatives
of each atom at times t+δt and t−δt. Here δt is the time step used to integrate

2Eqs. (5.6) and (5.14), are slightly different owing to the fact that in the second calculation
scheme, the term ḣ · si was not dropped from the equation ṙi = ḣ · si + h · ṡi in contrast to

the original calculation scheme of Parrinello and Rahman [505].
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the equations of motion. The Verlet time integration scheme [491] defines for
an atom i

ri(t + δt) = ri(t) +
dri(t)

dt
· δt +

d2ri(t)
dt2

δt2

2
+ ... (5.15)

ri(t − δt) = ri(t) − dri(t)
dt

· δt +
d2ri(t)

dt2
δt2

2
± ... (5.16)

A second equation for the position of atom i, ri(t+ δt), is found when adding
Eqs. (5.15) and (5.16) and taking into account terms up to third order. Such
equation does not explicitly depend on the velocity of atom i, dri(t)

dt
, at time

t and reads

⇒ ri(t + δt) = 2 · ri(t) − ri(t − δt) +
d2ri(t)

dt2
· δt2 . (5.17)

Eq. (5.17) renders the temporal evolution of the real space positions of each
atom. The velocity of atom, i, at time t, dri(t)

dt
, is found when substracting

Eq. (5.15) from (5.16)3

dri(t)
dt

=
ri(t + δt) − ri(t − δt)

2 · δt (5.18)

For an adequate choice of the time step δt one uses the energy scale, length
scale, or the atomic mass. For instance, the x component of force, Fx, has
the SI unit [Fx] = N = J

m . The units of J and m are not the natural units
when dealing with atomic-level systems. These are rather the units eV and a0.
Hence the unit of the x component of force is [Fx] =

[
eV
a0

]
. The contribution

of a force, Fx(t), exerted on atom i at position x at time t + δt within a
Taylor series expansion, allows one to formulate an equation of all entering
units which eventually defines the unit of the simulation time step, δt:

[x] = aCu
0 =

[Fx]
[mCu]

· [dt]2 =
eV

aCu
0 · u · [dt]2

⇔ [dt] = tunit = aCu
0 ·

√
u

eV
= 3.68 · 10−14s (5.19)

where u is the atomic mass unit which is equal to 1.66055 · 10−27 kg, and aCu
0

is the zero Kelvin lattice parameter of Cu. It is noted that δt depends on the
studied material since it is proportional to its zero Kelvin lattice parameter.

3A different class of integration schemes only uses the information of the atom position,
velocity and higher time derivatives at time t to predict the t + δt situation. The predicted
atom position, velocity and higher time derivatives at t + δt are then refined by a corrector
procedure. This class of integration schemes is called predictor-corrector scheme. A standard
scheme is the Gear-predictor-corrector algorithm [491] which can be used in different forms
with respect to the order of time derivatives used.
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A typical time step is δt = 0.05 · tunit = 1.84fs for Cu potentials. A proper
choice of the used time step can be verified by checking conservation laws
within the utilized MD method like energy conservation and/or conservation
of the linear momentum of the overall system. From a physical point of view
the time step should be at least only a fraction of the minimal period related
to the highest vibrational frequencies of the system. The Debye frequency, νD,
can be considered as a good first reference to assess this aspect. Since νD is
the order of 1013/s, δT � 1

νD
.

5.1.4 Boundary Concepts

Different boundary concepts are utilized in atomistic systems depending on
the physical properties to be studied. Commonly periodic boundary concepts
are applied to simulation boxes to suppress finite size effects of the atomistic
systems due to the limited number of atoms that can be considered in atom-
istic simulations. 3D periodic boundary conditions are common in atomistic
simulations of crystalline materials. They are most adequate for ideal crystal
simulations and for bicrystal simulation boxes where a strong interaction of
the adjacent GBs, which exist in such systems due to the periodicity, can be
ruled out.

For pure twist GBs 3D periodic boundary conditions can be used when
the GBs spacing is sufficiently large and no massive GB sliding occurs. For
low-angle twist GBs GB sliding becomes increasingly important so that a 3D
periodic border concept may not be the best choice. All tilt GBs have a strong
tendency for GB sliding.

If sliding at a GB becomes an issue, 3D periodic boundary conditions may
give rise to artifical, unphysical interactions of the two GBs. In such case a free
surface normal to the GB would offer an alternative if the used interatomic
potential is able to represent the free surfaces realistically and an interaction
of the free surfaces and the GB can be neglected. Another concept is the
frozen block approach [507] (Fig. 5.2) or its variants [524].

5.1.5 Finite Temperature MD Simulations

To perform finite temperature MD simulations one has to first define whether
the temperature T is a thermodynamic variable or not. In the case of mi-
crocanonical simulations, T is not a thermodynamical variable, but an MD
system will equilibrate to a certain temperature, which depends on the initial
choice of kinetic energy introduced to the system [491].

In a canonical ensemble the temperature is a thermodynamic variable be-
sides the number of atoms N , and the volume of the simulation box V . They
are kept thermodynamically fixed during the complete course of a simulation
run. Two major MD methods exist, namely an isokinetic method [491] which
does not really represent a canonical ensemble, and finite temperature ther-
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3D frozen upper block

initial position of the 
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FIGURE 5.2
Region I/II 3D frozen block border concept according to Lutsko and Wolf.
Here the blocks of region II are rigid frozen atomistic blocks which are shifted
about the translations vectors, t1 and t2 respectively, according to the net
force exerted by region I on either of the region II blocks.
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FIGURE 5.3
Restricted free surface border concept. Here the free surfaces are stabilized in
the normal direction of the surfaces since during performed MD simulations
the sz component of region II atoms is held fixed. According to this procedure
even for simple pair potentials stable surfaces can be obtained even in the
presence of a DF.
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mostats [491, 493].
In the case of isokinetic simulations, the desired temperature T can be es-

tablished by rescaling the atoms’ velocities after each time step according to
the ratio of the desired kinetic energy in the overall system to the actual ki-
netic energy in the overall system [491], which, however, does not represent
the canonical ensemble [491]. Hoover [498] and Nose [494, 497] introduced a
different approach which utilizes frictional forces, a kinetic term for the vari-
able associated with the heat bath and a logarithmic potential function to
introduce the heat bath.

5.2 Driving Force Concepts

5.2.1 Introduction

GB migration is caused by a driving force. The introduction and quantification
of driving forces for GB migration play a key role for the atomistic modeling
of the migration of planar GBs. The study of planar GBs offers the advan-
tage that the grain boundary structure is unambiguously defined whereas in
curved grain boundaries the grain boundary character changes with location.
However, planar GBs do not experience a curvature driving force.

To exert a driving force (DF) on a planar GB an energy gradient across
the boundary has to be introduced into the system. In the following three
different forms of DFs will be introduced to drive planar GBs. Bicrystal sim-
ulation boxes will be used exclusively in the simulations. The first approach
utilizes the anisotropy of elastic constants which will cause an elastic energy
differential across the boundary upon elastic loading [508]. A second approach
makes use of a Peach-Koehler force owing to the coupling of an external stress
state with the GB structure itself. A third DF scheme introduces an excess
energy term to the orientation dependence of the atoms.

5.2.2 Elastic Driving Force

To introduce an elastic driving force one has to apply an appropriate strain or
stress to a bicrystal simulation box that will cause an elastic energy difference
in the two grains. Such an approach will only work in materials which behave
elastically anisotropically since then the orientation will determine the elastic
energy of a grain. Furthermore, only certain strain or stress states will give
rise to an elastic driving force on a GB. For individual planar GBs such states
need to be identified. This can be achieved by linear-elastic energy calculations
for distinct GB geometries. Due to the gradient of stored elastic energy across
a GB, the GB will migrate toward the grain with the higher elastic energy.
The elastic driving force itself is then simply given by the difference in the
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stored elastic energy density of the two grains. From the orientation of each
grain with respect to the coordinate system (x, y, z) of the simulation box
the rotation matrix can readily be derived that relates each grain orientation
to the principal coordinate system of the crystal structure studied. These
rotation matrices can then be used to transform the applied strain or stress
tensor into the principal coordinate system of grain A and grain B in order to
calculate the elastic energy density of each grain. The reference state of a cubic
material in its principal coordinate system is defined by the situation where
the 〈100〉 directions of the crystal are aligned with the coordinate system that
defines the atom coordinates within the grain and where the primitive cell of
the system is given by a cube as illustrated in Fig. 5.4(a). The misorientation
relationship between the MD simulation box coordinate system (x, y, z) and
those of either grain, A and B, are illustrated in Fig. 5.4(b) for the case of a
[001] planar twist GB.

We will confine our consideration to cubic materials. In the following the
elastic driving force for a cubic crystal structure will be derived. The elastic
energy density for a cubic crystal in its principal cubic coordinate system
reads

Eelast =
1
2
Cijklεijεkl =

1
2
C1111(ε211 + ε222 + ε233) + 2C4444(ε212 + ε213 + ε223) +

C1122(ε11 · ε22 + ε11 · ε33 + ε22 · ε33)
=

1
2
Sijklσijσkl =

1
2
S1111(σ2

11 + σ2
22 + σ2

33) + 2S4444(σ2
12 + σ2

13 + σ2
23) +

S1122(σ11 · σ22 + σ11 · σ33 + σ22 · σ33), (5.20)

where the Einstein summation convention is implied. Transformation of the
strain or stress tensor into the principal coordinate system of grains A and
B, and a calculation of the difference between the elastic energy densities in
both grains, A and B, finally yields the elastic driving force pelast.

pelast = EB
elast − EA

elast (5.21)

=
1
2
Cijkl(εij

Bεkl
B − εij

Aεkl
A) =

1
2
Sijkl(σij

Bσkl
B − σij

Aσkl
A)

For [001] twist or tilt GBs this reads

pelast = EB
elast

(
[001] ,+

θ

2

)
− EA

elast

(
[001],−θ

2

)
(5.22)

=
1
2
Cijkl(εij

Bεkl
B − εij

Aεkl
A)

= sin(2θ)

=cA︷ ︸︸ ︷
(2C4444 − C1111 + C1122) ε12(ε22 − ε11)

=
1
2
Sijkl(σij

Bσkl
B − σij

Aσkl
A)

= sin(2θ) (2S4444 − S1111 + S1122)︸ ︷︷ ︸
=sA

σ12(σ22 − σ11)
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if the [001] axis is aligned with the z-direction of the simulation box coordinate
system. The angle θ represents the rotation angle about the [001] axis. This
result implies a choice of the strain tensor as follows:

ε =

⎛

⎝
ε11 ε12 0
ε12 ε22 0
0 0 0

⎞

⎠ , p = (2C4444−C1111+C1122)·ε12 ·(ε22−ε11)·sin(2θ)

(5.23)
where Cijkl are the elastic constants. To apply a coupled xy shear state seems
reasonable since no further components of the strain tensor do appear in
the elastic driving force equation (5.23). Hence, any additional strain tensor
component would not result in a change of magnitude of the elastic driving
force. To further simplify the situation and to avoid a volume change of the
simulation box, the following strain tensor can be chosen for [001] twist GB
migration simulations:

ε =

⎛

⎝
ε
2
ε 0

ε − ε
2 0

0 0 0

⎞

⎠ , leading to p = −(2C4444−C1111+C1122) ·ε2 · sin(2θ)

(5.24)

It is important to realize that the simulations can be performed either
strain or stress controlled. In some cases it is crucial to chose appropriate
boundary conditions for observing continuous GB migration. From a practical
point of view, the strain-controlled MD simulations are robust to set up, since
the MD simulation box remains fixed and does not need to be adapted to
an imposed external stress state. From a physical point of view, the stress
controlled simulations are more favorable since the simulation box can adjust
its size and shape to the applied external stress tensor. This is a very important
feature for finite temperature GB simulations if one pays attention to the fact
that GBs can change their structure and character with temperature.

5.2.3 Peach-Koehler Driving Force

The well-established Peach-Koehler force exerted on single lattice dislocations
due to internal or external stress states can also be used to study the effect
of external stresses on GBs. This implies that the structure of such GBs still
contains discrete GB dislocations. It is well known that low-angle GBs are
composed of discrete GB dislocations. Their spacing D is large but decreases
with rising misorientation angle Θ according to sin(Θ/2) = b/2D where b is
the Burgers vector. Frequently, high-angle GBs are assumed to have a disor-
dered structure, but in principle, any grain boundary can be represented by
a superposition of primary and secondary grain boundary dislocations.

It has been shown experimentally [511] that low-angle GBs can be driven
by Peach-Koehler forces. The force FDisl., exerted on a single dislocation of
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FIGURE 5.4
Geometry of MD simulation box: (a) shows a schematic of a MD simulation
box of a perfect crystal while (b) presents a bicrystalline MD simulation box
containing two grains labelled A and B for the case of an arbitrary [001]
twist GB. The direction of grain rotation and the primitive cells for a simple
cubic material are illustrated in the figure as well. Note that both grains are
symmetrically misoriented with respect to the MD simulation box coordinate
system (x, y, z). The box vectors a, b and c that span out the simulation
box and which are essential to apply any form of periodic border conditions
are given in the figures as well. More details on the general aspects of the
generation scheme and the geometry of the box are given in the text.
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length L, Burgers vector bDisl. and line vector sDisl. by a stress state σ at the
dislocation is given by

FDisl.

L
=
(
σ · bDisl.

)× sDisl. (5.25)

Recently it was shown experimentally that even high-angle tilt GBs can be
driven by an external stress [512]. The simulations show that appropriately
chosen pure shear stress states will result in Peach-Koehler forces on pure
edge GB dislocations at least in the case of low-angle tilt GBs.

5.2.4 Orientation-Correlated Driving Force

To avoid artifacts due to the coupling of the stress state with the grain
boundary structure an artificial driving force for GB migration can be used
[396, 524]. The driving force itself is only artificial in the sense that it does
not specify its source but can be considered like a magnetic or electrical driv-
ing force in materials with anisotropic magnetic susceptibility or dielectric
constant. An atom of a specific crystal will experience an anisotropic excess
energy due to an externally applied field. Therefore, one can construct an ex-
cess energy term for each atom as a function of the structure factor |S(kα)|2
associated with the orientations present in the system and which are calcu-
lated in the vicinity of each atom. The vicinity of an atom is considered a
sphere of a certain radius centered around the atom. The radius will be the
same as the one used to evaluate the interatomic forces on an atom, or its
potential energy. Thus, for each atom j an excess energy term, ecorr

j , can be
obtained by a simple analytical expression. The sum over all atoms can then
simply be added to the potential energy of the overall system. By doing so this
orientation-correlated driving force (OCDF) term will enter the Lagrangian
or Hamiltonian and, hence, new equations of motion for each atom will be
obtained. The OCDF will be identified by pcorr.

In the following the respective equations of motion will be derived. The
structure factor of an orientation α represented by a respective reciprocal
lattice vector kα is given by

|S(kα)|2 =
1
N2

N∑

m=1

N∑

l=1

exp (i · kα · (rm − rl))

=
1
N2

⎛

⎝
(

N∑

m=1

cos(kα · rm)

)2

+

(
N∑

m=1

sin(kα · rm)

)2
⎞

⎠ (5.26)

The overall excess energy contribution to the system Ecorr.DF , as well as the
excess energy ecorr

j for each atom j in a bicrystal consisting of an orientation,
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1 and 2 is, therefore, given by

Ecorr.DF =
N∑

j=1

ecorr
j =

N∑

j=1

2∑

α=1

aα · |S(kα)|2j =
N∑

j=1

a1 · |S(k1)|2j + a2 · |S(k2)|2j
(5.27)

where a1 and a2 are coefficients which determine the strength of the excess
energy due to an externally applied field, and are chosen such that the magni-
tude of the driving force is represented, for instance, 8.0 · 10−3 eV/atom, and
2.0 · 10−3 eV/atom, respectively. In order to evaluate Eq. (5.27), the value N
in Eq. (5.26) will be replaced by Nj which is the number of neighbors within
the cut off sphere around atom j.

The concept of an OCDF can be introduced into the utilized Parrinello-
Rahman method as follows, e.g. using pair potentials. The adapted Lagrangian
now reads

L({si}, {ṡi}, {h}, {ḣ}) = K({ṡi}, {h}) − V ({si}, {h}) − Ecorr.DF({si}, {h})
+ Kbox({ḣ}) − Velastic({h}) (5.28)

Utilizing the Lagrangian equation of motion for the coordinates si,x, si,y and
si,z one obtains new equations of motion with the incorporated OCDF

mi · s̈i = −
N∑

j �=i

1
rij

· dV (rij)
drij

·sij−G−1 · dEcorr.DF

({si}, {h}
)

dsi
−mi ·G−1 ·Ġ· ṡi

(5.29)
There are some advantages of the OCDF over the elastic DF. Both DFs share
a temperature dependence. The temperature dependence of the OCDF for
fixed coefficients a1 and a2, is equivalent to the one for an elastic DF for a
fixed strain, namely it decreases with increasing temperature. This behav-
ior is associated with increasing thermal vibrations with rising temperature,
which cause the structure factor to decrease. Accordingly, the temperature
dependence of the OCDF is realistic. The main advantage of the OCDF over
the elastic DF, however, is that now elasticity and/or processes that lead to
plasticity can be separated from the DF.

Of course, the calculation of the additional force contributions are more de-
manding and complex compared to a standard pair potential procedure and,
therefore, computation time goes up.

Even though the computational routines are more complicated and require
more computation time, this approach has many advantages over the elastic
DF approaChapter In order to obtain noticeable grain boundary migration
in the short time frame of nanoseconds a large DF has to be applied to the
simulation box, i.e. large strains when introducing an elastic DF. This may
cause artifacts in grain boundary behavior and is limited by the theoretical
shear stress. In case of an OCDF the driving force can easily be set to any
desirable value by choosing appropriate coefficients a1 and a2, and this is a
convenient way to overcome unphysical elastic strain magnitudes.
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5.3 Migration of [001] Twist Grain Boundaries

5.3.1 Procedure

Almost all results on GB migration and GB self-diffusion of planar [001] twist
GBs that will be presented were obtained by utilizing the 3D LJ potential and
applying a 3D periodic boundary concept. For the GB migration simulations
due to an OCDF different boundary concepts and various atomistic potentials
were applied. This is especially true for the simulations of the Σ5 [001] twist
GB, where simulations with the Cu EAM potential of Doyama and Kogure
also were performed.

After the simulation cell has been set up, the grain boundary structure has
to be relaxed prior to its motion. The GB properties and atomic-level struc-
tures of fully relaxed GB systems are obtained by performing lattice-statics
(LS) simulations according to the steepest gradient method. These zero Kelvin
relaxation simulations are necessary for most GBs due to their strictly geo-
metric CSL generation scheme. The must to perform such simulations results
from the fact that most GBs differ substantially in their equilibrium structure
from the geometrical CSL GB construct. An important feature of equilibrated
GBs is the volume expansion ΔVGB which was found to be proportional to
the GB energy and, therefore, a key parameter of any GB [503]. The volume
expansion manifests the tendency of a GB to expand or shrink parallel to the
GB normal. This is the case since for all performed simulations the in-plane
dimensions of the CSL GBs are held fixed. If MD simulations were performed
on unrelaxed high energy GBs with fixed finite time steps, the time integra-
tion scheme would fail to yield the true atomistic trajectories of each atom
and cause a crash of the MD simulation by a destruction of the crystalline GB
system. Thus, an initial relaxation precodure is essential for the simulation of
GB migration. Furthermore, other important information on GBs like the GB
energy and the volume expansion can be obtained from these computations.

In the case of [001] twist GBs a sequence of LS simulations is sufficient to
yield fully relaxed GB properties, whereas for tilt GBs a combined LS/MD
strategy has to be used to finally yield relaxed GBs.

5.3.2 Atomistic Structure of the Relaxed [001] Twist GBs

Since the atomistics of twist GBs are difficult to visualize the arrangement
within (002) planes facing each other at the GB is used to gain insight into
the atomic-level situation and will be referred to as in-plane data plots. It is
accomplished by showing the closest A-type (002) planes of either of the two
grains in one plot. This illustrates to what extent atomic-level relaxation had
occurred in the vicinity of the GBs, e.g. by the coherency of the CSL points
of the relaxed GB structures. The exact atomistic arrangement of the Σ29
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TABLE 5.1

Studied [001] Twist GBs
No. of

GB plane θ Σ EGB [ J
m2 ] CSL cells ΔVGB [ao]

(001) 43.60◦ 29 0.716 1;4 0.12204
(001) 36.87◦ 5 0.715 9 0.12080
(001) 28.07◦ 17 0.700 4 0.11623
(001) 22.62◦ 13 0.677 4 0.11144
(001) 16.26◦ 25 0.625 2 0.10350
(001) 12.68◦ 41 0.582 1 0.09801
(001) 8.80◦ 85 0.490 1 0.08517
(001) 6.03◦ 181 0.404 1 0.07324

Note: The table gives the misorientation angle, θ, the GB energy,
EGB, the number of CSL cells within each (002) plane, and the volume
expansion of the GBs, ΔVGB.

and Σ5 twist GBs is given by Figs. 5.5 and 5.6. For [001] twist GBs in fcc
crystals one finds the following relation for the volume of the primitive CSL
cell, VCSL, namely

Σ · Ω = VCSL = d(001) · ACSL =
1
2
ao ·ACSL = Σ · a

3
o

4
⇔ ACSL = Σ · a

2
o

2

In general this means that the in-plane CSL area, ACSL, is given by ACSL =
aCSL ·bCSL where aCSL and bCSL are the in-plane CSL vectors. Assuming a
square for the in-plane CSL cell, the in-plane area ACSL is related in a simple
manner to the magnitudes of the in-plane CSL vectors, aCSL and bCSL,

ACSL =

√
Σ
2
· ao ·

√
Σ
2
· ao ⇔ aCSL = bCSL =

√
Σ
2
· ao

The relaxed low-angle twist grain boundaries reveal the structural screw dis-
location in terms of non-ideal fcc atoms. The Σ25 twist GB is on the border
between low-angle and high-angle twist GB but also reveals discrete structural
dislocations.

All studied GBs were simulated in three-dimensional atomistic systems.
Hence, the GBs were truly two-dimensional defects. For the LJ potential,
simulations with 3D periodic boundary conditions (BC) as well as with 2D
periodic border conditions within the GB plane and stabilized free (002) sur-
faces were performed. Apart from the LJ potential, simulations with the EAM
potential by Doyama and Adams and the Finnis-Sinclair potential according
to Sutton and Chen were conducted as well. An overview of the performed
GB migration simulations is given in Table 5.2.
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FIGURE 5.5
Atomistics of the Σ29 [001] 43.60◦ twist GB. Here the closest A-type (002)
planes facing each other at GB2 are plotted. Atoms within plane A of grain
A are given by filled circles while the atoms within plane A′ of grain B are
given by squares.

TABLE 5.2

Overview of conducted GB migration simulations on the studied [001]
twist GBs

Σ θ Elastic DF Orientation-Correlated DF
29 43.60◦ LJ 3D periodic BC —

Doyama 2D periodic BC and
free (002) surfaces

5 36.87◦ LJ 3D periodic BC LJ 2D periodic BC and
stab. free (002) surfaces

LJ 3D periodic BC
17 28.07◦ LJ 3D periodic BC [530] LJ 2D periodic BC and

stab. free (002) surfaces
LJ 3D periodic

13 22.62◦ LJ 3D periodic BC [530] LJ 2D periodic BC and
stab. free (002) surfaces

25 16.26◦ LJ 3D periodic BC [530] —
41 12.68◦ LJ 3D periodic BC —
85 8.80◦ LJ 3D periodic BC LJ 3D periodic BC
181 6.03◦ — LJ 3D periodic BC
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FIGURE 5.6
Atomistics of the Σ5 [001] 36.87◦ twist GB. Here the closest A-type (002)
planes facing each other at GB2 are plotted. Atoms within plane A of grain
A are given by filled circles while the atoms within plane A′ of grain B are
given by squares.
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FIGURE 5.7
Σ29 [001] 43.60◦ twist GB, γ = 0.708 J

m2 : (a) shows a schematic of the GB
system showing the stacking sequence of (002) planes in the GB system. GB1

and GB2 identify the GB positions. (b) presents the verification of an elas-
tic driving force for ε = 0.03 at 0 K for a 3D LJ system. Here the bulk
regions of either grain for the unstrained case can be identified by having
a potential energy equal to the cohesive energy of the ideal crystal of Ecoh

= −1.037824 eV/atom. Applying the strain homogeneously to the MD box
leads to a shift of the unstrained energy profile by the amount of stored elas-
tic energy within each grain. Thus this allows one to obtain the magnitude of
stored elastic energy by substracting the energy profiles of the strained and
unstrained system. Here the two GBs, GB1 and GB2, are associated with the
energy peaks in the profiles of (b).

5.3.3 GB Migration Due to an Elastic Driving Force

According to Fig. 5.7(b) the elastic energy stored within each grain can be
determined by subtracting the energy profiles of the strained and unstrained
system. The obtained energy profile thus represents the elastic energy varia-
tion along the [001] direction within the GB system which can be compared
with the analytical linear elastic model as discussed in Sec. 5.2.2. Fig. 5.8
shows such a plane-by-plane elastic energy profile for the Σ29 twist GB at a
strain of ε = 0.001 and 0 K. In addition to the computed simulation data the
analytical linear elastic model data are given as well by the broken lines which
demonstrate that for a strain in the range of the classical elastic range the
computed and model data agree very well. Since the simulation covers only
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FIGURE 5.8
Plane-by-plane elastic energy profile of the Σ29 twist GB at 0 K for ε = 0.001.
The zick-zack energy profile in the bulk of the two grains is due to the fact
that in this example a not fully relaxed Σ29 GB system was used.

a time interval of maximum ns, the GB velocity must be at least in the range
of m/s in order to be detected within these simulations. Hence, the applied
strain ranged from 0.01 up to 0.035, where effectively a linear elastic behavior
was observed, since no other defects were present in the system.

5.3.4 Data Analysis with Respect to GB Migration

To determine and track the position of the GBs throughout the MD simu-
lations the so-called common-neighbor structural analysis (CNA) [516, 517]
method was applied. A few simple criteria were imposed on the atomistic
data to distinguish true GB atoms from the rest. First, according to the CNA
method true ideal fcc atoms were determined in the system where each true
ideal fcc atom could be recognized by its sharing of (421) triplets with the
twelve nearest neighbors. Any atom that was not identified a true ideal fcc
atom was then considered a potential GB atom. These non-ideal fcc atoms
sometimes were bulk vacancies, and further data analysis was needed to rule
them out as true GB atoms. Therefore, the system was sliced into slabs of
e.g. discrete (002) planes, and a histogram of all non-fcc atoms was obtained.
From these histograms, the centers of mass of the GBs were calculated and
their temporal evolution was tracked. This data analysis was not carried out
during the MD simulation runs but rather on stored atomistic configurations.
The storing intervals used were one box after every 1000 time steps. This data
analysis yielded the GB position vs. time, the slope of which corresponded to
the GB velocity.
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FIGURE 5.9
Σ5 [001] twist GB. Elastic DF according to the DQS scheme for temperatures
ranging from 700 K up to 1000 K and different strains.

5.3.5 Mobility of [001] Twist GBs

MD simulations were conducted for a Σ5 GB in a temperature range from
700 K up to 1100 K. Utilizing the DQS scheme it was possible to calculate
the elastic DF in situ during the MD GB migration simulations. The DF is
proportional to the square of the strain, ε2, at a fixed temperature (Fig. 5.9).
The slope equals cA · sin(2 · θ). It only differs by about 10 percent from the
theoretical value calculated from linear elastic theory due to non-linear effects.
Fig. 5.10 shows the temporal evolution of the GB position vs. time at 800 K
for different elastic DFs. Due to the 3D periodic bicrystalline box geometry
and the direction of the imposed DF, the upper grain usually shrank finally
leaving behind a single grain with the orientation of the lower grain. The pre-
sented data manifest a linear dependency, the slope of which corresponds to
the GB velocity.

The GB mobility for a certain temperature was then determined as the
slope of a best linear data fit of GB velocity vs. elastic DF plots (Fig. 5.11).
It is important to realize that many GB migration simulations for a fixed
temperature at different DF levels are needed to yield reliable data of GB
mobility at a given temperature.

An Arrhenius plot of the temperature dependence of the GB mobility for
all studied [001] twist GBs in this study is given in Fig. 5.12. The slope of a
best fit of each of the GB data yielded the activation parameters, namely the
activation enthalpy, QGBM , and the GB mobility pre-exponential factor, mo,
as listed in Table 5.3. The results demonstrate that [001] twist GBs in an fcc
material move continuously in the presence of an elastic DF. Strains of 0.01 to
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0 1 2 3 4 5 6 7
-2

0

2

4

6

8

10

12

1100      K

950 K

Σ 5 [001] Twist GB : elastic DF LJ 3D

1000 K

900 K

800 K

700 K

 700 K
 800 K
 900 K
 950 K
  1000 K
 1100   K

 

 

<
 v

G
B

>
 [m

/s
]

pela  [0,001 eV/ Ω (0K)]

FIGURE 5.11
Σ5 [001] twist GB. GB velocity vs. elastic DF from 700 K up to 1100 K.

© 2010 by Taylor and Francis Group, LLC



474 5 Computer Simulation of Grain Boundary Motion

10 11 12 13 14 15 16 17 18 19 20
1

10

100

600 K

Σ29

1100 K

Σ85
Σ41

Σ5

700 K800 K900        K1000 K

Σ25
Σ13

Σ17

m
G

B
(T

)[
10

-8
m

4 /J
s]

1/k
B
T [1/eV]

FIGURE 5.12
Arrhenius plot of GB mobility for the [001] twist GBs studied. The determined
activation parameters are listed in Table 5.3.

TABLE 5.3

GB Migration Activation Parameters of the [001] Twist GBs Studied

GB plane θ Σ QGBM [eV] mo [10−6 m4

Js ]
(001) 43.60◦ 29 0.4381 73.063

43.60◦ 29 0.2262 ± 0.008 2.574

(001) 36.87◦ 5 0.319 ± 0.001 10.21
(001) 28.07◦ 17 0.267 ± 0.040 4.32
(001) 22.62◦ 13 0.284 ± 0.030 9.39
(001) 16.26◦ 25 0.346 ± 0.020 35.94
(001) 12.68◦ 41 0.109 ± 0.030 2.19
(001) 8.80◦ 85 0.121 ± 0.010 4.69

Note: The results were obtained for the LJ potential with 3D periodic BC
and an elastic DF.
1 according to low temperature regime
2 according to high temperature regime
3 according to low temperature regime
4 according to high temperature regime
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Misorientation dependence of the activation enthalpy of GB migration of the
studied [001] twist GBs. Results of LJ 3D simulations with an elastic DF and
experimental data of planar [001] twist GBs in Al according to Winning [521].

0.03 provide sufficient DF to move these GBs continuously over distances of
a few ten nanometers in a few nanoseconds. The misorientation dependence
of the elastic DF expressed by a sin(2·θ) term (Eq. (5.24)) was confirmed by
the simulation results. This substantiates that the elastic DF becomes smaller
when changing from high-angle GBs to low-angle GBs at a fixed strain.

For [001] twist GBs, Table 5.3 summarizes the obtained results with respect
to the computed activation parameters. In Fig. 5.13 the activation enthalpy
of GB migration, QGBM , is plotted vs. the misorientation angle, θ. For com-
parison, experimental data of planar [001] non-CSL twist GBs in Al according
to Winning [521] are included.

For all twist GBs except Σ29 the activation parameters were constant over
the whole temperature regime. In the case of the Σ29 GB a low tempera-
ture and a high temperature regime were found. For the other boundaries the
activation parameters could be associated with a low temperature behavior.
This usually meant that only the 700 K to 900 K GB mobility data could
be considered for the Arrhenius analysis. The GB mobility data at 1000 K
suggested that some form of GB structural transition occurred since typically
the 1000 K mobility did not fit into the general trend of the low temperature
dependence of the GB mobility. An example is the Σ5 twist GB where the
deviation from the expected behavior occurred again at about 900 K. Since
the simulations did not allow to extend the temperature range to tempera-
tures much higher than 1100 K, it was difficult to assess how the GB mobility
profile would have continued for much higher temperatures.
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The distinction between high-angle and low-angle GBs was captured in the
simulations, as evident from the GB migration activation parameters. The
GB migration activation enthalpy for the two true low-angle twist GBs, Σ41
and Σ85, was about 0.12eV. As confirmed in the simulations, the low-angle
twist GBs consist of discrete screw dislocation networks that remain stable
throughout the studied temperature range. Hence, the migration mechanism
of the low-angle twist GBs must be linked to a movement of the screw dislo-
cation network itself. By contrast, the high-angle twist GBs can move in the
low temperature regime by collective shuffle mechanisms [522, 537] which are
usually in-plane rearrangements. At elevated temperatures, an out-of-plane
component of the atomic displacement appears which might be the cause for
a change of the GB migration mechanism as reflected by the drop of the GB
mobility above 900 K.

Using the OCDF as the DF concept for the studied twist GBs yields identi-
cal results for the GB mobility [524], the activation parameters of GBM [524]
as well as for the found GBM mechanism [524].

5.4 Motion of Tilt Boundaries

While the application of an elastic strain on the simulation box worked suc-
cessfully to drive a twist boundary, it failed for tilt boundaries [524]. This is
due to the fact that the application of any stress or strain state necessary to
yield an elastic DF to a tilt boundary whose structure is composed of edge
dislocations invariably caused GB sliding in addition to GB migration [524].
This eventually will stall GB migration and, therefore, renders MD simula-
tions of GB migration unsuccessful [524]. These deficiencies can be overcome
by the use of an OCDF.

All simulations of the migration of Σ5, 53.13◦[001] tilt boundaries were
obtained by MD simulations utilizing the Doyama EAM potential and by ap-
plying 3D periodic boundary conditions.

The studied GB system consisted of 100 (210) planes, where initially 60
(210) planes belonged to the lower grain and 40 (210) planes to the upper
grain. Eight (002) planes were stacked in x-direction and the overall number
of atoms was 4800. The relaxed GB energy was 0.899 J/m2. The interatomic
distance of (210) planes was 0.2236068 ao.

Finite temperature simulations were performed where only the h33 box
variable was allowed to adjust to the present stress state according to the
Rahman-Parrinello scheme. Under this constraint for the simulation box it
was found that indeed the Σ5 (210) tilt GB can move continuously in the
presence of an OCDF. Two examples of GB position vs. time profiles are
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FIGURE 5.14
GB position profiles at 800 K of the Σ5 (210) symmetrical tilt GB with ad-
justable h33 box variable and OCDF.

shown in Figs. 5.14 and 5.15. At 800 K and low DF the GBs hardly move at
all, but at high DFs they move quite rapidly. From a linear regression of the
displacement vs. time dependencies the GB velocities of GB1 and GB2 were
obtained and averaged. They are plotted in Fig. 5.17 vs. the OCDF, pcorr.
A large error reflects the occasional case that one GB moved while the other
one remained essentially sessile. The DF was usually imposed on the system
in such a way that in the lower grain A a higher excess energy was installed
than in the upper grain B, which led to the shrinkage and disappearance of
grain A.

The GB mobility was determined from the slope of the GB velocity
vs. OCDF plots (Fig. 5.17). An Arrhenius plot (Fig. 5.18) yielded the ac-
tivation parameters of GB migration. The activation enthalpy found for the
Σ5 boundary was Q = 0.64±0.04 eV and the pre-exponential factor m0 =
4.2·10−8[m4/Js].

It was already observed for MD simulations with imposed elastic stress [524]
that for the Σ5 (210) tilt GB during GB sliding and migration GB diffusion
was necessary to reconstruct the GB structure. Hence, it does not come as
a surprise that the Σ5 (210) tilt GB can move by a diffusion-controlled or
diffusion-assisted mechanism that is not coupled to GB sliding. If the h22,
h23, h32 and h33 box variables remained adjustable this enforced GB sliding.
For such a case Fig. 5.19 presents GB position vs. time profiles at 800 K and
1100 K whereas Fig. 5.20 shows the temporal evolution of the strain compo-
nent εY Z for all simulations conducted. An analysis of the εY Z profiles proved
that under the studied boundary conditions for the simulation box GB sliding
and GB migration were coupled. The data show that the higher the temper-
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FIGURE 5.15
GB position profiles at 1100 K of the Σ5 (210) symmetrical tilt GB with
adjustable h33 box variable and OCDF.
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FIGURE 5.19
GB position vs. time plots of the Σ5 (210) symmetrical tilt GB with adjustable
h22,...,h33 box variables and OCDF at 800 K and 1100 K.

ature the lower the accumulated εY Z strain.
The 900 K data revealed that for different magnitudes of the OCDF at

one temperature, the accumulated εY Z strain was still the same. This was
not found for all temperatures. The decrease in εY Z with increasing temper-
ature can be understood from a change in the mechanism from a coupled GB
sliding and migration mechanism to a more diffusion-controlled GB motion
mechanism. This underlines that with increasing temperature a change in GB
character occurs for this GB. The average GB velocity vs. OCDF at different
temperatures is shown in Fig. 5.21, and an Arrhenius plot of the temperature
dependence of the GB mobility is given in Fig. 5.22.

The results appear slightly different from the results of the simulations with
only an adjustable h33 box variable. First of all, the obtained GB velocities
of GB1 and GB2 of a single simulation run agree much better as manifested
by the relatively small error bars compared to Fig. 5.17. Second, the average
GB velocity vs. OCDF plots were almost perfectly linear which was not ob-
served to the same degree for the simulations with only an adjustable h33 box
variable. This substantiates that GB migration of the Σ5 (210) tilt GB pro-
ceeds by coupled GB sliding and migration. The data imply a change of GB
mechanism with increasing temperature which is reflected by the two regime
fit of the GB mobility data. Since the error bars of the GB mobility data are
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FIGURE 5.20
Temporal evolution of the strain component, εY Z , obtained by simulations
of the Σ5 (210) symmetrical tilt GB with adjustable h22,...,h33 box variables
and OCDF.
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FIGURE 5.22
Arrhenius plot of GB mobility of the Σ5 (210) symmetrical tilt GB with
adjustable h22,...,h33 box variables and OCDF.

very small, the data seem reproducible, and a true low temperature and high
temperature regime for GB migration do exist.

Comparing the GB mobility data obtained by the simulations with only the
adjustable h33 box variable and adjustable h22,...,h33 box variables (Fig. 5.23)
reveals very good data agreement between both data sets. It is interesting to
note that out of all data points, the 800 K data points give the poorest match.
This again supports the interpretation that due to different simulation box
boundary conditions, ideal GB migration was hindered in the low tempera-
ture simulation runs with only one adjustable h33 box variable. To elucidate
the thermally activated processes of the Σ5 [001] 53.13◦ symmetrical tilt GB,
the results of GB self-diffusion [524] (GBD) and GB migration of this GB are
listed in Table 5.4. For the simulation results with only adjustable h33 and
the low temperature regime of the simulations with adjustable h22, h23, h32,
and h33, the GB migration enthalpy and the GB self-diffusion enthalpy are
the same. For the simulation results with only adjustable h33, this finding and
the non-occurrence of GB sliding events demonstrate that under such simula-
tion box constraints, this tilt GB can move by a mechanism not accompanied
by GB sliding. At higher temperatures for the simulations with adjustable
h22, h23, h32 and h33, the GB migration mechanism changes according to the
found GB migration activation parameters where the activation enthalpy of
migration becomes about half of the activation enthalpy of GB self-diffusion.
This ratio of approximately two between the enthalpy for GB self-diffusion
and GB migration was found as well for the studied high-angle [001] twist
GBs [524, 527]. For the simulations with adjustable h22, h23, h32 and h33, GB
migration and GB sliding are coupled although the grain boundary strength
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Arrhenius plots of GB mobility of the Σ5 (210) symmetrical tilt GB for ad-
justable h33 box variable and adjustable h22,...,h33 box variables.

TABLE 5.4
GB Migration and GB Self-Diffusion [524] Activation Parameters of the
Studied Σ5 [001] 53.13◦ Symmetrical Tilt GB Using EAM Potentials

mGBM (0) Temp.

GB1 QGBM [eV] [10−8 m4/Js] regime QGBD [eV] δ·DGB(0)
Ω

[ 1
ps

]

Σ5 (210) 0.64±0.04 42270 One 0.59±0.05 11.477
Σ5 (210) 0.67 83832 Low

0.36 1456 High
Note: The listed GB migration activation parameters are associated
with the orientation-correlated DF.
1 GBM data obtained by simulations with adjustable h33 component.

decreases steadily with increasing temperature.

5.5 Compensation Effect

The obtained activation parameters of the studied [001] twist GBs were also
analysed with respect to the compensation effect [389]. The standard compen-
sation effect analysis [389] of the [001] twist GB data is given in Fig. 5.24 where
the GB migration enthalpy is plotted vs. the logarithm of the pre-exponential
factor of GB mobility yielding the compensation temperature Tc according to
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QGBM = α+β · ln(mo) with β = kBTc. Physically speaking the compensation
temperature is considered to be the equilibrium temperature between ground
state and activated state [389], here for the mechanism of GB migration.

Two data sets seem to exist that are associated with either low-angle or
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FIGURE 5.24
Compensation plot of the GB migration activation parameters of the studied
[001] twist GBs.

high-angle [001] twist GBs. The compensation temperatures TC found seem
realistic. It is especially interesting that the low-angle twist GBs have a rather
high TC compared to the high-angle GBs, actually close to the melting tem-
perature. The lower TC for the high-angle twist GBs indicates structural tran-
sitions in the boundary as, for instance, observed for the Σ29 twist GB.

5.6 Comparison with Experiments

Winning [521] studied the motion of planar [001] low- and high-angle tilt and
twist GBs in Al driven by a Peach-Koehler driving force. Although the studied
GBs were non-CSL GBs, the experimental data lend themselves to a compar-
ison. It was observed experimentally that high-angle curved tilt GBs had a
rather high GB migration enthalpy compared to the same planar tilt GBs.
Furthermore, it was found that planar [001] tilt GBs had a higher activation
enthalpy than [001] twist GBs. Finally the level of purity of a studied GB sys-
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tem determined to some extent the magnitude of the GB migration activation
enthalpy. A comparison of the data by Winning [521] and the computed data
of this work reveals that the GB migration enthalpies of the high-angle GBs
are in a comparable range. Knowing that the bulk self-diffusion enthalpy is
1.29eV in Al and 2.01eV in Cu, the expected experimental activation data of
a Cu material would be about 35 percent higher than the Al data assuming a
simple scaling behavior. In the low-angle regime, the data agreement is poor.
The difference might be due to purity effects. The computed low-angle GB
migration behavior represents the motion of a screw dislocation network in
an absolutely pure material which may explain the extremely low activation
enthalpies.

5.7 Grain Boundary Diffusion

5.7.1 Computational Procedure

The temporal evolution of the mean-square displacement (MSD) of atoms can
be used to determine the diffusion coefficient D of various diffusive processes
in atomistic systems.

The calculation scheme is based on the mean-square displacement (MSD)
contribution of GB atoms arising from GB self-diffusion. Usually, rather re-
stricted atomic systems have been used to study GB self-diffusion [531]–[533]
to suppress GB sliding. It is a common experience that GB sliding occurs
under 3D periodic boundary conditions. However, GB sliding, GB migration
and GB self-diffusion are conceived always to occur simultaneously. Hence,
in order to study real material behavior GB sliding should not a priori be
suppressed.

Since GB sliding occurs during almost every conducted GB simulation, a
refined analysis of atomic displacements is necessary to determine only the
diffusive GB MSD. Usually, every 1000 time steps the position of each atom
within the system is stored to be analyzed subsequently. Hence, the data anal-
ysis on atomic configurations is performed in time steps of usually 1.84 ps.
The analysis procedure itself works in two steps. In step one at time t the
common neighbor analysis (CNA) method is used to classify atoms either as
true fcc atoms or not. Any true fcc atom is excluded from the GB MSD anal-
ysis at time t and its instantaneous position is kept as the reference position
for the following analysis at t+δt. Non-fcc atoms are evaluated for calculating
the diffusive GB MSD. In order to separate GB sliding displacements from
GB self-diffusion data, a threshold displacement of 0.35ao is used. Any GB
atom having a displacement less than 0.35ao between t−δt and t is considered
non-diffusive and does not enter the calculation of the diffusive GB MSD at
time t. Its position at time t is kept as the reference position for the following
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time step. Only displacements beyond the nearest-neighbor(NN)-distance are
considered diffusive and used to calculate the GB diffusive MSD at time t. If
considered diffusive the displacement of that atom is counted to the GB MSD,
and the position at time t is kept as the new reference position for the follow-
ing time step. Accordingly, only the diffusive MSD of GB atoms is determined.
Apart from GB sliding, GB migration events occur during such simulations as
well although no explicit DF has been introduced. Nevertheless, the analysis
scheme presented is capable of separating atomic displacements due to GB
migration and GB sliding from the diffusive GB displacement data.

Once the GB diffusive MSD data are determined, the GB self-diffusion co-
efficient, DGB, is calculated from Eqs. 5.30 and 5.31

MSD (t, t0) =
SSD (t, t0)

NGB
=

1
NGB

NGB∑

j=1

(rj (t+ t0) − rj (t0))
2 (5.30)

DGB = lim
t→∞

〈
MSD

2 · dim · t
〉

t0

(5.31)

where SSD represents the summed-square displacement of all true GB atoms.
The quantity dim defines the spatial dimension of the diffusive process which
is considered three dimensional because at high temperatures the diffusive
jumps become three dimensional.

Eq. (5.30) implies that the diffusive GB MSD is normalized to the number
of GB atoms, NGB. Unfortunately, the definition of the GB region and its
width as well as the number of GB atoms is not a simple and unambiguous
task. In the following it will be shown that it is not necessary to normalize
the GB MSD data directly to the number of GB atoms but rather to the GB
area. Hence, Eq. (5.30) serves as the starting point to derive the final equation
to determine the GB self-diffusion coefficient.

Quantifying NGB is achieved by approximating NGB through the GB area
AGB, the GB width δ and the atomic volume Ωfcc. The number of GB atoms
is given by

NGB ≈ AGB · δ
Ωfcc

(5.32)

Furthermore, the temporal evolution of the GB diffusive MSD and SSD data
is expected to be linear in time, and so in Eq. (5.31) the average over 〈...〉t0
becomes irrelevant for the calculation. Then, the equation for the GB self-
diffusion coefficient, DGB, is given by

δ ·DGB

Ωfcc
= lim

t→∞

∑NDGB

j=1 (rj (t) − rj (t0 = 0))2

AGB · 2 · dim · t = lim
t→∞

SSD

AGB · 2 · dim · t
(5.33)

Here NDGB represents only the diffusive GB atoms according to the selection
scheme mentioned. Evidently,DGB can not be obtained separately rather only
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data on δ·DGB

Ωfcc
can be determined. The expression δ·DGB

Ωfcc
is obtained from a

plot of SSD vs. time where the slope multiplied by the factor 1
2·dim·AGB

yields
δ·DGB

Ωfcc
.

5.7.2 Activation Energies

From the temporal evolution of the diffusive SSD for each of the studied [001]
twist GBs, the GB self-diffusion coefficients were determined. In Figs. 5.25
and 5.26 the diffusive GB SSD data were normalized to twice the GB area,
2 · AGB, in order to be representative for the later on to determine GB self-
diffusion coefficient DGB. It is necessary to use the GB area twice since two
[001] twist GBs are present in the simulation box because of the applied 3D
periodic boundary conditions.
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FIGURE 5.25
Total diffusive SSD per GB area of the Σ29 [001] 43.60◦ twist GB at different
temperatures.

At intermediate and high temperatures the diffusive jumps of atoms oc-
curred no longer exclusively in-plane but very often out-of-plane. Also, the
GB self-diffusion coefficient can only be determined as a product with the GB
width δ which is temperature dependent [533].

Fig. 5.27 presents the GB self-diffusion data of the Σ29 twist GB. The data
are representative for high-angle twist GBs since they exhibit one important
aspect. For the Σ29 and Σ5 twist GBs there is a low temperature and a high
temperature regime for both GB self-diffusion and GB migration. This is best
seen for the GB self-diffusion data of the Σ29 twist GB in Fig. 5.27.

The determined temperature dependence of the GB diffusion coefficient
DGB is presented in an Arrhenius plot in Fig. 5.28. From a linear fit of the data
the activation parameters for GB diffusion of these [001] twist GBs, namely
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FIGURE 5.26
Total diffusive SSD per GB area of the Σ181 [001] 6.03◦ twist GB at different
temperatures.
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FIGURE 5.27
Arrhenius plot of the GB self-diffusion data of the Σ29 [001] twist GB. Here
the results of the temperature range 600 to 1000 K are given.
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FIGURE 5.28
Arrhenius plot of the GB self-diffusion data of the [001] twist GBs. The simu-
lations were done for the LJ potential with 3D periodic BC and in the presence
of no DF.

the GB self-diffusion enthalpy and the GB self-diffusion pre-exponential fac-
tor, were determined (Table 5.5). A more detailed analysis demonstrates that
for the low-angle twist GBs with lowest misorientation, namely Σ181 and Σ85,
the activation enthalpies again increase with decreasing twist angle (Fig. 5.29).
One may surmise that even for smaller twist angles the activation enthalpy
will rise further or at least stay on a rather high level. In the limit of zero
misorientation the volume self-diffusion activation enthalpy of 1.97 eV limit
must be found, of course.

Interesting aspects are the low and high temperature GB self-diffusion
regimes of the Σ29 and Σ5 twist GBs. The results with the EAM Doyama
[534] and the LJ potential for the Σ5 illustrate that the activation enthalpies
derived from the LJ and EAM potentials do not differ substantially. A GB
self-diffusion data analysis performed on moving GBs driven by explicit DFs
proved that GB self-diffusion remained almost identical for stationary and
moving GBs. This is confirmed by recent experimental work [535, 536] and
hence adds further confidence in the data analysis used. The GB self-diffusion
data of the Σ5 [001] twist GB in the stationary and moving case is presented
in Table 5.6 for 950 K and 1000 K. The data reveal that GB self-diffusion via
vacancies remains the same for non-driven and driven GBs. No effect of the
magnitude of the DF used on the GB self-diffusion data was found.

The computed grain boundary diffusivities comply with the compensation
effect (Fig. 5.30). In principle all data can be fitted by a single compensation
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TABLE 5.5

GB Self-Diffusion Activation Parameters of the Studied [001] Twist
GBs for the LJ Potential Utilizing 3D Periodic BC

GB plane θ Σ QGBD [eV] ln( δ·D0
GB

Ω [ 1
ps ])

(001) 43.60◦ 29 1.023 ± 0.086 9.518
43.60◦ 29 0.560 ± 0.014 2.342

(001) 36.87◦ 5 1.042 8.757
36.87◦ 5 0.684 ± 0.007 3.560

(001) 28.07◦ 17 0.701 ± 0.030 3.464
(001) 22.62◦ 13 0.816 ± 0.097 3.949
(001) 16.26◦ 25 0.446 ± 0.020 -1.376
(001) 12.68◦ 41 0.252 ± 0.016 -4.979
(001) 8.80◦ 85 0.585 ± 0.081 -1.727
(001) 6.03◦ 181 0.507 ± 0.020 -4.735

Note: The data shown relate to MD finite temperature simulations
without any DF.

line with a relatively low compensation temperature, though. If only the high
angle boundaries are considered, the compensation temperature compares to
the temperature where structural transitions of the Σ5 and Σ29 boundaries
were found.

5.7.3 Temperature Effects

In order to assess how ordered or disordered the GBs remain at elevated tem-
peratures the angular distribution of the GB diffusion displacement vectors
can be analyzed. The data presented in Figs. 5.31–5.34 represent the normal-
ized angular distribution of diffusional GB jumps of at least the next neighbor
distance. To perform such an analysis, first the CNA method is applied to iden-
tify the GB atoms. Then the displacement vectors have to be analyzed. Since
GB sliding might interfere with the analysis scheme, an updating scheme of
the reference position of each GB atom has to ensure that only diffusive GB
jumps are oriented for their angular distribution. Once a jump is identified,
it can be examined with respect to its angular coordinate within the (002)
plane. For this the jump vectors are projected onto the (002) plane, and the
jump angle is determined. The reference coordinate system for this analysis
is the x − y simulation box coordinate system. For a complete MD run, all
jump events and the sum of their angular distributions γ(i) are represented in
a histogram containing 72 classes of 5◦. In order to normalize the angular his-
togram, the data of each class are normalized to Γ(i) = 72·γ(i)P72

i=1 γ(i)
. According

to this normalization, an isotropic uniform angular distribution would assume
the value 1 for each of the 72 angular classes. Usually, at low temperatures
the GBs will have some structural order which has to be reflected in the dif-
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FIGURE 5.29
Misorientation dependence of the activation enthalpy of GB self-diffusion of
the [001] twist GBs studied. The data shown represent the results of the LJ
3D periodic BC simulations of this work and the results by Nomura [532] as
a reference.

TABLE 5.6

GB Self-Diffusion Coefficient Determined from GB Migration
Simulations of the Σ5 [001] Twist GB at 950 K and 1000 K

T pcorr δ DGB / Ω
[K] [0,001 eV/atom] [1/ps]
950 0,00 0,0086368
950 3,20 0,0093457
950 6,38 0,0086679
1000 0,00 0,0143417
1000 3,15 0,0137255
1000 6,21 0,0137216
Note: Here the results of the LJ simulations in the presence
of an OCDF, pcorr, are presented. For simulation runs at fixed
temperature but different DFs, the GB diffusion coefficient
remains the same. No systematic effect of the magnitude of
the DF is observed on the GB diffusion coefficient.
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FIGURE 5.30
Compensation plot of the GB self-diffusion data for the [001] twist GBs stud-
ied. Three linear data fits were done. One data fit of the overall data yielded
605 K for the compensation temperature, a data fit of only the high-angle GB
data yielded 708 K, and finally a fit of only the low-angle GB data yielded
850 K.
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fusional data.
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FIGURE 5.31
Angular distribution of the diffusion jump vectors of the Σ29 [001] 43.60◦

twist GB at different temperatures.

The analysis relies on the fact that discrete single GB diffusional jumps can
be identified within the system. Typically, only after every 1000 time steps
the positions of all atoms in the system are stored. For high temperatures this
means that not every single jump event can be identified, since numerous jump
events may have occurred within the time range of 1000 time steps. Never-
theless, the approach is capable of identifying diffusional GB jump events and
yields solid data on their angular distribution. From the angular distribution
two main conclusions can be drawn:
(1) All high-angle GBs, especially the Σ29 and Σ5, seem to undergo a struc-
tural transition far below the melting temperature.
(2) Low-angle GBs seem to remain crystalline throughout the temperature
range studied. The thermal weakening of the GB structure was less pro-
nounced than in the case of high-angle [001] twist GBs.
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FIGURE 5.32
Angular distribution of the diffusion jump vectors of the Σ5 [001] 38.87◦ twist
GB at different temperatures.
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FIGURE 5.33
Angular distribution of the diffusion jump vectors of the Σ85 [001] 8.80◦ twist
GB at different temperatures.

© 2010 by Taylor and Francis Group, LLC



5.8 Atomic Mechanisms 495

0 40 80 120 160 200 240 280 320 360

0

2

4

6

8

10

12

14
Σ 181 [001] Twist GB : LJ 3D per. BC

 

 

 700 K  800 K    900 K  1000 K

Γ(
Φ

) [
1]

Φ [°]

FIGURE 5.34
Angular distribution of the diffusion jump vectors of the Σ181 [001] 6.03◦

twist GB at different temperatures.

5.8 Atomic Mechanisms

5.8.1 GB Migration of [001] Twist Boundaries

The simulations revealed several GB migration mechanisms:
(1) Collective shuffle mechanism of four atoms for the Σ29, Σ5 and Σ17 GBs.
(2) Dislocation-based mechanism for the Σ41, Σ85 and Σ181 GBs.
(3) Neither of the two mechanisms are hard to identify for Σ13 and Σ25 GBs.
The Σ29, Σ5 and Σ17 twist GBs moved by a collective shuffle mechanism at
least at low and intermediate temperatures. The elementary act of the col-
lective shuffle mechanism is a cooperative four atom movement. Majid and
Bristowe [537] were the first to report a shuffle mechanism for the Σ5 [001]
twist GB.

The migration of the Σ41, Σ85 and Σ181 twist GBs was found to be con-
nected to the motion of their screw dislocation networks which can be char-
acterized as follows :
(a) The GB structure in the temperature range studied (700 K to 1000 K)
consisted of a discrete network of screw dislocations. This network was even
present at the highest applied temperatures.
(b) Normally no jumps of atoms across the GB were observed during GB
migration even at the highest temperatures studied. This shows that the GB
migration mechanism was predominantly confined to each (002) plane. This
behavior is quite different from high-angle twist GBs at elevated tempera-
tures.
(c) GB sliding increased with rising twist angle. The Σ41 (12.7◦) twist GB
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still showed some tendency to GB sliding, but its magnitude was far less than
for the Σ5 (36.9◦) twist GB.
(d) The final displacement field found in each (002) plane after a GB had swept
the plane was dominated by in-plane displacements that were linked to the
GB screw dislocation cores. The atoms moved in a cooperative manner. The
largest displacement vectors were in the range of a next neighbor distance or
less. Even at the highest temperatures the discrete screw dislocation network
of the low-angle twist GBs prevailed, and even when the approaching GBs
came very close, this situation did not change. This demonstrates that the
low-angle twist GBs behaved exactly like a discrete screw dislocation network
in fcc crystals. The activation enthalpies found for the low-angle twist GBs
are very low, low even compared to the [001] high-angle twist GBs studied
in this work and must be associated with the motion of the structural screw
dislocations. It also explains the drop in activation enthalpy observed in the
transition from high-angle [001] twist to low-angle twist GBs.

TABLE 5.7
Scaling Behavior of the Found GB Activation Enthalpies of the Studied [001] Twist
GBs for the LJ Potential

GB plane θ Σ QGBD/Qvac [1] QGBM/QGBD [1] QGBM/Qfus [1]

(001) 43.60◦ 29 0.519 0.428 3.4
43.60◦ 29 0.284 0.404 1.7

(001) 36.87◦ 5 0.528 0.306 2.5
36.87◦ 5 0.347 0.466 —

(001) 28.07◦ 17 0.355 0.381 2.1
(001) 22.62◦ 13 0.414 0.348 2.2
(001) 16.26◦ 25 0.226 0.776 2.7
(001) 12.68◦ 41 0.128 0.433 0.8
(001) 8.80◦ 85 0.297 0.207 0.9
(001) 6.03◦ 181 0.257 — —

Note: Here the activation enthalpy of volume self-diffusion via mono-
vacancies in an fcc system modeled by the LJ potential used in this
work with 3D periodic BC is Qvac=1.972 eV. Further QGBD represents
the GB self-diffusion enthalpy as determined in this work for
each GB and QGBM is the GB migration enthalpy. Finally Qfus is
the latent heat of fusion as determined in [539] and reads Qfus =0.13 eV.

5.8.2 Grain Boundary Diffusion of [001] Twist Boundaries

Owing to a lack of reliable data on grain boundary mobility it is frequently
assumed that GB migration and GB diffusion involve the same mechanisms so
that the activation energies are essentially identical. The computed activation
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enthalpies of GB self-diffusion of each GB and volume self-diffusion are listed
in Table 5.7 namely, rGBD

vac = QGBD

Qvac
and rGBM

GBD = QGBM

QGBD
. These data yield the

following information:
(a) The computed GB self-diffusion activation enthalpy for the Σ29 and Σ5
twist GBs in the low temperature regime were about half the value for volume
self-diffusion via mono-vacancies. The other listed data in Table 5.7 of rGBD

vac

range from 0.128 to 0.414 depending on the misorientation angle of the GB.
Generally rGBD

vac is assumed to be approximately 0.5.
(b) The rGBM

GBD values range from 0.207 to 0.776 depending on the misorienta-
tion angle of the GB. Roughly speaking, the ratio is one third to one half. This
clearly demonstrates that GB migration and GB self-diffusion are distinctly
different processes. This is supported by the results of the GB migration mech-
anisms; for instance, for high-angle [001] twist GBs a cooperative four atom
shuffle mechanism was identified as the key element which was quite different
from the GB diffusion mechanism.

This result is also supported by atomic resolution TEM experiments to ob-
serve in situ grain boundary motion [538]. A cooperative shuffle process as
the dominant migration mechanism was reported.

5.9 Simulation of Triple Junction Motion

5.9.1 Theoretical Background

In the following we focus on the determination of the intrinsic triple junction
mobilities in simulations where the migration is driven by grain boundary cur-
vature. Two simulation geometries designed to achieve steady-state boundary
and triple junction migration and from which the steady-state triple junc-
tion mobility may be extracted are shown in Fig. 5.35. In the geometry of
Figs. 5.35(a) and (b), the boundary curvatures are such that the triple junc-
tion moves either into or away from grain a (referred to as the + and –
directions, respectively). Three grains, I, II and III, separated by three grain
boundaries with misorientations αI-II, αI-III and αII-III = αI-II+αI-III meet
at the triple junction. Since the grain boundaries are assumed to extend per-
pendicular to the plane of view, the geometry is quasi two-dimensional. The
II-III grain boundary is assumed to be symmetric such that αI-II = αI-III
and the I-II and I-III boundaries are equivalent. The orientations of the con-
stituent grains in the two geometries are chosen such that the triple junctions
in Figs. 5.35(a) and (b) are structurally identical. The force balance associ-
ated with the grain boundary (surface) tensions (in the direction parallel to
the II-III boundary) at the triple junction results in a thermodynamic driving
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FIGURE 5.35
Schematic illustrations of the geometries employed in the simulations. The
definition of the triple junction angle θ, half-loop grain width a and grain
identities are shown. The orientations of the I, II and III grains are the same
in all three geometries. The misorientation across the I-II and the I-III bound-
aries is ±ϕ and that across the II-III boundary is 2ϕ. The simulation geome-
tries in (a) and (b), referred to as the “+” and “–” geometries because the
II-III boundary increases or decreases, respectively, during curvature-driven
boundary migration. The geometry in (c) represents the simulation cell used
to study boundary migration in the absence of a triple junction; there is a
bicrystal half-loop of width a and area Ab [440].

force, Ftj given by

F±
tj = 2γI-IIcos θ± − γII-III = ∓2γI-II

(
cos θ± − cos θeq

)
(5.34)

where the superscript ± indicates that the variable applies to either the “+”
or “–” configuration (Figs. 5.35(a) and (b), respectively), θ is one-half the dy-
namic included angle within grain, I and γI-II and γII-III are the grain boundary
energies (if the boundary energy depends on boundary inclination, then the
boundary energies must be replaced with γηΨ∂

2γηΨ/∂ϕ
2, where ϕ refers to

the orientation of the grain boundary normal and η and Ψ represent either I
or II. In static equilibrium, the net force on the triple junction is zero, Ftj = 0,
such that the static value of θ is given by 2γ cos θeq = γII-III which is used in
the second equality in Eq. 5.34 (γab is denoted as γ for simplicity). Then the
expression for the triple junction migration rate looks:

vtj = m±
tjFtj = ∓2γm±

tj

(
cos θ± − coseq

)
(5.35)

We can easily extract the triple junction migration rate in terms of a quantity
which can be extracted from the simulations, i.e. the rate of change in area
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Ȧ±
tj of the half-loop grain (grain I in Fig. 5.35(a) and grain II in Fig. 5.35(b)).

Geometrically, Ȧ±
tj is simply the product of the width a of the half-loop grain

and the triple junction velocity, vtj · Ȧ±
tj = v±tja = 2γm±

tja|cos θ± − cos θeq |.
In the simulations, we measure Ȧ±

tj , θ
± and θeq for each set of simulation

conditions (simulation geometry, misorientation ϕ, width a and temperature
T ) and use the expression for Ȧ±

tj to extract the reduced mobility of the triple
junction. The normalized triple junction mobility is directly obtainable from
the simulations (Ȧ+

b , Ȧ
+
b , θ

± and θeq)

Λ±
sim =

m±
tja

mb
=
(π

2

)(Ȧ±
tj

Ȧb

)
1

|cos θ± − cos θeq| (5.36)

The mobility ratio Λ±
an can also be calculated directly from the analytical

result for the triple junction migration given the static and dynamic angles
θeq and θ±

Λ+
an =

m+
tj

mb
= | θ+

cos θ+ − cos θeq
| (5.37a)

Λ−
an =

m−
tja

mb
= | ln (sin θ−)

cos θ− − cos θeq
| (5.37b)

Equating the simulation and analytical expressions for the triple junction
velocity gives the relationship between the rate of change in grain area and
the triple junction angles

θ+ =
(π

2

) πȦ+
tj

Ȧb

(5.38a)

and

θ− = sin−1

[
exp

(
piȦ−

tj

2Ab

)]
(5.38b)

5.9.2 Simulation Method

Molecular dynamics was performed in the simulations to extract the triple
junction mobility by measuring Ȧtjpm and the static and dynamic angles θq

and θ± [440]. These quantities were measured as a function of the orientations
of the bounding grains and temperature. The simulations were performed us-
ing the simple, well-characterized Lennard-Jones pair potential. Because the
simulation geometries in Fig. 5.35 are inherently two dimensional, the simu-
lations were performed in two dimensions (i.e. the XY plane). Energies are
reported in units of the Lennard-Jones potential well depth ε, distance in
units of the equilibrium atom separation r0, area in units of the perfect crys-
tal area per atom a0 and time in units of τ = (Matr0/ε)

1/2, where Mat is the
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atomic mass. For example, in the case of Al, ε = 0.57 eV and r0 = 2.86Å. The
potential was cut off at rc = 2.1r0, which is midway between the second and
third nearest neighbors in the zero temperature equilibrium triangular lattice.
A velocity-resealing thermostating algorithm was used to set the temperature
[440, 485]. Periodic boundary conditions were employed in the direction per-
pendicular to the straight boundaries in Fig. 5.35. In order to maintain the
grain misorientations (especially at high temperature), the bottom three lay-
ers were frozen. Additionally, the X-coordinates of the atoms in the top three
layers were fixed such that those atoms could move only in the Y-direction to
accommodate the dilatational stresses generated due to the decrease in net
boundary area during the simulation. Additional simulations were performed
in the geometry of Figs. 5.35(a) and (c) with free surfaces on the top and
sides to ensure that these boundary conditions did not significantly modify
the results.

The initial atomic configurations were created by misorienting grains II and
III with respect to grain I by ±ϕ and hence with respect to each other by 2ϕ,
such that the grain boundary II-III is a symmetric boundary. This methodol-
ogy enables the reduction of the description of the entire tri-crystallography
in terms of a single misorientation variable ϕ. The simulation geometries were
relaxed by performing molecular dynamics simulations at very low tempera-
tures (0.0100.025ε/kB) prior to the grain boundary migration study to enable
the atoms at the grain boundaries to equilibrate. The entire system is then
heated slowly to the desired temperature in a step-wise fashion. The migration
rate Ȧ±

tj is deduced from the slope of the area of the half-loop grain Ȧ±
tj vs.

time t plot. Ȧ±
tj is simply the product of the number of atoms in the half-loop

grain and the area per atom a0. This requires the assignment of each atom in
the simulation cell to one of the grains at each time [202]. The dynamic triple
junction angle θ± was extracted by measuring the angle subtended between
the tangent of the I-II grain boundary at the triple junction and the extension
of the II-III boundary into grain I (i.e. θI−II + θI−III ; see Figs. 5.35(a) and
(b)). Ȧ±

tj and θ±tj measurements are only made during times for which the grain
boundary(ies) enclosing the half-loop grain shrinks or grows in a steady-state,
self-similar manner. The angles reported were averaged over several measure-
ments during the course of each of three simulations performed for each set
of conditions. The static equilibrium angles θeq were determined by perform-
ing larger scale simulations at high temperatures until the boundaries have
stopped migrating (see [540]).

The dependence of triple junction mobility on grain boundary and triple
junction crystallography is simulated in tri-crystals for a range of boundary
misorientations. Special or singular boundaries (e.g. Σ = 7, θ = 38.2◦ and
Σ = 13, ϕ = 32.21◦, where Σ is, as usual, the inverse density of coinci-
dence sites), vicinal or near-singular boundaries (near Σ = 7 and Σ = 13),
and general boundaries were all simulated. It should be noted that in the
present 2D triangular lattice simulations, where misorientations correspond
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to tilts about the 〈111〉 axis in the related fcc lattice, an I-II and I-III
misorientation ϕ corresponding to ΣI−II produces a II-III boundary corre-
sponding to ΣII−III = Σ2

I−II . All misorientations ϕ were within the range
30◦ ≤ θ ≤ 40◦, where the entire range of unique boundary misorientations lies
between 30◦ ≤ θ ≤ 60◦ which are symmetry related to those with 30◦ > θ > 0◦

in this lattice.
Triple junction kinetics were also investigated as a function of grain size

(half-loop width) and temperature. These simulations were performed for tri-
crystallographies for which significant triple junction drag was observed. The
simulations were performed for 19r0 < w < 50r0 and 0.075ε/kB < T <
0.250ε/kB. Activation energies for migration were extracted from Arrhenius
plots of the rate of change in half-loop area with temperature. Three runs
were performed for each simulation condition and the simulation parameters.

5.9.3 Simulation Results

Fig. 5.36 shows the atomic configurations corresponding to three different
times (t = 550τ , 1245τ , and 1750τ), for a simulation performed for the “+”
geometry at T = 0.125ε/kB, half-loop width of a = 25r0 and θ = 40◦. Careful
examination shows that apart from small fluctuations, the curvatures of the
constituent grain boundaries at the triple junctions remain constant, imply-
ing that the triple junction migration is very nearly self-similar and, hence,
steady state, and that the triple junction angle is preserved throughout the
simulation. Fig. 5.37 shows the atomic configurations for the simulation ge-
ometry in Fig. 5.35(b) (t = 2000τ and t = 14000τ) at the same temperature
and half-loop width as in Fig. 5.36. Again, it is clear from the figure that the
tri-crystal shape is self-similar during its migration.

The self-similarity of triple junction migration enables us to extract the
triple junction migration rate in terms of the rate of change in the area of
the half-loop grain Ȧ±

tj . The temporal evolution of the grain areas for the
structures in Fig. 5.35 are shown in Fig. 5.38 for the same conditions as in
Figs. 5.36 and 5.37. It is important to note that for the “–” simulation geom-
etry, the total calculated area corresponds to the sum of the areas of grains
I and II, which in turn is twice that of the half-loop area. The half-loop area
decreases with time in a monotonic fashion, with some superimposed noise. At
late times, the retracting half-loop is influenced by the frozen layer of atoms
at the bottom of the simulation cell and, hence, no measurements can be
made there. Some of the fluctuations seen in Fig. 5.38 at intermediate time
are associated with thermal transients in the shape of the half-loop and triple
junction angle during half-loop retraction.

More detailed discussion of the nature of the fluctuations/transients in the
Ȧ±

tj vs. t plots may be found elsewhere [202]. These transients are excluded
from the determination of the steady-state slope. The regions of steady-state
migration are characterized by constant θpm as well as a linear Ȧ±

tj vs. t plot.
For the simulation conditions corresponding to Figs. 5.36 and 5.37, the ex-
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(a) (b)

(c)

(a) (b)

(c)

FIGURE 5.36
The atomic configuration of a ϕ = 33◦ migrating triple junction (T =
0.125ε/kB, w = 25r0 for the “+” simulation geometry at three instants of
time: (a) t = 550τ , (b) t = 1245τ and (c) t = 2550τ . The bold lines indicate
the tangents to the half-loop boundary at the triple junction. The dynamic
triple junction angle was θ+ = 56◦ in (a) θ+ = 58◦ in (b), and θ+ = 58◦ in
(c) [440].
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(a) (b)(a) (b)

FIGURE 5.37
The atomic configuration of a ϕ = 33◦ migration triple junction (T =
0.125ϕ/kB, w = 25r0) for the “–” simulation geometry, The atomic con-
figurations correspond to instants of time: (a) t = 2000τ and (b) t = 14000τ .
The dynamic triple junction angle was θ− = 61◦ in (a) and θ− = 62◦ in (b)
[440].

FIGURE 5.38
The rate of change in the area of the half-loop grain (grain I in Figs. 5.35(a)
and (c), and grain II in Fig. 5.35(b) with and without triple junctions for the
same conditions as in Fig. 5.35(c)). The filled and open circles indicate the
“+” and “–” geometries, respectively, and the shaded triangles indicate the
results of the bicrystal simulation [440].
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tracted rates of change of the half-loop grain area are Ȧ+
tj = 0.33 ± 0.06a0/τ

and Ȧ−
tj = 0.024± 0.009a0/τ . The difference between the two values of Ȧ±

tj is
expected based upon the differences in geometry.

Fig. 5.39 also shows simulation data obtained from the bi-crystal half-loop
(i.e., without a triple junction) simulations (see Fig. 5.35(c), Ab vs.t, for the
same (I-II) misorientation, temperature and half-loop width as for the triple
junction migration simulations. The slope of this curve is Ȧb = 0.54±0.03a0/τ .
Comparing Ȧ±

tj and Ȧb, it is found that Ȧ−
tj < Ȧ+

tj < Ȧb. For the simulations
shown in Figs. 5.36 and 5.37, the average dynamic triple junction angles are
θ+ = 59◦ ± 1◦ and θ− = 62◦ ± 1◦. The static triple junction angle for this tri-
crystallography has been previously determined to be θeq = 61◦ ± 1◦. Hence,
for this tricrystal, the dynamic triple junction angle θ± is approximately the
same as θeq .

Figs. 5.40 and 5.41 show the atomic configurations during triple junction
migration in both the “+” (t = 450τ and (2550τ) and “–” (t = 3000τ and
25000τ) directions, respectively, under the same conditions as Figs. 5.36 and
5.37, but for ϕ = 38.2◦. This angle corresponds to a high symmetry, low Σ
(i.e., Σ7) misorientation. Once again, it is clear that triple junction migration
takes place in a nearly self-similar fashion, with constant β±

tj . The temporal
evolution of the areas of the half-loop grains for the tri-crystal simulations
shown in Figs. 5.40 and 5.41 as well as the corresponding bicrystal simula-
tions is shown in Fig. 5.42. Averaged over three different simulation runs, the
steady-state slopes of the Ȧ±

tj vs. t plots for the “+” and “–” geometries are
Ȧ+

tj = 0.64 ± 0.05a0/τ and Ȧ−
tj = 0.039 ± 0.006a0/τ . The rate of change of

area for the bicrystal half-loops at ϕ = 38.2◦ is Ȧb = 1.32 ± 0.08a0/τ . The
dynamic triple junction angles for the “+” and “–” geometry are measured to
be θ+ = 47◦ ± 1◦ and θ− = 72◦ ± 1◦, respectively. For this tricrystallography,
the static triple junction angle is θeq = 60 ± 2◦. Unlike in the low symmetry
ϕ = 40◦ case, where the triple junction angles were nearly the same in the
“+” and “–” geometries, in the ϕ = 38.2◦ case the triple junction angles are
much different (Δϕ = 25◦ ± 2◦), implying that in the ϕ = 38.2◦ case, triple
junction drag may be substantial.

As mentioned before, one of the major advantages of the computer sim-
ulation approach is the ability to study the effect of grain boundary misori-
entation ϕ on triple junction motion. Triple junction migration simulations
were performed for a total of 13 different grain boundary misorientations ϕ at
fixed width (w = 25r0) and temperature (T = 0.125ε/kB). Depending on the
misorientation, Ȧ±

tj , and Ȧb can be very similar or very different (by as much
as a factor of two). This difference is largest for low Σ (singular) boundaries.
On the other hand, Ȧ−

tj is always approximately an order of magnitude lower
than Ȧb for all misorientations. The static triple junction angles are nearly
independent of misorientation in this two-dimensional Lennard-Jones system
and are very close to the isotropic limit of θ = 60◦. The dynamic triple junc-
tion angle θ+ varies from a low of 44◦ ± 1◦ to a high of 59◦ ± 1◦, and from
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(a) (b)(a) (b)

FIGURE 5.39
Atomic configurations during the migration of a ϕ = 38.2◦(Σ = 7) “+” ge-
ometry triple junction (T = 0.125ε/kB, w = 25r0) at two instants of time:
(a) t = 450τ and (b) t = 2150τ . The dynamic triple junction angles were
measured to be θ+ = 47◦ in (a) and θ+ = 48◦ in (b) [440].

(a) (b)(a) (b)

FIGURE 5.40
Atomic configurations during the migration of a ϕ = 38.2◦(Σ = 7) for the “–”
geometry triple junction. The dynamic triple junction angles were measured
to be θ− = 72◦ in (a) and θ− = 71◦ in (b) [440].
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FIGURE 5.41
The rate of change in the area of the half-loop grain with and without triple
junctions for the same conditions as in Fig. 5.39. The filled and open circles
indicate the “+” and “–” geometries, respectively, and the shaded triangles
indicate the results of the bi-crystal simulation [440].

θ 
(0 )

 

a (ro)

θ 
(0 )

 

a (ro)

FIGURE 5.42
The dynamic triple junction angle θ± plotted as a function of the half-loop
grain width a, for both the “+” (filled symbols) and “–” (open symbols)
geometries and for simulation conditions ϕ = 38.2◦ and T = 0.125ε/kB.
The circles indicate the directly measured dynamic angles while the squares
correspond to θ− from Figs. 5.41(a) and (b) [440].
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a low of 60◦ ± 1◦ to a high of 74◦ ± 1◦ for the “–” geometry. Of more im-
portance than the absolute value of the dynamic triple junction angle is the
deviation of this angle from its equilibrium value |θ+ − θeq|. While little or no
deviations (within the error bars) of the dynamic triple junction angles from
the static value of 60◦ are common in the simulation performed, significant
deviations do occur at or very near low Σ misorientations: |θ+−θeq| = 16◦ and
|θ− − θeq| = 14◦ for Σ13 (ϕ = 32.2◦) and |θ+ − θeq| = 13◦ and |θ− − θeq| = 1◦

for Σ7 (ϕ = 38.2◦). The observation of large deviations of the dynamic angle
from their equilibrium values appears strongly correlated with large devia-
tions of Ȧ±

tj from Ȧb.
The variation of the dynamic angle θ± (as measured from figures such as

Figs. 5.36 and 5.37) with half-loop width is shown in Fig. 5.42. As the half-
loop width increases, the deviation θ± − θeq decreases for both the “+” and
“–” geometries. For widths above approximately 40r0, the dynamic angle θ±

is nearly indistinguishable from the static equilibrium value θeq = 60◦ ± 1◦.
These data suggest that at small half-loop width triple junction drag is sig-
nificant.

Fig. 5.43 shows the variation of θ± with temperature T , where θ+ has been
directly measured from images of the migrating triple junction and deduced
from Figs. 5.39(a) and (b). Within the error bars of the determination of θ+,
both methods yield the same values. As the temperature increases, the devi-
ation of the dynamic angle from the static angle |θ+ − θeq | decreases. Similar
trends are also observed for the “–” geometry of Fig. 5.40(b). Substantial
deviations of θ± from its equilibrium value θeq only occur for special misori-
entations, small grain size and relatively low temperature.

The results show that for low Σ misorientations and misorientations near
these, the dynamic triple junction angles deviate significantly from their equi-
librium values. This results in significantly slower boundary migration in the
tri-crystal geometries, as indicated by the extracted values of the rates of
change in area of the half-loop grain Ȧ±

tj .
The simulations confirm the experimental observations of non-equilibrium

triple junction angles and substantial triple junction drag seen in recent exper-
iments [183, 436]. One discrepancy between the experiments and simulations
is the conditions under which triple junction drag is significant. In the simu-
lations, triple junction drag was never found to substantially retard boundary
migration at grain sizes above approximately fifty inter-atomic spacings. On
the other hand, the experiments have demonstrated triple junction drag for
grain sizes in excess of 10 μm. This difference is likely attributable to the
presence of impurities on the grain boundaries in the experiments, while the
simulations model (intrinsic) migration in an ideally pure material. This sug-
gests that impurity effects, even in extremely high purity materials, may sub-
stantially influence grain boundary and triple junction migration because of
segregation effects. Such an explanation is meaningful since impurities affect
the triple junction and grain boundary mobility differently. Nonetheless, it is
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θ 
(0 )

θ 
(0 )

FIGURE 5.43
The dynamic triple junction angle β+

d vs. temperature T , for the “+” geometry
and for simulation conditions ϕ = 38.2◦ and T = 0.125ε/kB. The circles
indicate the directly measured dynamic angles while the squares correspond
to θ+ from Figs. 5.41(a) and (b) [440].

emphasized that according to experimental results and computer simulation
data that triple junction drag must always be considered for the thermal be-
havior of modern nano-structured materials.
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Applications

“Pooh felt that he ought to say something helpful
about it, but didn’t quite know what. So he decided
to do something helpful instead.”
— A.A. Milne

6.1 Characterization of Microstructure and Texture

6.1.1 Introductory Remarks

Because of the complexity of microstructures in crystalline solids, it is vir-
tually impossible to comprehensively characterize and, accordingly, represent
microstructures. The microstructure of commercial materials like hardened
steels or heavily deformed metals consists of complex morphological features,
defect arrangements and phase distributions even under high magnification,
i.e. on a nanoscale level.

For many applications only the macroscopic behavior of a material is of
practical interest and, therefore, the common approach in the past was the
correlation of macroscopic properties with average values of dominant mi-
crostructural features, usually features to be identified by optical microscopy,
like grain size and macroscopic phase distribution besides overall chemistry.
In crystalline solids the macroscopic properties are not necessarily isotropic,
i.e. equal for all specimen directions. This is due to the fact that the individual
crystals are non-random arrangements of atoms. On the contrary they con-
sist of strictly aligned atoms on a long-range periodic pattern. Therefore, the
physical properties of a crystal depend on the considered crystal direction, i.e.
physical properties of crystallites are anisotropic, which requires their repre-
sentation by a second rank tensor. A crystalline solid usually consists of many
crystallites (typically 106/mm3). If the grains in a polycrystal are randomly
arranged, then the anisotropic properties of the individual crystallites aver-
age out, and the polycrystal behaves isotropically. During the processing of
a material to the final product, however, usually non-random distributions of
crystallite orientations are generated, which cause an anisotropic behavior of

509
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the macroscopic specimen. Therefore, in addition to the grain size and shape
as well as the phase distribution and morphology, the orientation distribution
is also of interest for macroscopic material behavior. The orientation distribu-
tion in crystalline solids is referred to as crystallographic texture, or simply
texture1.

The texture of a material is by definition a macroscopic average of the ori-
entations in a polycrystalline aggregate (macrotexture). On a more local scale,
the orientation distribution (microtexture) may be different from the macro-
scopic average, if orientation correlations exist, i.e. clustering of orientations
or preferred next neighbors. Evidently, in deformed microstructures the ori-
entation distribution in deformation inhomogeneities may be quite different
from the homogeneously deformed matrix.

While the macrotexture determines the anisotropy of a material property,
the microtexture provides information on the mechanisms of material behavior
and microstructure evolution. More specifically, the microtexture encompasses
the grain boundary character distribution so that all mechanisms involving
grain boundary processes will be primarily affected by this microtextural char-
acteristic.

In the framework of this text we will consider the effect of grain boundary
motion on microstructure and texture development. Correspondingly, we shall
confine microstructure characterization mainly to grain structures in single
phase materials, i.e. characterized by grain size distribution and morphology
as well as crystallographic texture, both on a macroscopic and microscopic
level. The main features of both characterization groups, grain structure and
texture, are textbook knowledge and thus will be only concisely reviewed in
the following.

6.1.2 Microstructure

The grain size y of a crystalline solid is practically never uniform; rather, there
is a grain size distribution Ψ (Fig. 6.1), which usually can be described by a
log-normal distribution

Ψ(y)dy =
1√
2πσ

exp

⎛

⎜⎝−1
2

⎡

⎣
ln
(

y
y0

)

σ

⎤

⎦
2
⎞

⎟⎠ d (ln y) (6.1)

1We note at this point that the term texture is not understood unambiguously among the
disciplines concerned with crystalline solid. While in the materials science community tex-
ture is synonymous with crystallographic texture, in mineralogy or geology the term texture
stands for the morphological appearance of the usually complex minerals or rocks. There-
fore, geologists choose the term “preferred orientation” rather than texture. Of course, there
is also texture in textile fabrics, food and art with quite different meanings, but because
we are so far removed from these disciplines there is no need to differentiate meanings. We
shall refer to texture as crystallographic texture in the following.
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FIGURE 6.1
(a) Logarithmic normal distribution as given by Eq. (6.1) plotted linearly
(normalized to mean grain size D̄). The maximum is not at D/D̄ = 1. (b)
Plot of the distribution in (a) over the logarithm of grain size. The distribution
is symmetrical.
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FIGURE 6.2
Histogram of grain size distribution in recrystallized Fe-17%Cr commercial
sheet metal (70% rolled, annealed 250 min. at 1050◦C).
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Here, lny0 is the mean value of lny and σ is the width of the distribution and
Ψ(y∗)dy represents the frequency of grains of size y with y∗ ≤ y ≤ y∗ + dy.
In a linear plot Ψ(y) vs. y the distribution is asymmetrical (Fig. 6.2) and,
therefore, the most frequent value y0 (median) does not coincide with the
average value (mean) ȳ. Rather, y0 and ȳ are related by

y0 = exp
(
ln ȳ − σ2

)
(6.2)

i.e. y0 < ȳ. The log-normal distribution does not follow easily from fundamen-
tal considerations. On the contrary, from theoretical models of grain growth,
the stationary grain size distribution, which would satisfy

d

dt
Ψ
(

ln
[
y

y0

])
= 0 (6.3)

does not yield a log-normal distribution but a distribution, which is not ob-
served in real grain structures. This contradiction is commonly reconciled by
the assumption that the kinetic processes, which modify the grain structure
toward a steady-state, cease to operate before a stationary distribution is at-
tained, and the log-normal distribution represents an approximation of the
non-stationary structure.

The mathematical grain size distribution as expressed in terms of Eq. (6.1)
and displayed in Fig. 6.1 relates to an infinitely large assembly of grains.
Despite the large number of grains in a polycrystal (106/mm3) one would
probably not find any grain with a precisely given grain size. Therefore, ex-
perimental grain size distributions are represented in terms of histograms,
where the frequency of grains in a given size interval is plotted as a bar graph
(Fig. 6.2).

Neither the average grain size nor the grain size distribution can provide
a comprehensive description of polycrystalline aggregates. Grain morphology
and topology are rarely accounted for, since stereology requires laborious spec-
imen handling for a 3D image of the grain assembly. Grain shape — in terms
of ellipticity — or distribution of the number of grain edges and corners can
be determined to more adequately represent the grain structure. However,
owing to the extraordinary efforts involved in gaining this information exper-
imentally, it is only collected on particular need, e.g. if grain topology plays a
role for the problem under consideration, as in a comprehensive treatment of
grain growth. Nowadays, powerful image analysis systems, which allow digital
storage of metallurgical micrographs, i.e. sections through grain assemblies,
are now becoming available to facilitate stereological evaluation.

The quantitative evaluation of heterogeneous microstructures from 2D sec-
tions is the subject of textbooks on stereology and image analysis systems.
In the context of grain boundaries in single phase materials areas of primary
interest usually include grain size, grain shape and spatial orientation of grain
boundary planes. There are two basic methods to determine the average grain
size: lineal and areal analysis. An automated image analysis system will reveal
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the boundaries in a planar section and determine the mean cross section Ā of
a grain, from which the mean grain size D̄ can be derived, assuming equiaxed
grain shape

D̄ =
√
Ā (6.4)

For manual evaluation of micrographs from planar sections, it is most common
to superimpose parallel lines to the microstructure such that any single grain
is intersected only once by a line. Then the number N of intersections of grain
boundaries with the total line length L is counted to yield the average grain
size D̄

D̄ =
L

N
(6.5)

as a mean linear intercept. In the case of nonequiaxed microstructures the
linear intercepts in three perpendicular directions D̄1, D̄2, D̄3 have to be
determined, requiring two mutually perpendicular sections, to yield

D̄ =
(
D̄1 · D̄2 · D̄3

)1/3 (6.6)

The ratios D̄1/D̄2, D̄2/D̄3, D̄1/D̄3 denote the respective ellipticity or aspect
ratio.

A quantity of particular interest with regard to grain boundaries is the
surface area Av per unit volume, which is found to be [565]

Av =
2
D̄

= 2 · N
L

≡ 2NL (6.7)

In the case of non-equiaxed microstructures

Av = 0.429 NL1 + 2.571NL3 −NL2
∼=
[
0.429

D̄2

D̄1
+ 2.571

D̄2

D̄3
− 1

]
NL2 (6.8)

where NLi represents the respective inverse linear intercepts or boundary
counts per unit length [566].

6.1.3 Crystallographic Texture

6.1.3.1 Definitions

Metallic materials are crystalline, i.e. within a crystallite the atoms are ar-
ranged in a strictly periodic pattern, which is represented by the crystal-
lographic unit cell of the particular crystal structure. While all grains of a
polycrystal have the same crystal structure, the orientation of the unit cell
with respect to the macroscopic specimen coordinate system changes from
grain to grain. This relationship between spatial orientation of the crystal-
lographic unit cell as defined by its fundamental crystallographic axes and
the macroscopic specimen system as defined by its characteristic directions is
referred to as crystallographic orientation. The distribution of orientations in
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FIGURE 6.3
Schematic representation of the orientation distribution and the resulting
Debye-Scherrer images in sheet metal with (a) random distribution; (b) when
a preferred orientation exists (here: Cube texture).

a polycrystal is termed its crystallographic texture, or simply texture. Real
textures comprise very different cases, from a random orientation distribution
(random or gray texture) to a single component texture, the extreme of which
would be a single crystal (Fig. 6.3).

Quantitatively, the texture is represented by the orientation distribution
function (ODF) f(g) [567, 568], where f(g∗)dg is the specimen volume fraction
dV/V with orientation g∗ in the interval g∗ ≤ g ≤ g∗ + dg, i.e.

f(g)dg =
dV

V
(6.9)

Since the orientation of a cubic crystal is defined as the relation between the
(orthonormal) crystal axes and the (orthonormal) specimen axes, it is mathe-
matically represented by the rotation that makes the specimen axes align with
the crystal axes. There is an infinite number of ways to prescribe a procedure
of rotations that makes two coordinate systems coincide. Irrespective of the
procedure, however, the rotation is mathematically formulated in a unique
way, namely by the rotation matrix g, which is defined as

r′ = gr (6.10)
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where r represents any vector of the unrotated system and r′ is the corre-
sponding vector in the rotated system. By using the bases of the two systems
to define the vector r or r′ it is obvious that the columns of the (3 x 3) matrix
g correspond to the direction cosines of the base vectors of the rotated system
with respect to the unrotated system.

Three quantities are necessary to describe a rotation in three dimensions,
for example three angles of subsequent rotations around prescribed axes. Since
there is an infinite set of three axes, there is an infinite number of ways to
put up the rotation matrix. There are three ways which are most convenient
and, therefore, most commonly used to describe an orientation relationship
(Fig. 6.4c):
a) Axis and angle of rotation: ω[HKL] (Fig. 6.4a). It is easy to imagine and
readily handled in stereographic projection. The notation is especially useful
for the treatment of problems related to grain boundaries, as the type of grain
boundary is commonly defined by the orientation of the boundary plane with
respect to the axis of rotation2 (see Chapter 2).
b) Miller indices (Fig. 6.4c): 2 crystallographic directions in coordinate system
1, which are parallel to the base vectors of coordinate system 2. For instance,
for rolling geometry parallel to rolling plane normal: (hkl) and rolling direc-
tion: [uvw]. It is commonly used when the crystal lattice is to be related to
the specimen coordinate system, e.g. in a tensile sample with respect to the
tensile axis or for rolling geometry with respect to rolling plane and rolling
direction.
c) The three Euler angles (Fig. 6.4b): ϕ1, Φ, ϕ2. This is widely used for an
analytical treatment of rotations. It is standard for the calculation and repre-
sentation of textures in terms of the three-dimensional orientation distribution
function (ODF).

The rotation matrix g is only unique if there is no crystal symmetry [568].
In cubic crystals there is a 24-fold symmetry, i.e. there are 24 different rota-
tions Sc

i which do not change the position of lattice points. Each rotation g
may, therefore, be superimposed by any combination of Sc

i to give an equiva-
lent orientation of the rotated lattice. Any of the 24 different orientations of
a vector ri in cubic lattices is, therefore, obtained by

r′i = Sc
i · g · ri (6.11)

2This definition of the grain boundary character is not unambiguous in crystal structures of
high symmetry, like the cubic lattice. Depending on the choice of the 24 possible symmetry
elements in a cubic lattice, a grain boundary may be either tilt or twist boundary. An
example gives the coherent twin plane in fcc crystals. Its Miller indices (plane normal) are
{111}, in particular (111). The twin orientation can be described by a 60◦[111] rotation. In
this case the (111) boundary plane is a twist boundary. A symmetrically equivalent rotation
is 70.6◦[11̄0]. The coherent twin boundary is now a tilt boundary. Therefore, for uniqueness
in highly symmetric lattices additional rules of selection have to be applied. Unambiguity
is attained by selection of the smallest angle of rotation.
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FIGURE 6.4
Different representation of an orientation relationship: (a) axis and angle of
rotation; (b) Euler angles; (c) Miller indices.
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(i = 1, 24). Sc
i is any of the 24 cubic symmetry matrices. In addition there may

be a specimen symmetry, like the orthorhombic specimen symmetry of a rolled
specimen. If the specimen symmetry matrices are denoted by Ss

k (k = 1,max),
then

r′ik =
[
Sc

ig · (Ss
k)−1

]
r (6.12)

6.1.3.2 The Rotation Matrix

Except for the symmetry relations given in Eq. (6.11) the rotation matrix is
unique, irrespective of the way it is derived. It can be expressed in terms of
Euler angles, Miller indices and axis-angle pair as given below. A calculation
of the rotation matrix is given in Appendix B.
g in terms of Euler angles g{(ϕ1,Φ, ϕ2)} is defined as

g=

2
664

cos ϕ1 cos ϕ2−sin ϕ1 sin ϕ2 cos φ sin ϕ1 cos ϕ2+cos ϕ1 sin ϕ2 cos φ sin ϕ2 sin φ

− cos ϕ1 sin ϕ2−sin ϕ1 cos ϕ2 cos φ − sin ϕ1 sin ϕ2+cos ϕ1 cos ϕ2 cos φ cos ϕ2 sin φ

sin ϕ1 sin φ − cos ϕ1 sin φ cos φ

3
775

(6.13)
g in terms of Miller indices g{(hkl)[uvw]} is defined as

g =

⎡

⎣
u

N1

v1−kw
N3

h
N2

v
N1

hw−u1
N3

k
N2

w
N1

uk−vh
N3

l
N2

⎤

⎦ (6.14)

where N1 =
√
u2 + v2 + w2, N2 =

√
h2 + k2 + l2, and N3 = N1 ·N2;

g in terms of axis and angle of rotation g{ω[a1, a2, a3]} is defined as

g=

2
664

(1−a2
1) cos ω+a2

1 a1a2(1−cos ω)+a3 sin ω a1a3(1−cos ω)−a2 sin ω

a1a2(1−cos ω)−a3 sin ω (1−a2
2) cos ω+a2

2 a2a3(1−cos ω)+a1 sin ω

a1a3(1−cos ω)+a2 sin ω a2a3(1−cos ω)−a1 sin ω (1−a2
3) cos ω+a2

3

3
775 (6.15)

Since the rotation matrix is unique and independent of its derivation, Euler
angles, Miller indices and axis and angle of rotation can be extracted from a
given rotation matrix with the relations given above.

6.1.3.3 Stereographic Projection, Pole Figure and Inverse Pole
Figure

Orientations are most commonly represented by their pole figures in the
stereographic projection (Fig. 6.5). The stereographic projection is a two-
dimensional image of the three-dimensional orientation space. It is constructed
by placing the origin of the coordinate system in the center of a sphere. A
direction [hkl] (or the normal of a plane (hkl)) centered in the origin will
intersect a surrounding sphere at a point P . The connection of P with the
south pole S of the sphere intersects the equatorial plane at P ′. P ′ is called
the pole of the direction [hkl] (or plane (hkl)). The projection of different low
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 reference sphere

 center of projection S

equatorial plane =
projection plane

α

 α

β

P

  P'

 E

FIGURE 6.5
Illustration of the principle of stereographic projection: E — crystallographic
plane, P ′ — pole of E in stereographic projection.

index directions with [001] pointing to the north pole of the sphere — which
becomes the center of the projection — is called the (001) or standard pro-
jection.

Limitation to only one set of crystallographically equivalent poles {hkl}
represents the {hkl} pole figure in standard projection (Fig. 6.6). All other
poles can be constructed by means of the known crystal symmetry. For the
standard projection pole figures are trivial and superfluous. The reference co-
ordinate system, however, is usually the specimen coordinate system {S}. The
orientation of a crystallite with respect to {S} is then denoted by the posi-
tion of its poles within this reference system. This may be illustrated by an
example.

A rolled sample has the distinguished specimen coordinate axes: rolling di-
rection (RD) and rolling plane normal (ND). Consequently, the third orthogo-
nal axis is the transverse direction (TD). The {hkl} pole figure of a crystallite
is then given by the position of the poles {hkl} within this coordinate system.
The orientation relationship between specimen coordinate system and crys-
tal coordinate system is usually and easily described by the crystallographic
direction parallel to the rolling plane normal (hkl) and the rolling direction
[uvw].

While in normal pole figures the crystal orientation is represented with
respect to a given specimen coordinate system as a reference, in the inverse
pole figure the specimen coordinate system is represented with respect to a
given crystal coordinate system (standard position) as a reference (Fig. 6.7).
This is most useful if only one specimen axis is distinguished, like the axis of a
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FIGURE 6.6
Representation of an orientation in terms of the {100} axes in stereographic
projection. (a) Position of the crystal at the center of the orientation sphere;
(b) stereographic projection of the cubic axes; (c) {100} pole figure showing
orientation and definition of the angles α1 and β1 associated with pole 1.

wire or a tensile specimen. In cubic crystals the representation can be reduced
to only one characteristic stereographic triangle framed by, e.g. (001)–(011)–
(1̄11), because of the crystal symmetry.

For more difficult specimen geometries the inverse pole figure can also be
constructed, but it is less convenient to use, since the whole projection plane
is needed to represent more than one axis in an inverse pole figure. Therefore,
in such cases, a representation as a pole figure is more appropriate and easier
to imagine.

6.1.3.4 Measurement and Analysis of Pole Figures

The importance of pole figures can be attributed to the fact that they can be
experimentally determined with an X-ray texture goniometer. Its principle of
operation is based on Bragg’s law, i.e. the reflection of X-rays of wavelength
λ is obtained from a set of planes {hkl} if

λ = 2d · sin Θ (6.16)

where Θ is the angle between incident X-ray beam and lattice plane normal
{hkl} (Fig. 6.8). The spacing d between adjacent planes {hkl} in cubic crystals
is given by

d =
b√

h2 + k2 + l2
(6.17)

where b denotes the lattice parameter.
The lattice plane normal {hkl} bisects the incident and reflected beam at

an angle Θ. For a given wave length λ and for a constant angle 2Θ between
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FIGURE 6.7
(a) Diagramatic illustration of the inverse pole figure of a sample of rolled ma-
terial; (b) Inverse pole figure of extruded aluminum wire (sample orientation
= wire axis). The lines indicate contours of equal measured intensity (after
[569]).
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X-ray source and counter a reflected signal is counted only if a plane {hkl}
is in reflection position. By rotating the specimen around two perpendicular
specimen axes up to ideally 90◦ all possible positions of planes {hkl} will be
found. Since Bragg’s law does not discriminate signs of {hkl} all combina-
tions of {±h,±k,±l} will contribute, i.e. all equivalent poles will be recorded
(Fig. 6.9).

If the specimen is a polycrystal, all crystallites having a set {hkl} in re-
flection position will contribute to the measured intensity for a given position
(α, β) of the specimen. The result of such a measurement is the frequency
of occurrence of a given pole {hkl} in all illuminated crystals for any given
position (α, β) of the specimen, i.e. the pole intensity distribution.

To keep evaluation simple, low index poles like {200}, {220} and {111} for
fcc crystals are usually chosen3.

The pole figure represents the distribution of a specific family of lattice
planes in the stereographic projection. Because of the known crystallography
of the reflecting crystal lattice, it is possible to determine the orientation of an
illuminated crystal. To begin with, all poles which belong to the same orienta-
tion, for instance, all four {111} or all three {100} poles have to be identified.
Since the angles between these crystallographic directions (for instance 90◦

between any two {100} poles) are known, the orientation can be calculated.
A worked example is given in Appendix C.

In case of single crystals or very simple types of textures (for instance, the
Cube texture) the evaluation of a single pole figure is sufficient to determine
the orientation, since the poles belonging to the same orientation are easy to
identify. However, if several orientations occur concurrently, it is possible that
poles of different orientations overlap, which renders impossible an unambigu-
ous association of poles to a defined orientation. In such a case it is necessary
to utilize more than one pole figure to identify orientations. In experimental
pole figures of polycrystals, however, an identification of all components is
extremely difficult even when several pole figures are known. In particular,
a quantitative analysis of weaker components is practically impossible. The
fundamental reason for this deficiency of a texture analysis by means of pole
figures is the fact that a pole figure is a two-dimensional projection (of the
crystal axes) of a three-dimensional quantity (the orientation). This projection
is accompanied by a loss of information, which would be necessary to identify
the poles belonging to a common crystal orientation. However, in the past 20
years mathematical tools have been developed that use high-power computers
to calculate the orientation distribution function (ODF) from a few measured
pole figures [567]. The result of this computation is not unambiguous. In fact,
it is impossible to determine the true ODF from experimental pole figures.
This is due to the fact that Bragg’s law does not differentiate between {hkl}

3Because of extinction, in fcc crystals only reflection occurs where the Miller indices are
either all even or all odd, i.e. {111}, {200}, .... In bcc crystals, reflections only occur if the
sum h + k + l is even, i.e. {110}, {200}, ....

© 2010 by Taylor and Francis Group, LLC



522 6 Applications

wave front

wave front

wave front

(a)

incident
X-rays

incident
X-rays

incident
X-rays

(b)

(c)

no reflected
X-radiation

d

(hkl) planes

  Θ Θ

reflected
X-radiation

reflected
X-radiation

   Θ  Θ

  Θ

  Θ

  2 Θ

 Θ

 d

d

ray 1

 ray 2

M  N

O

P
 (hkl) planes

FIGURE 6.8
X-ray diffraction by a crystal lattice can be regarded as reflection from a semi-
reflecting mirror. Only if rays diffracted by parallel planes are in phase (b)
(equal phase in every plane perpendicular to the direction of propagation),
they will not cancel each other out (like in (a)) and reflection will occur. Equal
phase will result only if the path difference from successive planes (MPN in
(c)) is an integral number of wave lengths. This condition leads to the Bragg
equation.
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(a) Beam geometry and sample rotation in an X-ray-texture goniometer (here:
the Schulz reflection method); (b) X-ray-texture goniometer at the IMM.
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and {hkl} poles so that from pole figures only the symmetrical components
of the ODF can be determined. There are also a variety of methods to deter-
mine the asymmetrical components; however, such solutions are not unique.
Usually the omission of the odd coefficients generates so-called ghosts, that
is, falsely pretended intensities in the ODF, which can be corrected for, if
the major components of the ODF are known. If, however, the true ODF of
an unknown texture ought to be determined, it would be more reasonable to
complement macroscopic pole figure measurements by single grain orientation
measurements in terms of orientation imaging microscopy (OIM), from which
the true ODF can be calculated, although the number of measured individ-
ual grains may be much smaller than the number of grains contributing to
the intensity in the X-ray pole figure measurements [570, 571]. It has been
demonstrated recently that, for reasonably defined textures, the true ODF
of a polycrystalline specimen can be calculated with sufficient accuracy from
about a thousand randomly sampled individual grain orientation measure-
ments.

6.1.3.5 The Orientation Distribution Function (ODF)

The association of poles belonging to a particular orientation from the in-
tensity distribution in a pole figure of a polycrystal is usually impossible to
determine. The problem can be alleviated by measuring a second pole figure
and identifying orientations which comply with both pole figures. This is very
tedious but it often helps remove ambiguity or rule out the occurrence of a
particular orientation.

A famous example for illustration of this problem is the cube orientation
in the Cu-rolling texture. As will be shown below, a sharp cube texture is
the recrystallization texture of the Cu-type rolling texture. For elucidation
of the texture development it is most important to know whether the cube
orientation is already present in the rolling texture. The {111} pole figure of
the rolling texture indicates (falsely) that this might be the case (Fig. 6.10).
But the {200} pole figure of the rolling texture reveals a definite absence of
the cube orientation (001)[100] in the deformed material, as evident from the
missing intensity in the center of the {200} pole figure.

In most cases even two pole figures are not sufficient for obtaining an
unambiguous assignment, leaving alone the cumbersome task to compare
the possible orientations. Modern texture analysis instead utilizes the three-
dimensional orientation space. This is the space where any orientation is rep-
resented unambiguously by only one point. Orientation space is set up by
the axes of a three-dimensional coordinate system, where each axis represents
one of the three quantities that define a given rotation. Correspondingly, the
origin (i.e. no rotation) is the standard orientation (or the orientation of any
given external reference system).

Most common is the rectangular coordinate system with the three Euler
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FIGURE 6.10
{111} and {200} pole figures of 95% rolled Cu.

angles ϕ1,Φ, ϕ2 as axes. Any point g0
(
ϕ0

1,Φ
0, ϕ0

2

)
in orientation space is

uniquely described by its Euler angles and, therefore, represents exactly the
orientation which is obtained by rotating the standard position (0, 0, 0) by
the angles ϕ0

1,Φ
0, ϕ0

2. This three-dimensional orientation space is also referred
to as Euler space.

For cubic crystal symmetry and orthorhombic specimen symmetry (like in
rolling) all orientations occur three times in the triple unit cell 0 ≤ ϕ1,Φ.ϕ2 ≤
π/2 [568]. The function f(g) which describes the frequency of occurrence (in-
tensity) of any particular orientation g in a crystalline aggregate is called the
three-dimensional orientation distribution function (ODF). As pointed out in
Section 5.1.3.1 the value of f(g) for a given g represents the volume frac-
tion dV/V of material that has an orientation within an infinitesimal volume
around g in orientation space

f(g)dg =
dV

V
(6.18)

which takes note of the normalization
1

8π2

∫
f(g)dg = 1 (6.19)

where integration is performed over a complete unit cell of the orientation
space.

The measured {hkl} pole figure Phkl gives only the distribution of a par-
ticular crystal axis [hkl]. Every orientation that has an axis [hkl] at a given
point P 0 in the pole figure contributes to the intensity at P 0. With a point in
the {hkl} pole figure given by its polar coordinates (α, β) the intensity Phkl

is given

Phkl(α, β) =
1
2π

∫ 2π

0

f(α, β, γ)dγ (6.20)
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Since the rotation g is defined on a sphere, f(g) can be readily expanded
in terms of the generalized spherical harmonics T μν

λ (which are the known
generalized Legendre polynomials)

f(g) =
∞∑

λ=0

λ∑

μ=−λ

λ∑

ν=−λ

Cμν
λ T μν

λ (g) (6.21)

Expansion of Phkl (α, β) in terms of the reduced spherical harmonics kv
λ (α, β)

yields

Phkl(α, β) =
∞∑

λ=0

λ∑

ν=−λ

F ν
λ (hkl)kν

λ(α, β) (6.22)

The correlation between Eq. (6.22) and Eq. (6.21) is given by the integral
equation (5.20) which renders the relation of the coefficients F ν

λ and Cμν
λ

F ν
λ (hkl) =

4π
2λ+ 1

λ∑

μ=−λ

Cμν
λ kμ

λ(α, β) (6.23)

Since T μν
λ is known analytically, and Cμν

λ can be calculated from Phkl accord-
ing to Eqs.(6.23) and (6.22) [567], f(g) can be computed from Eq. (6.21). For
practical purposes the expansion has to be limited to finite values of λ.

Current evaluation programs commonly truncate for λ > 22. Taking into
account specimen and crystal symmetry simplifies the procedure for rolled
cubic crystals considerably. In contrast, textures of materials with low crystal
symmetry (most minerals) are not yet analyzed on a sophisticated level.

The computed result for the Cu-rolling texture is shown as an example in
Fig. 6.11. The lines connect points of 1/2 maximum intensity. The texture
resembles a tube in Euler space. The three-dimensional drawing of contour
lines in orientation space is rather inconvenient. Instead, sections parallel to
ϕ2 in increments of Δϕ2 = 5◦ are usually presented in the literature.

It is noted again that in highly symmetric lattices like the cubic structure,
the interpretation of the ODF in Euler space is complicated by the presence
of three crystallographically equivalent orientations in the cell 0 ≤ ϕ1,Φ, ϕ2 ≤
π/2. The appropriate unit cell which accounts for specimen symmetry as well
as crystal symmetry can be of rather complicated shape and, therefore, in-
convenient to handle. Usually, the ODF is represented in 0 ≤ ϕ1,Φ, ϕ2 ≤ π/2
and the reader has to take note of the multiplicity of symmetric components.
Owing to a long tradition of research on rolling textures in cubic crystals the
most familiar notation of an orientation is still {hkl}〈uvw〉. For practical pur-
poses there are conversion tables from {hkl}〈uvw〉 to (ϕ1,Φ, ϕ2) to facilitate
evaluation.
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FIGURE 6.11
(a) 3D representation of the orientation distribution of rolled high purity
copper in Euler space. Unlike in the 2D pole figure, here an orientation is
represented unambiguously in three coordinates (by three Euler angles); (b)
Illustration of the orientation distribution by sections through Euler space
perpendicular to the angle ϕ2 at 5◦ intervals.

6.1.3.6 Quantitative Analysis in Terms of Scattered Ideal Orien-
tations

The contour lines of the ODF are rather inconvenient for practical use. Real
textured material contains, however, strong maxima as well as regions with
virtually zero intensity. The maximum intensity can exceed the intensity of a
random distribution (i.e. distribution of a powder specimen) by a factor of 100
and more. The common way of qualitative texture analysis is, therefore, the
interpretation of pole figures and ODFs in terms of ideal orientations, which
coincide with the dominant maxima in the intensity distribution [572]. When
the intensity maxima are smeared out, there is a certain ambiguity on how
many ideal orientations are necessary to represent the ODF, and what is their
most adequate notation. The Cu-rolling texture is represented in the ODF in
Fig. 6.11 and in the pole figure in Fig. 6.10. The intensity maxima are well
represented by three ideal orientations which are known under the names:
{011}〈211̄〉 brass orientation (main component in brass-rolling texture),
{112}〈111̄〉 Cu-orientation (main component in Cu-rolling texture) and
{123}〈634̄〉 S-orientation (leads to S-shape of Cu-rolling texture).
For a quantitative texture analysis the scatter σ around the ideal orientation
must be taken into account. For this purpose the ODF is fitted by Gauss-type
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FIGURE 6.12
Main rolling texture components of cubic metals. (a) {111} pole figure; (b) in
Euler space.

distributions around ideal orientations [573]:

Si(g) = Si (g0) exp

[
− (g − g0)

2

σ2
i

]
(6.24)

f (g0) =
∑

i

Si(g) (6.25)

From the result the volume fraction Mi of each texture component can be
derived by integration of Eq. (6.18) within the orientation regime of each
component and taking note of Eq. (6.19).

Mi =
1

2
√
π
ZiSi (g0) σi

[
1 − exp

(
−σ

2
i

4

)]
(6.26)

Tables 6.1 and 6.2 and Figs. 6.12 and 6.13 summarize the most important
components of the rolling textures (Fig. 6.12) and recrystallization textures,
(Fig. 6.13) of cubic metals and alloys.

6.1.3.7 Misorientation Distributions

While an orientation represents a rotation of the specimen coordinate sys-
tem into the crystal coordinate system, a misorientation corresponds to the
rotation that makes the two crystal orientations coincide. Therefore, a mis-
orientation distribution can be represented like an orientation distribution, in
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FIGURE 6.13
Main recrystallization texture components of cubic metals. (a) {111} pole
figure; (b) in Euler space.

TABLE 6.1

Main Rolling Texture Components of Cubic Metals
Notation {hkl} 〈uvw〉 ϕ1 Φ ϕ2 Symbol

C {112} 〈111̄〉 90◦ 35◦ 45◦
S {123} 〈634̄〉 59◦ 37◦ 63◦
Bs {011} 〈211̄〉 35◦ 45◦ 0◦
Goss {011} 〈100〉 0◦ 45◦ 0◦

{112} 〈110〉 0◦ 35◦ 45◦
Rotated Cube {001} 〈110〉 45◦ 0◦ 0◦

{111} 〈112̄〉 90◦ 55◦ 45◦
CubeRD {025} 〈100〉 0◦ 22◦ 0◦

principle. The most commonly used space to represent an orientation distri-
bution is the Euler space, in particular for the reason that the Euler angles
can be handled as independent and separate variables for the computation
of the ODF. Despite its standard use, Euler space has major disadvantages
owing to its severe distortions, in particular for rotations about the z (ND)
direction.

A representation of misorientation more easy to imagine is the notation
in terms of axis n and angle ω of rotation, which can be most conveniently
represented by its Rodrigues vector [574, 575]

R = n · tan
ω

2
(6.27)
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TABLE 6.2

Main Recrystallization Texture Components of Cubic
Metals

Notation {hkl} 〈uvw〉 ϕ1 Φ ϕ2 Symbol

Cube {001} 〈100〉 0◦ 0◦ 0◦
R {123} 〈634̄〉 59◦ 37◦ 63◦
or also {124} 〈211̄〉 57◦ 29◦ 63◦
bs/R {236} 〈385̄〉 79◦ 31◦ 33◦
Intermediate {258} 〈12̄1〉 47◦ 34◦ 22◦

{554} 〈225̄〉 90◦ 61◦ 45◦
{111} 〈112̄〉 90◦ 55◦ 45◦
{111} 〈11̄0〉 0◦ 5◦ 45◦

in Rodrigues space. The coordinate system of Rodrigues space coincides with
the crystal coordinate system, but its unit cell is determined by crystal sym-
metry. Any misorientation can be represented by its Rodrigues vector R,
which is parallel to the rotation axis n (which, by definition, is common to
both lattices), and the length of which is determined by tanω/2. This choice
of vector length results in minimal distortions of misorientation space, i.e. all
volume elements are almost equally large, irrespective of their location. In the
following the geometrical properties of Rodrigues space for cubic crystals will
be addressed more closely.

Because of the high symmetry of cubic crystals their fundamental zone in
Rodrigues space is relatively small and simple. Since there are 24 · 24 = 576
different ways to represent an orientation relationship in cubic crystals, but
only one is needed, a selection is made with regard to the smallest angle of
rotation to define the elementary Rodrigues vector. All possible elementary
Rodrigues vectors define the fundamental zone of Rodrigues space for cubic
crystals (Fig. 6.14). Rodrigues space consists of a cube with the corners cut
off. The Rodrigues vector emerges from the center of the cube and is defined
by its components with regard to the orthogonal axes, which are parallel to
the cubic crystal axes. The maximum length of a Rodrigues vector along the
〈100〉 axes is

√
2−1, corresponding to a 45◦ rotation. The vector of maximum

length is obtained at the corner of a triangular face. The triangular face is
perpendicular to the 〈111〉 axis and intersects the cube at an angle of 60◦, i.e.
the center of the triangular face is touched by the Rodrigues vector 1/3〈111〉.
The corner of the triangular face corresponds to a 62.8◦〈1, 1, (√2 − 1)〉 rota-
tion, which is crystallographically equivalent to a 90◦〈110〉 rotation. It may
be helpful to remember

• small angle rotations are located close to the origin

• 〈100〉 rotations extend along the coordinate axes
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FIGURE 6.14
Fundamental zone of Rodrigues space.

• 〈110〉 rotations extend along the cube face diagonals

• 〈111〉 rotations extend along the cube space diagonal

• twin rotations (60◦〈< 111〉) are found in the center of the triangular
faces

If positive and negative rotations about crystallographically equivalent axes
are considered to be equivalent, then the fundamental zone of Rodrigues space
can be reduced to 1/48 of its size, which defines the so-called Mackenzie cell
(Fig. 6.15). In the Mackenzie cell all equivalent rotations appear only once
[576]. Its shape is odd, however, and therefore less attractive for representa-
tion, since the resemblance to cubic symmetry is less obvious. Therefore, we
prefer to utilize one full eighth of the fundamental zone, which is a capped
cube and thus easy to associate with cubic symmetry. This convenience is
offset by the disadvantage that more than one equivalent rotation will occur
in the chosen subspace. Since the orientation relationships in each square sec-
tion have a mirror symmetry with regard to the diagonal of the square, each
triangle contains three equivalent orientation relationships. This situation is
akin to the representation of orientations in Euler space, where the threefold
〈111〉 symmetry also subdivides the cubic 0 ≤ ϕ1,Φ, ϕ2 ≤ π/2 space with a
complicated geometry such that one accepts the inconvenience of orientation
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FIGURE 6.15
Mackenzie cell.

multiplicity to maintain the cubic shape of the represented zone.
For a two-dimensional representation equidistant 5◦ sections through Ro-

drigues space perpendicular to the [001] axis will be used (Fig. 6.16). The
sections also are plotted as complete squares to simplify graphical represen-
tation, although the 〈111〉 corner of Rodrigues space is capped. Instead, the
line of intersection with the triangular plane is indicated in the section to de-
note the limit of the fundamental Rodrigues zone. To graphically represent the
misorientation distribution function (MODF) f each measured misorientation
Δgi is associated with a Gauss-type scatter ξ

fi (Δgi) d (Δg) =
1

ξ
√

2π
exp

[
− (Δg − Δgi)

2

2ξ2

]
d (Δg) (6.28)

f (Δg) dΔg =
∑

i

fi (Δgi) d (Δg) (6.29)

and contour lines of equal intensity are plotted. This is entirely analogous
to the representation of the ODF in terms of single grain orientations. For
illustration, select misorientation distributions for uniform 〈100〉, 〈110〉, and
〈111〉 rotations are given in Fig. 6.17. We will neglect the (not trivial but not
serious) problem that the scatter of a component can exceed the boundaries
of the Mackenzie cell and, therefore, appears at some different location of the
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FIGURE 6.16
Equidistant sections through Rodrigues space perpendicular to [001].

cell. As a density function the MODF has to be normalized to unity
∫
f (Δg)d (Δg) = 1 (6.30)

For a particular microtexture, however, it is also important to relate the
measured MODF to a reference MODF [577]. This reference may be either
a random misorientation distribution, which can be calculated analytically
according to Mackenzie, or which can be simulated from a set of random ori-
entations by computing the frequency of occurrence of any misorientation from
the set of misorientations, i.e. the misorientations of each orientation with all
other orientations in the set. If the texture of the specimen is not random,
then the orientation distribution can be discretized and the reference MODF
can be computed analogously. The corresponding misorientation distribution
is also referred to as orientation difference distribution function (ODDF). The
necessity for this normalization is easy to realize. If a texture would consist of
only two strong components, the probability to measure a misorientation re-
lationship between adjacent grains close to the ideal misorientation of the two
components is much higher than for a random texture. Any deviation from
unity of a MODF/ODDF indicates a nonrandom misorientation distribution.

A random MODF computed for a random orientation set is given in Fig. 6.1.
The MODF normalized by the ODDF is commonly termed orientation cor-
relation function (OCF). For illustration, a microstructure with many small
angle boundaries and first order twin boundaries is represented in terms of
MODF, ODDF and OCF in Fig. 6.19.

Every grain boundary manifests a misorientation between adjacent grains,
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FIGURE 6.17
Representation of orientation relationships in [001] sections of Rodrigues
space: rotations about (a) 〈100〉; (b) 〈110〉; and (c) 〈111〉 axes.

RD

<100> <110>

<111>

levels
0.50
1.00
2.00

(a)

        

        

        

        

[0
10

 ]

[100 ]

Probe:          Fortunier
Streubreite:  2° 
Levels:         0,5  1,0  1,8
Maximum:    1,9
Schrittweite: 5° [001]

[0
10

]

[100]

sample: Fortunier
scatter width: 2°
levels: 0.5; 1.0; 1.8
maximum: 1.9
step width: 5° [001]

(b)

FIGURE 6.18
Random orientation distribution (a) in inverse pole figure; (b) in Rodrigues
space.
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FIGURE 6.19
Comparison of normalization principles (a) MODF; (b) ODDF; (c) OCF.
Small angle relationships (KW), first order twin relationships (Z).

by definition. If the character of a grain boundary can be reduced to its mis-
orientation, i.e. if the spatial orientation of the grain boundary plane can be
neglected, then the distribution of grain boundary character is represented by
the MODF. For a random distribution of all low Σ boundaries with Σ < 29,
where each misorientation was allowed to have a scatter of 5◦, the grain bound-
ary character distribution is given in Fig. 6.20.

6.2 Recrystallization annd Grain Growth

6.2.1 Phenomenology and Terminology of Recrystallization
and Grain Growth

The capability of metals to substantially change their properties during a
treatment have made metals and alloys the most versatile and most widely
used structural materials. The macroscopic property changes are mainly due
to either phase transformations or recrystallization and related phenomena.
In this context we will focus on the latter, in particular on recrystallization
and grain growth.

During plastic deformation of a metal due to cold or hot working, disloca-
tions are generated and stored in the crystal. Dislocations are lattice defects,
which do not occur in thermodynamic equilibrium, and, therefore, a deformed
solid tends to remove these lattice defects. On the other hand, although ther-
modynamically unstable, the dislocation arrangement of a deformed crystal
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FIGURE 6.20
Location of low Σ orientation relationships in Rodrigues space.
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is mechanically stable. By heat treatment sufficient thermal energy is intro-
duced into the crystal to destabilize the dislocation arrangement. In principle,
there are two ways to remove the dislocations, or at least to reduce the stored
strain energy associated with the dislocations, namely recovery and recrystal-
lization. While recovery comprises all processes, which result in an annihilation
or rearrangement of dislocations in low energy dislocation structures, recrys-
tallization proceeds by generation and motion of grain boundaries, which are
capable of removing the swept-up dislocations. Therefore, while recovery will
locally rearrange and reduce the dislocation density, recrystallization will com-
pletely destroy the dislocation structure and rebuild a new strain-free crystal
arrangement. In the context of grain boundary migration, we shall focus on
recrystallization phenomena in the following.

Usually recrystallization proceeds from an abundance of recrystallization
nuclei and, therefore, the completely recrystallized material contains a high
density of grain boundaries. Owing to insufficient configuration entropy, grain
boundaries — like dislocations— also are not structural essentials of ther-
modynamic equilibrium and thus liable to be removed. As a consequence,
fine-grained recrystallized microstructures undergo grain growth, driven by
the increase in grain boundary energy. Grain growth can proceed in a contin-
uous or discontinuous way. During continuous grain growth, some grains will
shrink while others will grow, but the average grain size will grow while the
grain size distribution remains self-similar, i.e. normalized with the average
grain size the grain size distribution will not change upon continuous grain
growth (Fig. 6.21a). In contrast, during discontinuous grain growth, few grains
grow at the expense of the other non-growing grains. The microstructural evo-
lution bears a resemblance to the process of recrystallization and, therefore, is
referred to as secondary recrystallization. During discontinuous grain growth
a bimodal grain size distribution will develop and, thus, the self-similarity of
the grain size distribution is not maintained in this process (Fig. 6.21b).

There is a confusing variety of terms for the various microstructural changes
during heat treatment of deformed materials. The typical recrystallization pro-
cess during heat treatment of a cold worked metal is referred to as static pri-
mary recrystallization or short recrystallization. Sometimes it is also referred
to as discontinuous recrystallization, since it proceeds locally and thus does
not affect the entire volume concurrently. In contrast, continuous recrystalliza-
tion is not a real recrystallization process, but rather describes the phenomena
of very strong recovery, which also may result in the generation of large angle
grain boundaries. The term static recrystallization is used to distinguish the
two-step process, namely cold work and subsequent heat treatment, from the
recrystallization phenomena occurring concurrently with deformation at ele-
vated temperatures, which is referred to as dynamic recrystallization.

In contrast to the atomistic mechanisms of recrystallization the energetic
causes of recrystallization are relatively well understood. There is always a
driving force on a grain boundary, if — at a constant pressure and tempera-
ture — the displacement of the boundary reduces the Gibbs free energy G of
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FIGURE 6.21
Time dependence of grain size distribution for normal (a) and abnormal (b)
grain growth (schematic).

the solid. The reduction of Gibbs free energy by displacement of a boundary
element of size dÃ by the distance dx reads

dG = −PdÃdx = −PdV (6.31)

where dV is the volume swept by the boundary during its migration. The
quantity

P = −dG
dV

(6.32)

is referred to as driving force. It is a free energy gain per unit volume, which
equivalently can be understood as a force per unit area of the boundary, i.e.
as a pressure on the boundary. The driving force for primary recrystallization
is the strain energy of stored dislocations. If these dislocations are consumed
by the moving grain boundary, then the driving force is given by

P = ρEv =
1
2
ρμb2 (6.33)

where Ev is the energy per unit length of a dislocation (μ — shear modulus,
b — Burgers vector).

With a dislocation density ρ = 1016m−2, μ = 5·104 MPa, and b = 2·10−10m
the driving force amounts to about P = 10 MPa, which has been confirmed
by calorimetric measurements of the stored energy of cold work.

The driving force for grain growth is provided by the energy of the grain
boundaries. For discontinuous grain growth (secondary recrystallization) the
driving force reads

P =
3d2γ

d3
=

3γ
d

(6.34a)
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where it is assumed that the recrystallized and thus consumed grains comprise
cubes of size d and γ is the grain boundary energy per unit area. For a re-
crystallized grain size of d = 10−4m and a grain boundary energy γ = 1J/m2

one obtains P = 0.03 MPa. Obviously, the driving force for secondary re-
crystallization is smaller by orders of magnitude than the driving force for
primary recrystallization. Therefore, grain growth phenomena proceed much
more slowly or at much higher temperatures compared to recrystallization.
For continuous grain growth an element of a grain boundary feels the driving
force for migration by the curvature of the boundary. This curvature is due to
the fact that grain boundary triple junctions have to comply with the force
equilibrium of surface tensions. For 3D crystal arrangements it is impossible
to establish both planar grain boundaries and equilibrium conditions at the
triple lines or quadruple junction where grain boundaries meet. Therefore,
polycrystals are always liable to grain growth and particular measures have
to be taken to suppress grain growth, for instance, to maintain a station-
ary microstructure in metallic parts during high temperature service, e.g. of
turbine blades in jet engines. The driving force for continuous grain growth
reads

P =
2γ
R

(6.34b)

where R is the radius of curvature. Since the radius of curvature R usually
exceeds the grain size by about an order of magnitude, the driving force for
continuous grain growth is about an order of magnitude smaller than for sec-
ondary recrystallization.

Reference is sometimes made to a process termed tertiary recrystallization.
This usually occurs in thin sheets, when grain growth has ceased due to groov-
ing of the grain boundaries exposed to the sheet surface. In such a case, the
difference in surface energy γs of the various grains acts as a driving force on
the grain boundaries, and this driving force may exceed the driving force for
grain growth, if the surface energy differentials Δγs are large and the sheet
thickness h is small, since the driving force reads (Fig. 6.22)

P =
2Δγs

h
(6.35)

For instance, for Δγs = 0.1J/m2 and a sheet thickness h = 10−4m the driving
force P = 2 · 10−3 MPa. Since the surface energy can be modified by adsorp-
tion, the process of tertiary recrystallization depends on the atmosphere, and
by changing atmospheres it is even possible to invert the direction of grain
boundary motion.

6.2.2 Nucleation of Recrystallization

As previously mentioned, the deformed microstructure is mechanically stable.
To destabilize the dislocation arrangement after deformation three criteria
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FIGURE 6.23
Schematic illustration of a recrystallization nucleus with growth potential in
a deformed structure.
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have to be met (instability criteria (Fig. 6.23)).

Thermodynamic Instability
A nucleus can only grow if the total free energy decreases during expansion
of the nucleus. For this a critical nucleus size rc has to be exceeded

rc =
2γ
P

=
4γ
ρμb2

(6.36)

Since the nucleation rate due to thermal fluctuations is much too small to
set off recrystallization, a supercritical nucleus must already be present in the
deformed microstructure. Usually, the deformation microstructure consists of
cellular arrangements, like dislocation cell structures or subgrain structures.
Thus, it is commonly assumed that there is a cell or subgrain of supercritical
size present in the microstructure to act as a viable recrystallization nucleus.

Mechanical Instability
Since the nucleus is embedded in a cellular arrangement of similar struc-
ture, there is not necessarily a net driving force on its boundaries for nucleus
growth; rather, it may also shrink or experience no net driving force at all
on its surface. An instability of the microstructure for recrystallization, there-
fore, requires that there is a net driving force for growth on at least part of
the surface of a nucleus. This can be achieved by an inhomogeneous dislo-
cation density distribution or a broad subgrain size distribution, which also
comprises large cells or subgrains. The latter can potentially be produced by
recovery.

Kinetic Instability
The most stringent requirement is, however, that the surface of the nucleus
must be a mobile grain boundary. As evident from Chapter 3, this requires
a large angle grain boundary. The generation of a mobile large angle grain
boundary in a deformed microstructure is the most difficult step for nucle-
ation of recrystallization. Potential mechanisms may be nucleation at preex-
isting grain boundaries, discontinuous subgrain growth in orientation gradi-
ents, deformation inhomogeneities with large misorientations and generation
of annealing twins, in particular annealing twin chains.

The requirement for concurrent compliance with all three instability criteria
strongly prefers nucleation in certain locations of the deformed microstructure,
in particular in deformation inhomogeneities (Fig. 6.24a) like shear bands or
microbands, or at preexisting large angle grain boundaries (Fig. 6.24b). An
exception is the formation of annealing twins, which by continued twinning
and thus generation of a twin chain (twin family) may produce a mobile large
angle grain boundary (Fig. 6.25). So far, observations have only confirmed
that twinning proceeds from a moving grain boundary, and thus already re-
quires the formation of a viable recrystallization nucleus.
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FIGURE 6.24
(a) TEM image of a recrystallized nucleus that developed near the edge of a
shear band and is growing into the deformed structure; (b) nucleation at the
grain edges of zone annealed aluminum.
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FIGURE 6.25
Micrograph and {111} pole figure of a copper single-crystal after dynamic
recrystallization during a tensile test at 1103 K. ( −−− first-; − ·− second-;
− · ·− third-generation twinning.)
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FIGURE 6.26
Recrystallized volume fraction as a function of annealing time following 5.1%
tensile deformation (after [581]).

6.2.3 Kinetics of Primary Recrystallization

The kinetics of recrystallization, i.e. the change of recrystallized volume frac-
tion X with annealing time t (Fig. 6.26) is determined by thermal activation
of the recrystallization mechanisms nucleation and nucleus growth. From nu-
merous experimental investigations, it is evident that the recrystallization
kinetics can be described by the Avrami-Johnson-Mehl-Kolmogorov equation
[578]–[580]

X = 1 − exp
{
−
(
t

tR

)q}
(6.37)

In this equation q is the Avrami exponent and tR a characteristic time for
recrystallization, i.e. when 63.2% of the volume is recrystallized. In the case
of a constant and homogeneous nucleation rate Ṅ and isotropic growth rate
v the above equation can be derived as

X(t) = 1 − exp
(
−π

3
Ṅv3t4

)
(6.38)

Comparing Eq. (6.38) with (6.37) the characteristic time for recrystallization
tR and the recrystallized grain size d

tR =
(π

3
Ṅv3

)−1/4

(6.39)

d = 2vtR ∼= 2
(

3
π

v

Ṅ

)1/4

(6.40)
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Evidently, the recrystallized grain size is the result of a competition between
growth rate and nucleation rate. In contrast, the recrystallization time is a
joint effect of nucleation and growth, although very strongly dominated by
the growth rate. Apparently, the grain boundary migration rate, and thus
the grain boundary mobility, governs the kinetics of recrystallization and the
characteristics of the recrystallized microstructure.

6.2.4 Recrystallization Texture

6.2.4.1 Origin of Textures

The dominant deformation mechanism in metals is crystallographic slip by dis-
location glide. Crystallographic slip is a pure shear deformation and, therefore,
accompanied by rigid body rotation, which is the cause for the development of
deformation textures during cold work. Depending on material, temperature,
strain rate and, of course, strain, a specific deformation texture will be formed,
for instance, during rolling, which is the most common industrial forming pro-
cess. Interestingly, for a given rolling texture a defined recrystallization texture
develops upon annealing4. As an example, a conspicuously pronounced Cube
texture is found upon recrystallization of rolled copper (Fig. 6.27a,b). The tex-
ture is very sharp, almost like a single crystal. Equivalently, the typical brass
recrystallization texture develops from the brass rolling texture (Figs. 6.27c,d).
The respective orientations and their volume fractions are listed in Table 6.3.
There is also a specific texture development in bcc materials during annealing
of rolled sheet, for instance in ferritic steels (Fig. 6.28).

Because of the importance of recrystallization textures for commercial ap-
plications, such as industrial forming processes or electrical steels, there have
been considerable efforts to account for the formation of a recrystallization
texture from a given deformation texture. Since the process of recrystalliza-
tion comprises the stages nucleation and growth, theories were developed that
either attributed the recrystallization texture to the preference of special ori-
entations to be nucleated or the preference of special misorientations to grow,
i.e. to high mobility grain boundaries [582]–[584]. Extensive investigations into
this issue in the past 30 years have substantiated that there are many more
nucleus orientations than recrystallization texture components and also that
there is no growth competition among randomly disoriented grains. Rather,
it is now common belief that recrystallization textures are formed by growth
competition for a limited spectrum of nucleus orientations. Because of the
extreme sensitivity of the recrystallization kinetics on the growth rate, as evi-
dent from Eq. (6.38), essentially only the maximum growth rate misorientation
dominates the recrystallization texture development. Therefore, considerable

4For ideal orientations of rolling and recrystallization textures in cubic crystals see Figs. 6.12
and 6.13 and Tables 6.1 and 6.2.
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efforts were dedicated to a determination of the maximum growth rate mis-
orientation by so-called growth selection experiments [585].

TABLE 6.3
Pure Cu: Rolling Texture

ϕ1 Φ ϕ1 f (gi) Mi σi {hkl} 〈uvw〉 OR Name

Pure Cu: Rolling Texture

35 45 0 15.1 29.5 7.9 011 211 Brass-Def
62 33.5 63 18.5 42.1 7.4 123 634 S
90 32 45 16.9 25.5 8.4 112 111 Cu
90 80 45 5.5 2.8 6.7 255 511 Twin to Cu
0 21 0 4.1 1.8 5.6 025 100 Tilted Cube

Pure Cu: Recrystallization Texture

0 0 0 90.6 52.6 7.1 001 100 Cube
63 48 63 22.9 20.0 6.5 122 212 1st Twin to Cube

16.5 26 10.0 6.8 9.5 8.7 148 841 2nd Twin to Cube
76 29 74 6.6 9.5 9.3 148 747 2nd Twin to Cube
90 35 0 11.5 2.7 7.8 035 053 Tilted Cube
45 37 45 6.0 3.9 6.9 447 184 2nd Twin to Cube

Cu-22% Zn (Brass): Rolling Texture

32 45 0 13.8 65.2 13.2 011 211 Brass-Def
0 45 0 5.5 17.3 14.8 011 100 Goss
90 66 45 3.4 10.5 12.4 233 311 {223}
0 51 45 2.7 7.0 10.6 111 110 {111}

Cu-22% Zn (Brass): Recrystallization Texture

82 30 34 9.0 63.2 12.0 236 385 Brass Rex
90 33 0 4.4 8.9 10.4 035 053 Tilted Cube
0 20 0 2.7 8.1 11.6 025 100 Tilted Cube
45 38 68 2.5 18.5 12.1 134 132 –
0 0 0 1.2 0.3 7.8 001 100 Cube

Basic types of rolling and recrystallization textures in fcc metals:
Mi — volume fraction; f (gi) — value of ODF at gi;
σi — scattering amplitude; OR — name of orientation [590].
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FIGURE 6.27
Rolling and recrystallization textures of Cube metals in {111} pole figure and
Euler space. (a) Cu-type rolling texture; (b) brass-type rolling texture; (c)
Cube texture (Cu-recrystallization texture); (d) brass recrystallization tex-
ture.
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6.2.4.2 Pure Metals: Growth Selection

In such experiments a single crystal is slightly deformed, for instance by
rolling. If the orientation of the single crystal does not change or decompose
during deformation, the deformed specimen still represents a single crystal
but with a stored energy of cold work in terms of the elastic energy of the
stored dislocations. After deformation, one face of the single crystal will be
subjected to an additional strong deformation, e.g. by grinding, filing or saw-
ing. Afterwards the sample is annealed in a strong temperature gradient, such
that only a small volume of the sample is heated while the remaining deformed
volume is kept at ambient temperature (Fig. 6.29). Annealing starts at the
additionally deformed end, giving rise to a high nucleation density with vir-
tually random orientation distribution. These nuclei grow upon displacement
of the hot zone and compete with one another such that the fastest growing
grains will cut off the path of the more slowly growing grains, and eventually
a single grain will dominate and cover the entire cross section of the consumed
single crystal. Obviously, this final surviving grain will be the fastest (max-
imum growth rate orientation), and the grain boundary between this grain
and the deformed single crystal possesses the highest mobility among all com-
peting grain boundaries. Of course, a single experiment might give incidental
results. However, hundreds of experiments were conducted on high purity Al
with the overwhelming result that grains with a 40◦〈111〉 orientation rela-
tionship to the deformed matrix evidently grew fastest. Naturally, there is a
certain statistical distribution of fast-growing orientations. However, the fur-
ther the competing grains proceed into the consumed deformed single crystal,
the sharper the distribution of misorientation angles (Fig. 6.29).

According to such experiments, the maximum of the distribution is attained
at an angle slightly above 40◦ about a 〈111〉 axis. In the past, the high mobil-
ity of 40◦〈111〉 boundaries was interpreted such that the 40◦〈111〉 boundary
actually represented a 38.2◦〈111〉 Σ7 coincidence boundary [394, 587]. Owing
to the high density of coincidence sites the boundary would segregate less so-
lute atoms than other boundaries and thus be less affected by impurity drag.
Less impurity drag is equivalent to a higher effective driving force and thus
higher growth rate. In fact, the orientation dependence of grain boundary mo-
bility measured for the individual grain boundaries proved that low Σ CSL
boundaries (special boundaries) behaved in a more mobile way than random
boundaries (non-special boundaries), and among all boundaries with low in-
dex rotation axes the Σ7 boundary moved fastest (see Chapter 3). However,
the maximum growth rate misorientation is distinctly different from the Σ7
orientation relationship, and always larger by at least 2 degrees. Thus, the
interpretation given above obviously is at variance with the results of growth
selection experiments. A more detailed analysis reveals the reason for the dis-
crepancy. The Σ7 boundary indeed moves fastest at temperatures below 430◦C
(Fig. 6.30) while at higher temperatures the 40.5◦〈111〉 boundary exhibits the
highest mobility. Given the fact that the temperature during growth selection
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FIGURE 6.29
(a) Principle of growth selection; (b) {111} pole figures and frequency distri-
bution of the orientations still in contact with the deformed matrix for three
consecutive stages of growth selection ([586]).

experiments is very high, typically above 600◦C for Al, it is evident that such
experiments are designed to reveal a 40◦〈111〉 misorientation as maximum
growth rate (mis)orientation rather than the Σ7 misorientation (Fig. 6.31).

The physical principle that creates this confusion is the compensation ef-
fect discussed at length in Chapter 3. At temperatures below the compen-
sation temperature Tc the process with the lower activation enthalpy will
dominate, while above Tc such mechanisms are favored that carry the largest
pre-exponential factor (Fig. 6.32). It is noted that this result reveals a com-
mon misconception, namely that the process with the lower activation en-
thalpy will always be favored, tacitly assuming that the pre-exponential factor
hardly varies, which is obviously wrong. The widely practiced habit to ana-
lyze thermally activated processes only with regard to the activation enthalpy
is, therefore, liable to serious misinterpretation. This is particularly true for
interfacial phenomena, where the activation enthalpy varies in a wide range.
For instance, if only the activation enthalpy would differ for the mobility of
dissimilar (large angle) boundaries, the mobilities would differ by many or-
ders of magnitude, while in reality the mobility of grain boundaries varies only
within a factor of ten or so.

© 2010 by Taylor and Francis Group, LLC



550 6 Applications

430°C
485°C
540°C

10-7

10-8

10-9

A 
[m

2 /s
]

36 38 40 42 44
ϕ [deg]

430°C
485°C
540°C

FIGURE 6.30
Dependence of the reduced mobility of 〈111〉 tilt grain boundaries on rotation
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FIGURE 6.32
Temperature dependence of the reduced mobility A for 38.2◦ and 40.5◦〈111〉
tilt grain boundaries in pure Al.

6.2.4.3 Growth-Controlled Recrystallization Textures

Growth selection experiments on pure aluminum have clearly established the
high growth rate of 40◦〈111〉 tilt boundaries in this material. Its importance
for microstructure development, however, derives from the fact that the main
components of the recrystallization textures of rolled Al (Cube texture) can be
related to the major rolling texture components (S-orientation) by a 40◦〈111〉
orientation relationship (Fig. 6.33). This constitutes the basis of the so-called
“theory of oriented growth” which contends that the recrystallization texture
forms from (tacitly assumed) randomly oriented nuclei by growth selection in
favor of maximum growth rate orientations, i.e. 40◦〈111〉. There have been
refinements to this approach to account for obvious discrepancies from ideal
40◦〈111〉 rotations, in particular the compromise texture approach, which de-
mands that a growing grain be able to grow quickly into more than a single
component of the rolling texture (Fig. 6.33) [583]. More refined modeling ap-
proaches [588] and computer simulations [589] have confirmed that a growth
preference of a 40◦〈111〉 rotation leads to the observed recrystallization tex-
tures. The influence of a growth advantage is so strong that other compromise
40◦〈111〉 rotations are completely suppressed even if their compromise fit is
marginally less perfect. This would explain why other potential recrystalliza-
tion texture components were never observed.

Other approaches also have been put forward recently to explain the dom-
inance of the 40◦〈111〉 misorientation, even in the absence of an orientation-
dependent growth rate. Besides the classical contention of oriented nucleation,
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FIGURE 6.33
Orientation relationship between rolling and recrystallization texture compo-
nents. (a) The Cube texture satisfies a best fit of a 40◦〈111〉 rotation of the
S orientation; (b) the brass recrystallization texture is related to the brass
rolling texture by a 40◦〈111〉 rotation; (c) illustration of the orientation rela-
tionship for one brass rolling and recrystallization component.
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i.e. the preferential nucleation of major recrystallization texture components,
e.g. the Cube texture in aluminum, an effect of orientation pinning recently
was proposed [590]. Orientation pinning relates to the experimental obser-
vation that small angle boundaries (and coherent twin boundaries) have low
mobility and can be considered as essentially sessile. While it is difficult to
completely block a grain boundary in three dimensions this concept also can-
not satisfactorily account for the observed recrystallization textures [591], al-
though it amplifies selective growth and thus perhaps another reason for the
observed sharp recrystallization textures in aluminum alloys.

A truly surprising phenomenon is that the selective growth, which was
unambiguously evidenced in pure Al, can also account for recrystallization
texture formation in other metals and alloys, even intermetallic compounds.
For instance, the recrystallization texture of Cu-30%Zn (α−brass) can be
successfully predicted by assuming a compromise texture of 40◦〈111〉 rota-
tions (Fig. 6.33) [592]]. This is remarkable, since the deformation structure
and the recrystallized microstructure of brass are entirely different from the
deformed and recrystallized state of Al, namely heavily twinned and shear
banded after rolling as well as fine-grain sized and massively twinned after
recrystallization. The major problem of relating the recrystallization texture
to the rolling texture in brass is the fact that not all theoretically predicted
compromise orientations appear in the experimental recrystallization texture.
This problem can be mitigated by twin formation as an additional selective
nucleation process [593].

For copper and silver a 30◦〈111〉 rotation seems to more appropriately de-
scribe the maximum growth rate orientation, as evident from recrystallization
experiments on single crystals. Growth selection experiments are more difficult
to conduct for these materials, since repeated annealing twin formation gen-
erates high-order twin families, which interfere with the growth process such
that usually more than a single grain survives growth competition [594]. Nev-
ertheless, the grains surviving growth selection can be associated with some
scatter to a 30◦〈111〉 orientation relationship between growing grain and con-
sumed deformed matrix. To reconcile the results on Al with observations on
other fcc materials, reference usually is made to a 30◦ − 40◦〈111〉 rotation.
This is, however, incorrect, as shown by very detailed investigations on Al and
can only be tolerated in view of the lack of reliable data on materials other
than Al.

The dominance of 40◦〈111〉 rotations is truly remarkable. If an Al single
crystal is deformed such that the spread of the orientation will slightly favor
the occurrence of only a single variant of all possible eight ±40◦〈111〉 rotations,
then the recrystallization texture consists of only one component (Fig. 6.34),
namely this variant, despite the fact that there are many other orientations
present in the orientation spread of the deformed matrix [595, 596]. Even more
surprising is the recrystallization texture of deformed single crystals with a
stable orientation during rolling. The recrystallization texture comprises ex-
actly all eight ±40◦〈111〉 rotations of the rolled single crystal orientation,

© 2010 by Taylor and Francis Group, LLC



554 6 Applications

T TT

RDRD

deformation texture orientation relationshipsrecrystallization texture

SA SA SA

CD CD CD

RD

(a)

(b)

FIGURE 6.34
{111} pole figures of deformed and recrystallized Al single crystals (according
to [596]). (a) 〈112〉 crystals, tensile deformed 50%; (b) (2.1.10)[421̄] crystal,
80% rolled.

irrespective of whether it is aluminum, brass [593] or even the intermetallic
compound Ni3Al (Fig. 6.35) [597]. The latter case is particularly surprising,
since rolled Ni3Al polycrystals exhibit only a very weak recrystallization tex-
ture, and it is generally assumed that long-range order strongly reduces grain
boundary mobility and thus eliminates a particular orientation dependence of
grain boundary mobility.

Recently, Hutchinson [598] proposed attributing the observed frequency of
40◦〈111〉 rotations to a special property of a random misorientation distri-
bution. When a random misorientation distribution is sorted into rotations
about low index rotation axes, e.g. 〈111〉 rotation axes, allowing for a devi-
ation of about 15◦, the corresponding angular misorientation distribution is
not random but peaks at an angle of about 30◦, similar to growth selection
experiments; however, this result has to be treated with caution. In growth
selection experiments it is determined which orientation grows into a specific
(single crystal) orientation. If this growth would be orientation independent
then the distribution of successful grains ought to represent the orientation
distribution itself and not the misorientation distribution. Besides, the com-
puted angular misorientation distribution is distinctly different from growth
selection results on Al, and the results of mobility measurements on individ-
ual grain boundaries in Al prove an orientation dependence of grain boundary
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FIGURE 6.35
(a) {111} pole figure of rolling and recrystallization texture of a (617)〈3.10.4̄〉
single crystal of Ni3Al; (b) the recrystallization texture comprises all eight
±35◦〈111〉 rotations of the single crystal orientation.
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mobility. Hutchinson has pointed out that the computed and measured angu-
lar misorientation distributions about 〈111〉 axes are not identical. However,
the computation certainly demonstrates that caution has to be exercised when
interpreting apparently non-random misorientation distributions.

6.2.4.4 Recrystallization in Single Phase Alloys

From innumerable experiments it is known that the addition of solute ele-
ments to a pure metal drastically affects its recrystallization behavior. The
recrystallization kinetics slows down, the recrystallized grain size decreases
and the recrystallization texture may change completely even with small con-
tents of the alloying element.

Evidently, the effect of alloying elements on recrystallization kinetics, grain
size and texture has to be attributed to a change in nucleation rate Ṅ and/or
growth rate v. The deformation microstructure and deformation texture is
usually less dramatically influenced by minor additions of alloying elements;
thus the nucleation rate ought to be less affected or at least not markedly
increased by alloying. For instance, the addition of only 0.1% P to pure Cu
hardly affects the rolling texture but leads to a very different recrystallization
texture upon annealing (Fig. 6.36) [599]. Other prominent examples are the
system Fe in Al or Nb in steel. Therefore, the delay of recrystallization kinet-
ics and the grain refinement upon alloying have to be attributed to a decrease
in the growth rate rather than to an increase in nucleation rate. The effect
can be very drastic, however, e.g. the addition of 0.01%Fe to Al increases the
recrystallization time by orders of magnitude (Fig. 6.37).

A qualitative explanation of these phenomena provides the impurity drag
theory, as presented in Chapter 3. Much more difficult is a quantitative treat-
ment of the impurity drag effect on recrystallization kinetics. This is due to the
fact that impurity drag is a consequence of segregation in grain boundaries,
and the understanding of segregation is still in its infancy. Only recently have
atomistic calculations on segregation in select systems been provided [601] for
a stationary grain boundary, but virtually nothing is known about dynamic
segregation in a moving grain boundary.

Another shortcoming of the impurity drag theory is its phenomenological
character, which does not make use of grain boundary structure. From the
experimental data presented in Chapter 3, in particular the different behavior
of pre-exponential factor and activation enthalpy, respectively, it is very likely
that segregated elements not only exert an impurity drag on the boundary but
also affect grain boundary structure and thus its mobility. An improvement
of the traditional impurity drag theory by also accounting for solute-solute
interaction in the boundary is a first attempt to tackle this problem (see
Chapter 3). Also, it is not improbable that minute precipitates form in the
boundary and move along with the boundary, which would strongly reduce
the growth rate, as discussed in Chapter 3.

The effect of segregation on grain boundary structure is particularly dras-
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FIGURE 6.36
{111} Pole figures of rolling and recrystallization textures of pure Cu and
Cu-0.1%P (degree of rolling: 95%).
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Temperature dependence of the recrystallization time of binary alloys of high
purity aluminum and 1/100 atomic percent of a second metal (after [600]).
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FIGURE 6.38
Arrhenius plot of the reduced mobility of a 38.2◦〈111〉 tilt grain boundary in
pure Al and pure Al doped with 10 ppm Ga.

tic if the segregated solute promotes the tendency for a grain boundary phase
transformation, e.g. in terms of a prewetting or a regular wetting transition,
i.e. essentially the formation of a more or less continuous film of solute in
the boundary. If this film becomes viscous it may drastically change grain
boundary mobility. This is likely for immiscible elements as for the system
Al-Ga. Contrary to expectations, grain boundaries in Al doped with 10 ppm
Ga show a mobility far higher than grain boundaries in pure Al (Fig. 6.38).
This behavior cannot be understood in terms of the impurity drag theory;
rather, it provides unambiguous evidence for the effect of segregated solute
atoms on grain boundary structure (see Chapter 3).

Of course, such behavior has a drastic influence on recrystallization kinet-
ics and microstructure evolution, i.e. small amounts of Ga added to pure Al
considerably speed up recrystallization kinetics and alter the recrystallized
grain size. In fact, most commercial Al alloys contain some amount of Ga.

6.2.5 Grain Growth

After primary recrystallization, when the grains impinge with a random mor-
phology, the grain boundary surface area can be reduced by arranging grain
boundaries in planar positions. Grain growth is basically caused by the fact
that it is impossible to reconcile a completely planar boundary arrangement
and an equilibrium of surface tensions at grain boundary junctions. This is
easy to visualize for a two-dimensional model. Equilibrium of surface tensions
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FIGURE 6.39
Equilibrium of grain boundary surface tensions at a triple junction. αi —
contact angles; Φi — inclination; ni — boundary normal; bi — in plane
direction.

γs
i at a junction is obtained for the angles αi according to the Herring equation

[73] (Fig. 6.39)
3∑

i=1

[
γs

i bi +
(
∂γs

i

∂Θi

)
ni

]
= 0 (6.41)

If the grain boundary energy does not depend on the spatial orientation of
the grain boundary plane, then the torque terms ∂γ/∂Θ vanish and

γ1

sin α1
=

γ2

sin α2
=

γ3

sin α3
(6.42)

In the absence of an orientation dependence of grain boundary energy α1 =
α2 = α3 ≡ α = 120◦. Both straight boundaries and α = 120◦ can be achieved
only for an exclusively hexagonal grain structure. A single five-sided grain has
to bend at least one grain boundary to balance the force at all boundary junc-
tions (Fig. 6.40). The curvature of this boundary, however, results in a driving
force to straighten the boundary. The boundary will move toward the center of
curvature and thus mistune the equilibrium angles at the junctions and cause
repeated rearrangements. As a result, no equilibrium at all can be obtained. It
follows that grains with fewer than six sides have convexly curved boundaries
and thus shrink while grains with more than six sides have concavely curved
boundaries and thus expand. Since large grains are in contact with many small
grains, their boundaries are composed of a large number of concavely curved
segments, even though their macroscopic appearance may suggest a convex
shape (Fig. 6.41); consequently, they will expand. In three dimensions the
situation is similar, although more complex in detail. The balance of surface
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FIGURE 6.40
Two-dimensional equilibrium structure that, except for one defect, consists
only of hexagons with 120◦ contact angles.

tensions requires in this case an angle of 120◦ at grain boundary junctions
and a tetrahedral angle where four grains are in contact. The impossibility of
reconciling these requirements with planar grain boundaries again causes an
expansion of large grains, while small grains shrink.

The kinetics of normal grain growth can be readily obtained by assuming
that the radius of curvature R is proportional to the average grain diameter
D (R = αD), and the grain diameter varies proportionally to the average
growth rate (v = βdD/dt). Eqs. (6.34b) and (3.6) combine to form

β
dD

dt
= mb

2γ
αD

(6.43)

which integrates for D(t = 0) = D0 to

D2 −D2
0

[
2mbγ

(αβ)

]
t = K1t (6.44)

The kinetic constant K1 has the temperature dependence of the grain bound-
ary mobilitymb. For a small initial (primary) grain sizeD0, the grain diameter
is expected to grow proportionally to the square root of annealing time, which
is observed only for ultrapure materials. Normally, grain growth progresses
less rapidly (Fig. 6.42), so that the results can be better approximated by the
relation

D = K2t
n (6.45)

where n < 1/2 and K2 is a constant. Frequently, grain coarsening even ceases
completely, which may be due to a variety of reasons.

If the grain size becomes comparable to the smallest specimen dimen-
sions, grain growth is substantially reduced. This is immediately evident for a
bamboo structure in wires. In sheets, a two-dimensional growth ought to pro-
ceed after a columnar grain structure perpendicular to the sheet surface has
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FIGURE 6.41
Abnormal grain growth in Zn. Note that grain boundary is macroscopically
convex but microscopically concave [605].
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FIGURE 6.42
Grain growth in zone refined lead and lead with different tin contents. The
deviation of the exponent from the ideal value of 0.5, and the increase of this
deviation with increasing grain size are apparent (after [606]).
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been established. This is, however, prevented by thermal grooving of grain
boundaries at surfaces (see Chapter 3). The final grain size is usually well
approximated by about twice the sheet thickness. For secondary recrystalliza-
tion, however, the driving forces are generally sufficient to overcome grooving,
and growth continues in two dimensions.

In the presence of inclusions of a second phase, grain boundary motion is
hindered (see Chapter 3). Grain coarsening will cease, once the driving force
(Eq. (6.34b)), which decreases with increasing grain size, is balanced by the
Zener drag PR = 3fγ/2rp, where f and rp represent volume fraction and
average size of the particles. Assuming R = αD, the final grain size Df is

Df =
4rp
3αf

(6.46)

Even in solid solutions grain growth may tend to cease in the course of time.
Because of the decrease in driving force with increasing grain size, the growth
rate decreases and the boundary may change from a free to a loaded state (see
Chapter 3). This can reduce the growth rate by several orders of magnitude.

Grain coarsening can be substantially restricted in strongly textured mi-
crostructures. Since the grain boundary migration rate is very small for small
orientation differences, grain growth is absent, if the recrystallization texture
consists of only one component such as the cube texture in fcc metals, but
major texture changes can result if minor amounts of other orientations exist
in a sharply textured microstructure.

Thus far we have considered only the effect of grain boundaries on the
evolution of microstructure during recrystallization and grain growth. As ev-
ident from Chapter 4, however, triple junctions may play an essential role in
the dynamics and kinetics of grain boundary assemblies. In this context the
criterion

Λ =
mtj · λ
mb

(6.47)

plays a role, where λ is the characteristic length, i.e. the grain size D in poly-
crystals or the subgrain size d in cellular deformed structures. Owing to the
almost complete neglect of triple junction properties on microstructure evo-
lution there is little quantitative data on the behavior of boundary-junction
systems. In Chapter 4 we already noted the influence of triple junctions on the
Von Neumann-Mullins relation and its drag effect on grain boundary motion.
According to Eq. (6.47) a large impact of triple junction mobility may be ex-
pected if the characteristic length λ is very small, i.e. for ultrafine microstruc-
tures or even nanocrystalline material. Owing to the experimental difficulties
to properly characterize nanocrystalline microstructures and in particular to
account for impurities, second-phase particles produced during consolidation,
as well as a potentially altered grain boundary structure at large surface to
volume ratios, it is not possible to accurately compare the grain growth dy-
namics of nano- and microsized grain structures.

However, there are indications that triple junctions substantially slow down
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grain growth kinetics in ultrafine grain structures, and they may even give rise
to the suppression of recrystallization and set off abnormal grain growth. One
“suspicious” example is mechanically alloyed ODS superalloys, which are very
fine grained (D ∼ 100nm) after hot extrusion and exhibit conspicuous resis-
tance to recrystallization and grain growth, which may be set off only at very
high homologous temperatures (T > 0.8Tm). Although not yet beyond the
state of speculation, this behavior may be due to triple junctions, since all
hypotheses that try to account for the observed effect by second-phase parti-
cles, cannot yet be confirmed. It is in particular noteworthy that intermediate
anneals at not so high temperature can set off abnormal grain growth at even
more elevated temperatures, i.e. small changes in grain size may render the
microstructure unstable [603, 604].

6.3 On Precipitation-Controlled Grain Size

It is textbook knowledge that second-phase particles slow down the process
of grain growth (see Chapter 3). However, in [601, 602, 607] the question
was risen whether the formation of a second phase always slows down grain
growth in polycrystals, in particular in nanocrystals. The authors of [607]
considered the grain boundary motion in an alloy with a miscibility gap. When
the sample (polycrystal) is single phase, grain boundary motion or the rate
of grain growth is described by the theories of impurity drag (see Chapter 3).
However, if we lower the temperature by ΔT or change the concentration
by Δc (Fig. 6.43) the systems changes to a two-phase field. This causes two
changes, namely the formation of precipitates of a second phase and depletion
of solute atoms in the bulk of a grain. Decreasing the temperature by ΔT will
offset the system to the two-phase field and the mass Wp of the precipitates
with respect to the solid solution Wsol.sol. will be according to the lever rule
(Fig. 6.43)

Wp

Wsol.sol.
=
c0 − cA
cB − c0

(6.48)

V (c′0 = cA, precipitates) > V (c0) (6.49)

where V is the boundary migration rate.
Two situations have to be distinguished, namely, large immobile and small

mobile precipitates.
For large immobile particles the grain growth rate can be represented as

[607]
V = mb

[
P − P tp

im(V ) − Pp

]
> mb

[
P − PSS

im (V )
]

(6.50)

where P = αγ
R̄

is the driving force for grain growth, γ is the grain boundary
surface tension, PSS

im and P tp are dragging forces in the solid solution and
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FIGURE 6.43
Binary phase diagram with miscibility gap (see text for details) [607].

the two-phase regime, respectively. Pp is the dragging force by immobile par-
ticles, and α is a geometrical parameter that correlates grain size and grain
boundary curvature and will be taken to be α = 3 in the following. To assess
Eq. (6.50) the Zener- and the Lücke-Detert approximations for particle drag
and impurity drag, respectively

Pdrag =
3c̄γ
2r

(6.51)

Pim = Γ
V

Dim
kT (6.52)

c̄ — the volume fraction of the particles, r — particle radius, Γ — adsorption
at the grain boundary, Dim — bulk diffusion coefficient of the solute atoms.

The next inequality expresses the acceleration of grain growth caused by
precipitation [607]

P − 3c̄γ
2r

Γ (c′0 = cA)
>

P

Γ (c0)
(6.53)

Eq. (6.53) is valid under the assumption that the impurity diffusion coefficient
is independent of concentration. With the driving force for grain growth P ≈
3 · γ

R̄
, and the Henry adsorption isotherm Γ(c) = Bc, Eq. (6.53) reads

1
R̄
− c̄

2r

cA
>

1
R̄c0

(6.54)

It is pointed out that, strictly speaking, for solids the isotherms should be used
which take into consideration the interaction between species (see Chapter 1).
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The Henry isotherm was used in [607] for a rough estimate to establish the
essential physical link between the parameters of the problem.

The next relation follows from Eqs. (6.48), (6.49) and (6.54) [607]

1 − c0−cA

cB−cA
· R̄

r

ca
>

1
c0

(6.55)

or, using evident relationships between cA, c0, cB

R̄

r
<
cB
c0

(6.56)

Eqs. (6.55) and (6.56) determine the conditions under which precipitation ac-
celerates grain growth in the alloy. Since the relations (6.55) and (6.56) are
derived under the assumption that the second-phase particles are immobile,
the larger r (particle radius) and the smaller R̄ (mean grain size), the better
the approach. For cB ∼ 1, c0 ∼ 10−3, cA ∼ 10−4 Eq. (6.56) yields R̄

r < 103.
However, the phenomenon discussed holds as well for particles moving to-

gether with the grain boundary, in other words, for small, mobile particles.
The theory of grain boundary motion dragged by mobile particles was com-
prehensively considered in Chapter 3. In particular, it was shown that the
velocity of joint motion of a grain boundary and the particles with a contin-
uous size distribution n̄(r) can be expressed as

V =
Pmb

1 +
∫∞
0

n̄(r)mb

mp(r)
dr

(6.57)

wheremp(r) is the mobility of a particle of size r. The total number of particles
per unit area n is as follows:

n =
∫ ∞

0

n̄(r)dr (6.58)

The border between free grain boundary motion and the joint motion of the
grain boundary with the particles is established by dimensionless criterion ρ:

ρ =
∫ ∞

0

n̄(r)mb

mp(r)
dr (6.59)

If ρ � 1 then V ∼= mbP , and the grain boundary velocity is determined by
the mobility of the boundary. If ρ � 1 grain boundary motion is determined
by the mobility of the particles and their distribution function, which in the
simple case of a uniform size distribution r = r0 can be represented as

n̄(r) = n0δ (r − r0)

V =
Pmp (r0)

n0
(6.60)

ρ =
n0mb

mp (r0)
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where n (r0) is the number of particles of size r0 per unit area.
As discussed in Chapter 3 (see Table 3.2), the particle mobility is deter-

mined by its size and the mass transport mechanism. If mass transport is
conducted through the bulk of a particle mp(r) ∼ 1

r3 ; if it operates by inter-
facial diffusion mp(r) ∼ 1

r4 .
In particular, for rather small particles which are moving by interfacial dif-

fusion (DS), their mobility can be derived as (Table 3.2)

mp(r) =
ΩaDSλ

πkTr4
(6.61)

where Ωa, DS , λ are the atomic volume, interfacial diffusion coefficient, and
thickness of the interfacial layer in which the diffusion occurs, respectively.

Neglecting the change of grain boundary surface tension due to the depletion
of concentration of the impurity atoms in the bulk of the grains, the condition
for grain growth acceleration can be written (in the case of a uniform size
distribution r = r0) as [607]

r20 < Ωaλ · Γ (c0)
DS

Dm
· cB − cA
c0 − cA

(6.62)

For DS ≈ 10−10m2s−1, Dim ≈ 10−14m2 · s−1, Ωa
∼= 10−5m3 · mol−1, Γ (c0) ≈

10−5mol · m−2, λ ≈ 10−9m, cb = 1, ca ≈ 10−4, c0 ∼= 10−3, the particle size
r0 < 10−6m.

Grain boundary motion together with the particles is bound to have a
point of detachment. As shown in [607], the detachment condition can be
represented as

f (r0)mp (r0) < V (cA) (6.63)

or
r30
R̄
> λΩaΓ (cA)

DS

Dim
(6.64)

For the values of the parameters given above Eq. (6.64) is followed for
r3
0

R̄
> 10−15m2, for instance, by r0 > 10−7m and R̄ < 10−6m.
Consequently, the predicted effect can actually occur in systems with mo-

bile and immobile particles. From Eqs. (6.55) and (6.56) follows that the effect
in samples with immobile particles is more pronounced in systems with low
solute solubility (cA and c0 are small) and rather small mean grain size R̄. By
contrast, for mobile particles the only constraint is the size of the particles:
they must be sufficiently small.

The only experimental data which can be connected with this effect [607]
are the recrystallization of Al-Mn alloys [608] (Fig. 6.44). Fig. 6.44 shows the
concentration dependence of recrystallization in Al-Mn alloys for the temper-
ature of different stages of recrystallization — the early stage (1 − ter), 50%
recrystallized

(
2 − t0.5

r

)
and the final stage of recrystallization

(
3 − tfr

)
[608]

(Fig. 6.44). In the close vicinity of the solubility limit a sharp minimum can
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FIGURE 6.44
Concentration dependence of recrystallization temperature Trecr. of Al-Mn al-
loys with different Mn content: 1 — beginning of recrystallization; % recrys-
tallized volume; 2 — 50% recrystallized volume; 3 — terminal recrystallization
[608].

be observed for all tr, indicating an acceleration of the process. It is stressed
that the minimum mentioned is also evident for temperatures at the end of
recrystallization, when the major contribution to the microstructure change is
associated with grain growth, as assumed in the theoretical framework given
above. From the analysis given above it is obvious that the necessary condi-
tions for the effect of precipitation accelerated grain growth are not so tough,
and certainly ought to be observed in nanocrystalline materials.

The approach put forward in [607] was developed in [609]. The main idea
of the proposed approach can be easily understood from consideration of the
simplest case: the behavior of a binary system with a solubility limit c0 of
solute atoms and with zero solubility of the solvent atoms in the pure solute.
The second-phase particles in such a system are particles consisting of pure
solute. For simplicity the density of the solid solution (matrix) and the second-
phase particles is assumed to be equal. The grain boundary is immobile when
the sum of the forces acting on it vanishes

Pgg − Pdrag = 0 (6.65)

where Pgg = 2γ
R

is the driving force for grain growth, γ,R are grain boundary
surface tension and radius of curvature, which is proportional to the grain
size D: R = ηD, where η is in the range of 5 to 10. Pdrag is the drag force
induced by immobile particles, Eq. (6.51). In [609] the situation was considered
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when the solute atoms are partitioned among the particles, matrix, and grain
boundaries. Both grain boundary adsorption (segregation) and solute drag
are constant since the concentration in the bulk is equal to the solubility
limit during grain growth. However, for rather small particles of radius r the
equilibrium concentration of the second component (impurity) in the bulk
should be different from the solubility limit in accordance with the Gibbs-
Thomson relation

c′0 = c0 exp
(

2γΩ
rkT

)
(6.66)

c′0Ω +AΩΓ (c′0) + c̄ = const (6.67)

where c′0 is the changed solubility limit, Ω is the atomic volume, Γ (c′0), A = 3
D

are grain boundary adsorption (segregation) and the grain boundary area per
unit volume of a polycrystal (all grains are supposed to be cuboidal). On the
other hand, the average volume concentration of impurity atoms c, in other
words, the number of the impurity atoms per unit volume of a polycrystal
with mean grain size (radius) D = D0, is equal to

c = c0 +A · Γ (c0) = c0 +
3
D0

Γ (c0) (6.68)

Therefore

c̄ = cΩ − c′Ω −AΩΓ (c′0) = c0Ω +
3Ω
D0

Γ (c0) − c′0Ω −AΩΓ (c′0) (6.69)

Eqs. (6.65) and (6.69) yield the size of the particles which arrest grain growth
in a polycrystal. Eqs. (6.65) and (6.67) allow us to find the relation between
grain size and the size of the particles in the form of a differential equation
[609]. Differentiation of Eq. (6.69) yields

4
3

1
ηD

− 4
3

r

ηD2

dD

dr
=

2γΩ2c0
r2kT

exp
(

2γΩ
rkT

)
+

3Ω
D2

Γ (c′0)
dD

dr
− 3Ω
D

dΓ (c′0)
dD

dD

dr
(6.70)

where γ is the surface tension of the interface particle-matrix.
Eq. (6.70) predicts an extremum (minimum) of D(r). The integration of

Eq. (6.70) in the limits of D0 and D gives the size of the particles which
arrest grain growth in the polycrystal. The equations derived reflect the sit-
uation when the particles are located in the bulk of the grains and the grain
boundaries interact with them in the course of grain growth. However, the
conditions of particle formation suggest that there is a large probability for
the scenario that the particles will nucleate directly at grain boundaries. Let
us consider such a situation where all particles are located at grain bound-
aries. In the framework of the Zener approach the drag force of the particles
at grain boundaries is equal to

Pdrag = 2πrγn (6.71)
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where n is the number of the particles per unit area at the grain boundary,
γ is the grain boundary surface tension. The volume fraction of the particles
can be expressed as

c̄ = A · n · 4
3
πr3 =

4πn
D

r3 (6.72)

and
Pdrag =

1
2
c̄γD

r2
(6.73)

With Eqs.(6.65) and (6.73) we arrive at

2γ
ηD

=
1
2
c̄γD

r2
(6.74)

Eqs. (6.69) and (6.74) yield the size of the particles which arrest grain growth
in a polycrystal for the case when all particles are located at grain boundaries.

The differential equation, derived in [609], predicts an extremum of D(r),
in analogy to Eq. (6.70). The equations considered are somewhat simplified.
In the vicinity of c ≈ c0 the grain boundaries can be considered as a saturated
by impurity atoms and Γ (c0) = const. For rather “large” particles we can
neglect the Gibbs-Thomson relation. In this case Eq. (6.65) has the solution

r =
9
4
ΩΓ (c0) η

(
D −D0

D0

)
(6.75)

where the initial grain size D0 can be extracted from Eq. (6.68)

D0 =
3Γ (c0)
c− c0

(6.76)

When all rather “large” particles are located at the grain boundaries we get
from Eqs. (6.69)) and (6.74)

r2 =
3Γ (c0)Ω

(
1

D0
− 1

D

)
D2

4
(6.77)

The approach and the equations developed were applied to grain growth in
the system Ni-P studied intensively in [610, 611]. For a polycrystal of Ni with
mean grain size D = 100 nm doped with 3.6% of P the critical (i.e. the max-
imum) radius of the particles which arrests grain growth in such a system is
given in Eq. (6.70): r = η · 2.25 nm and in Eq. (6.77) r = 1.6η nm. With
η ≈ 5 the critical particle radius is of the order of 10 nm. We would like to
remind the readers that Eq. (6.70) is derived using the Gibbs-Thomson re-
lation, whereas Eq. (6.77) does not take into account the capillary effect of
small particles.

Up to this point the main goal was to find the radius of the particles which
arrest grain growth in the system. This critical radius was treated as a func-
tion of the solute concentration, its limit of solubility, running grain size and
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grain boundary adsorption. However, the particle pinning of grain boundaries
results from two interdependent processes. On the one hand, solute atoms
are liberated in the course of grain growth, owing to the decrease in grain
boundary area. This gives rise to the nucleation and growth of precipitates.
On the other hand, because particles nucleate and grow, grain growth is hin-
dered and eventually ceases. It is virtually unfeasible to model accurately the
interdependency between grain growth and precipitation. If the bulk solute
concentration corresponds to the solubility limit, grain growth leads to the
formation of precipitates owing to the reduction of grain boundary area. The
concept of grain boundary adsorption in conjunction with particle drag in the
Zener approximation makes it possible to determine both the volume fraction
and the radius of the particles which arrest grain growth.

For a computational exercise an Al-Cu alloy will be considered in the fol-
lowing, with the nominal composition Al-1at%Cu. The initial grain size is set
to D0 = 100 nm. The copper adsorption at grain boundaries ΓCu is assumed
to be saturated, i.e. 3.2 · 10−5 mol/m2. These conditions lead to an initial Cu
concentration c0 in the grain of 4.5 · 101 mol/m3 or 4.4 · 10−2at% which cor-
responds to the solubility limit of copper in aluminium at T = 200◦C where
tempering is performed. To simplify the calculations, it is also assumed that
the precipitates which arrest grain growth are composed of pure copper and
have a spherical shape.

At the beginning of the heat treatment, there are no particles in the sys-
tem, the average grain size is D0, and the concentration in the matrix equals
the solubility limit c0. This state is labeled S in Fig. 6.45. In the first stage
of grain growth, all solute liberated from the grain boundaries enriches the
matrix and the solute concentration in the matrix cM rises to

cM = c0 + 3Γ
(
cM

) [ 1
D0

− 1
D

]
(6.78)

As cM increases, the driving force for the phase transformation increases and
the critical radius rcrit for nucleation shrinks rapidly (dotted line in Fig. 6.45,
[609])

rcrit =
2γVm

RgT · ln
(

cM

c0

) =
2γVm

RgT · ln
(
1 + 3Γ(cM )

c0

[
1

D0
− 1

D

]) (6.79)

where Rg is the gas constant.
Eventually a state (N in Fig. 6.45) is reached where nucleation can be

thermally activated. Precipitates are not yet present. The process requires an
incubation period τnucl

τnucl =
(
2 · Z2 · β∗)−1

(6.80)

where Z is the Zeldovich factor and β∗ the rate at which atoms are added to
the critical nucleus. After incubation the system reaches position I in Fig. 6.45.
At this point, grain boundary pinning can occur. The first condition for an
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FIGURE 6.45
Pinning of grain boundaries by second-phase particles [609].

effective pining is a state (D, r) above the limit (Dpin, rpin). This limit can be
obtained by integration of the differential equation (6.70), and is represented
by a solid line in Fig. 6.45 [609]

Dpin =
3Γ (c′0) + 4

3Vmη rpin

c0

[
1 − exp

(
2γVm

RgT ·rpin

)]
+ 3Γ(c0)

D0

(6.81)

The second necessary condition is the precipitation of a sufficiently large vol-
ume fraction. This is achieved at P in Fig. 6.45, where an efficient pinning oc-
curs and grain growth ceases. However, grain growth does not become arrested
because of particle coarsening, and it evolves slowly to a point E, the end of
the heat treatment. In order to illustrate the above methodology, the points
N-I-P were estimated by computer simulation using the precipitation kinetics
model ClaNG. This model is based on the classical nucleation and growth
theory for precipitation. It follows the Kampmann and Wagner methodology
to determine the evolution of the precipitate size distributions. A detailed
description of the simulation tool can be found elsewhere [610]. In order to
simplify the calculation, the parabolic grain growth kineticsD2(t)−D2

0 = A·t,
A is kept constant and set to 5.0 · 10−15m2/s−1 (see Chapter 3) are consid-
ered to remain constant with time, i.e. not influenced by solute content or
precipitate volume fraction, until it finally ceases. Using the ClaNG model, it
is found that the point N in Fig. 6.45 is obtained very quickly, in less than 1 s.
The first precipitates appear after about 20 s when the grain size has reached
D ≈ 300 nm. After 50 s (D ≈ 500 nm), which corresponds to the calculated
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FIGURE 6.46
Pinning region (Dpin, rpin) in case of preferred precipitation at grain bound-
ary. The dotted line indicates the case of homogeneous nucleation in the bulk
[609].

incubation period τnucl, a high density of particles, 1020m−3 is present but
the precipitated volume fraction c̄ = 2.2 · 10−7 is still too low to allow an
efficient pinning of the grain boundaries. The critical condition Pdrag = Pgg

is finally achieved after 150 s. At this time the precipitate density reached
4.3 · 1023m−3 for an average radius of 0.8 nm. The grains have grown to their
final size Dcrit = 0.9 μm and are efficiently pinned by second-phase particles.

It is emphasized that the simulations are based on several strong assump-
tions (spherical shape, constant grain growth kinetic) and thus will not repre-
sent a real case, but they render important information on the interplay of the
various concurrent atomistic processes. For instance, it can be learned that
the incubation period τnucl plays an important role [609]. This also holds for a
scenario where pinning originates from particles heterogeneously precipitated
at grain boundaries. In such case the pinning region (Dpin, Rpin) is also larger
(Fig. 6.46).

A sensitive parameter is, of course, the initial grain size since it controls
both the amount of liberated solute and the driving force for grain growth
(Fig. 6.47). The interaction of grain growth and precipitation is most effective
for small grain sizes, in particular for nanocrystalline material. If the initial
grain size is changed from D0 = 100 nm to D0 = 50 nm grain growth will
cease after 43 s at a final grain size of Dpin = 0.5 μm and a precipitate size of
rpin = 1.4 nm (c̄ = 0.45%) compared to 150 s, Dpin = 0.9 μm, rpin = 0.8 nm,
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FIGURE 6.47
Dependency of the pinned grain size Dpin on the initial grain sized D0 [609].

f = 0.1%. For D0 = 700 nm grain growth would not be arrested even after 10
hours. Therefore, for conventional material with a typical grain size of 10 μm,
a stagnation of grain growth will not be obtained by a redistribution of solute
from boundaries to the bulk.

In spite of several strong assumptions made in the course of the calcu-
lations (spherical shape of the particles, constant grain growth kinetic, the
neglecting of the change of the volume by vanishing grain boundaries: in the
relations discussed the strict Gibbs approach was used, i.e. the volume of the
grain boundaries is neglected; since the volume fraction S/V of grain bound-
aries changes in proportion to 1/D such approximation is reasonable when
D ≥ 50 nm because for cuboidal grain shape S/V= 3

D δ which amounts to 6%
for D = 50 nm and a boundary thickness of 1 nm) computer simulations re-
veal that the respective precipitation kinetics that eventually terminate grain
growth sensitively depend on solute supersaturation and solute diffusivity.

6.4 Mechanisms on Retardation of Grain Growth

The design of materials with given requirements for microstructure stability is
connected inseparably with an essential engineering problem: a comparison of
the efficiency of the various drag effects on grain growth. Actually, to produce
a fine-grained or nanocrystalline material is part of the problem only. It is of
equal importance to slow down the process of grain growth since the small
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grain size generates a large driving force for grain growth. In [612] an attempt
is undertaken to assess the efficiency of drag effects by different structural
elements of a polycrystal on grain growth. The rate of grain area change is
chosen as a measure of stability of a grain structure and the inhibition of
grain growth is pairwise evaluated among all drag effects considered. The
rate of grain area change dS/dt is chosen as a measure for the stability of
a 2D grain structure. The change of grain area characterizes grain growth
to a greater extent than the change of grain size and both can be distinctly
different even for the same grain. The consideration of the problem is restricted
by 2D polycrystalline structures. The concepts of grain growth on the basis of
boundary and junction migration best for 2D systems were elaborated. Since
the issue considered is the relative efficiency for grain growth retardation a
2D approach is physically adequate. To define the relative efficiency of grain
growth drag due to different drag effects the authors of [612] construct a
hierarchy of pairwise dimensionless criteria λi,k

λi,k =

(
dS
dt

)
i(

dS
dt

)
k

(6.82)

which constitutes the ratio of the rate of grain area change for a pair of differ-
ent drag mechanisms. When λi,k < 1 grain growth is controlled by mechanism
(i), and the magnitude of λi,k < 1 denotes the drag efficiency.

The rate of grain area change dS
dt is expressed by the Von Neumann-Mullins

relation (4.55). The influence of impurities is reflected basically by the grain
boundary mobility mb(c), where c is the concentration of the impurities. The
criterion λimp,0 in this case is equal to

λimp,0 =

(
dS
dt

)
imp(

dS
dt

)
c=0

=
mb(c)γπ

3 (n− 6)
mbγπ

3 (n− 6)
=
mb(c)
mb

(6.83)

where
(

dS
dt

)
c=0

and
(

dS
dt

)
imp

are the rate of grain area change in “pure” metal
and in a metal with impurities, respectively. As the mobility depends strongly
on the crystallographic parameters of a grain boundary the most correct way
to define λimp,0 is to use data for specific and defined grain boundaries with
different amount of impurities. For a 〈111〉 tilt grain boundary (misorientation
angle 38.2◦ (Σ7)) in Al with total impurity content 0.4 ppm and 7.0 ppm,
respectively, at 200◦C, λimp,0 = 5 · 10−4. For a non-special 〈111〉 tilt grain
boundary (misorientation angle 40.5◦) at the same temperature λimp, 0 =
1.7 · 10−4. The estimation made in [612] for random grain boundary in Al
doped with Fe (c ≈ 10−5) at 200◦C gives λimp,0 ≈ 3.6 · 10−3.

The criterion λ for triple junction drag compares the rate of area change
as affected by triple junction with the rate for free uniform boundary motion
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[612]

λtj,b =
−mtjγR̄nsin

(
2π
n

) [
2sin

(
π
n

)− 1
]

mbγπ
3 (n− 6)

=

λtj,b = lim
n→∞

d
dn

(
dStj

dt

)

d
dn

(
dSb

dt

) =
3
4
mtjR̄

mb
=

3
4
Λ (6.84)

where R̄ is the grain size, Λ is defined by this equation, n is a topological class
of a grain. A distinctive property of Eq. (6.84) is the explicit dependency of
λtj,b on the grain size. The values of the criterion λtj,b were evaluated in [612]
on the basis of experimental data for a triple junction mobility in pure Al. It
was shown that for Al polycrystal with the grain size R̄ = 10−8m at 200◦C
the criterion λtj,b is in the range of λtj,b ≈ 10−12 − 10−11.

To define the criterion λqp,b, which describes the retardation of grain growth
by quadruple junctions, the approach put forward in [619] can be utilized. As
shown in [447, 619] the grain growth kinetics in polycrystals can be described
by Eq. (4.96)

V =
mbγκ

1 + 1
Λ + 1

Λ̄qp

where Λ = mtjR̄
mb

and Λ̄qp)
mqpR̄2

mb
are the criteria which determine the triple

junction drag and the quadruple junction drag of grain growth, respectively.
Then the desired criterion λqp,b can be expressed as a ratio of grain growth
kinetics where the influence of the junctions is neglected and the grain growth
kinetics influenced by boundary junction(s)

λjunctions,b =
Vjunctions

Vb
=

1
1 + 1

Λ + 1
Λqp

(6.85)

Using the value of the quadruple junction mobility in Al evaluated in [447]
(at 600◦C mqp ≈ 2 · 10−4s−1) and the experimental data for grain boundary
mobility presented in Chapter 3 for the criterion λqp,b at 600◦C we obtain
λqp,b ≈ 10−13. The criterion λtj,b at 600◦C in Al for R̄ ≈ 10−8m [436, 437] is
equal to 10−8. At first glance the results (λtj,b � λqp,b) contradict both com-
puter simulation data (see Chapter 4) and our previous calculations. However,
we would like to remind the reader that the latter ones were carried out for
200◦C. To recalculate the criterion λqo,b from 600◦C to 200◦C the quadruple
junction mobility at 200◦C should be known. Unfortunately, our knowledge
of quadruple junction mobility is extremely poor. Nevertheless, it can be as-
sumed that the enthalpy of activation of quadruple junction motion is rather
small. It follows both on general grounds (a quadruple junction is a structural
element of zero dimension, similar to a small particle) and the evaluation
of quadruple junction mobility for nanocrystalline Pd at room temperature:
mqp ≈ 10−5 s−1, a value which is very akin to the quadruple junction mo-
bility in nanocrystalline Al at 600◦C, in spite of a huge difference in nature
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of the metals and the temperature of motion. Let us estimate the dimen-
sionless criterion λjunctions,b using the particular value of quadruple junction
mobility

(
mqp ≈ 2 · 10−4 s−1

)
and grain boundary and triple junction mobil-

ity for Al (Table 4.4, 〈110〉 tilt grain boundary) at 200◦C. One can see that
for R̄ = 10−8m and γ = 0.5 J/m2 the criteria are equal to

Λtj = 10−13;
Λqp = 3 · 10−6

and
Λjunctions,b = 10−13

It is obvious that the main contribution to λjunctions,b comes from triple junc-
tions drag. It is stressed that the effects of the different grain boundary junc-
tions are closely connected; indeed,

Λqp =
mqpR̄

mtj
Λtj (6.86)

At high temperatures where the mobility of the triple junctions due to their
high activation enthalpy is large, the major drag of grain growth in nanocrys-
talline materials is exerted by quadruple junctions whereas at rather low tem-
perature the retardation is affected by triple junctions

Owing to the loss of excess volume during grain growth, vacancies are gener-
ated to temporarily compensate the volume change. This leads to a drag effect
during grain growth [12], [458]–[460] (see Chapter 4). The criterion λvac,b for
this type of drag can be expressed as

λvac,b =
mbeffγπ(n− 6)/3
mbγπ(n− 6)/3

=
DSD

Ab

1
36

R̄γ

NkTZ (V ex)2
(6.87)

where Ab = mbγ is the reduced grain boundary mobility, N is the number of
the atoms per unit volume, Z is the coordination number, DSD is the bulk
self-diffusion coefficient, V ex is the grain boundary excess free volume. For
pure Al at 300◦C λvac,b ≈ 103R, and for R̄ ≈ 10−8m this yields λvac,b ≈ 10−5.

In general two types of particle drag effects on grain growth should be
considered: the drag by small mobile particles and by large immobile particles.
However, the consideration in [612] is confined to nanocrystalline materials.
The grain size in nanostructures is so small that it is difficult to imagine the
existence of large immobile particles which are comparable in size with the
grains. That is why only the drag by particles moving jointly with the grain
boundaries was analyzed in [612]. The velocity of a grain boundary moving
together with particles is given in Chapter 3 Eq. (3.71). The effective mobility
of such a grain boundary can be expressed as

meff =
mp (r0)
n0

(6.88)
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where mp (r0) is the mobility of particles of radius r0, and n0 is the number
of particles per unit area of the boundary, respectively. For the second-phase
particles considered in [612], the criterion λpart,b can be represented as [607]

λpart,b =
dS
dt

∣∣
part

dS
dt

∣∣
b

=
mbeff

mb
=
mp(r)
n

· 1
mb

(6.89)

where the number of second-phase particles n is determined by the phase
diagram and the cooling interval. As shown in [612] for a system with rather
small solubility the criterion λpart,b can be expressed as λpart,b

∼= 10−15m2

r2 . In
other words, only “sufficiently large” particles will exert an efficient drag on
grain growth in nanocrystalline systems.

It is of interest to consider the relative efficiency of particles and triple
junctions on retardation of grain growth. The relation which describes the
relative efficiency of triple junction drag compared to mobile particle drag
was derived in [612]:

λtj,p =
3
4
mtjR̄

4mbeff
=

3
4

mtj

πmp (r0) r0
(6.90)

With the same values of the parameters used in the evaluations discussed
above, relation (6.90) can be transformed to

λtj,part ≈ 2 · 1015m−3 · r3 (6.91)

Obviously, triple junction drag becomes comparable with particle drag only
for r ≥ 10−5m, in other words for very large particles, r > 10 μm.

From this analysis it can be concluded that grain boundary junctions are
most effective for microstructural stabilization of very fine-grained microstruc-
tures in the range of the used parameters.

6.5 Grain Boundary Junction Engineering

The concept of grain boundary engineering (GBE) has been embodied in
the papers of the groups of Watanabe and Palumbo, respectively [614]–[618].
The practical realization of this idea was reduced to thermomechanical treat-
ment, most often to the thermocycling. Such treatment results in an increase
in the number of special grain boundaries, predominantly twin boundaries.
While not questioning the prospects of such an approach the authors would
like to call the reader’s attention to the fact that a deeper understanding
of well-known processes or physical phenomena which permit us to create
materials with given properties and (or) distribution of grain boundaries is
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subsumed under GBE as well. Strictly speaking, all processes which trans-
form the properties of materials due to a change in grain boundary properties
and distribution, in other words, in grain microstructure — recovery, recrys-
tallization and especially grain growth — fall in this category. This is our
understanding of GBE. In particular, the essential difference between grain
microstructure obtained during grain growth under different regimes — triple
junction regime and grain boundary kinetics — indicates that there is a way
to utilize this behavior to influence microstructural evolution, which will be
referred to as grain boundary junction engineering, that utilizes junction prop-
erties for microstructure control [447]. Grain boundary junction engineering
is a new branch of GBE. The consideration given in [619] is confined to grain
growth. Grain growth affects the grain microstructure but its development
depends on the internal parameters of the sample — chemical nature of the
matrix, i.e. impurities, composition — and the characteristics of the process
— temperature, pressure, time of annealing. To generate the desired grain
microstructure is only half of the problem. It is equally important to stabilize
the formed microstructure. This issue is of special importance for ultrafine-
grained and nanocrystalline materials. To stabilize a small grain size usually
drag forces by impurities or particles are introduced. However, both methods
require a special phase and chemical composition of the material on the one
hand, and change, as a consequence, its physical and mechanical properties
(see Chapter 6). In [619] another approach is proposed, based on the essential
difference in grain microstructures formed by junction kinetics and by bound-
ary kinetics. The theoretical foundations of grain boundary junctions kinetics
and the special features of grain growth affected by boundary junctions are
considered comprehensively in Chapter 4. Here we would like to dwell on some
aspects of the problem.

As shown in Chapter 4, in the course of grain growth influenced by triple
junctions the grains with a number of sides n with n∗

L < n < n∗
H become

locked and can neither grow nor shrink. The influence of such a “layer” of
locked grains on the stability of grain microstructure will be more severe for
fine-grained and nanocrystalline materials.

It is emphasized repeatedly that a limited triple junction mobility always
slows down the evolution of the grain microstructure of polycrystals, irrespec-
tive whether the topological class of the considered grain is smaller or larger
than 6. However, the finite mobility of triple junctions not only slows down
grain microstructure evolution, it changes the final distribution of the grains
of different topological classes, as well. Actually, relation (4.74) provides a way
of estimating the time dependence of the criterion Λ [447, 619]

Ṡ =
dS

dR
· dR
dΛ

· dΛ
dt

= 2
αS

αΛ
R
mb

mtj

dΛ
dt

= β′ · Λ · dΛ
dt

(6.92)
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where β′ = 2 αSm2
b

αΛm2
tj

, αS and αΛ are geometrical coefficients of the order of

one. From (6.92) and (4.74) we arrive at

dΛ
dt

= −β · 2π − n (π − 2θ)
Λ

(6.93)

where β = Ab

β′ .
The rate of change of the parameter Λ depends on the topological class n

of a grain. A more specific relation for dΛ
dt

can be obtained in the vicinity of
θ = π/3 (see Chapter 4).

The temporal change of Λ during grain growth is given in Fig. 6.48. It
can be seen from Fig. 6.48 and Eq. (6.93) that triple junction drag affects the
growth of grains with different topological class n markedly different. Further-
more, Fig. 6.48 illustrates that the junction drag eliminates the unique border
between growing and shrinking grains: for rather small Λ the derivative dΛ

dt
is positive for n = 5 and negative for n = 7. This issue is the key for under-
standing the influence of triple junctions on grain microstructure evolution.
Moreover, this effect provides another explanation of abnormal grain growth
in fine grained materials. Namely, a grain of rather large topological class will
break free of triple junction drag and will start to grow at boundary kinetics
much faster than the grains with small or not so large n. Evidently, such a
strong acceleration of the growth of an individual grain is characteristic of
abnormal grain growth. A possible way of junction kinetics treatment (JKT)
is schematically depicted in Fig. 6.49, which illustrates a sequence of anneal-
ings. As shown in Chapter 4, the annealing at a relatively low temperature
initiates grain growth at triple junction kinetics, and the grain microstructure
resulting from this treatment is a typical “junction” microstructure, a system
of polygonal grains which tends to assume an equilateral shape, etc. Fig. 6.49
presents the results of grain growth studied by computer simulations. Evi-
dently, a subsequent annealing at boundary kinetics conditions (subsequent
to junction kinetics) requires a much larger time to reach the same grain
size. An increase in the effect of JKT as expressed by the grain area ratio
after junction-controlled growth, St/S0, conspicuously delays regular grain
growth under boundary kinetics. This phenomenon can be seen more clearly
in Fig. 6.50, where the ratio of the growth rates with and without JKT is
presented for different W = d(St/S0)/dtafterJkT

d(St/S0)/dtbk
. The numerator of W is the

slope of the time dependency of the mean grain area change after JKT, while
the denominator is the rate of mean grain area change at boundary kinetics.
The value W−1 is a measure for the stabilization of the grain microstructure
in the course of such a treatment.
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The dependence of dΛ

dt on Λ for grains with (a) n = 3, 4, 5 and (b) n = 7, 12,
respectively [447].
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FIGURE 6.49
Procedure of junction kinetics heat treatment (JKT): two consecutive anneal-
ings: at junction and grain boundary kinetics, respectively [447].
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FIGURE 6.50
The kinetics of mean grain area change for JKT: boundary kinetics (dashed
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: 10 (a); 15 (b); 20 (c) correspondingly; the time of annealing is given

in arbitrary units [447].
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FIGURE 6.51
The dependence of W = d(St/S0)/dtafterJkT

d(St/S0)/dtbk
on St

S0
[447].

© 2010 by Taylor and Francis Group, LLC

http://www.crcnetbase.com/action/showImage?doi=10.1201/9781420054361-c6&iName=master.img-942.jpg&w=224&h=176


7

Appendices

7.1 Appendix A

7.1.1 Mass Transport in Solids in Terms of Osmotic Pressure

If the given mass, enclosed as before, is divided into two parts, each of which
is homogeneous and fluid, by a diaphragm which is capable of supporting an
excess of pressure on either side, and is permeable to some of the components
and impermeable to others, we shall have the equations of conditions

δη′ + δη′′ = 0, δν′ = 0, δν′′ = 0

and for the components which cannot pass by the diaphragm

δm′
a = 0, δm′′

a = 0, δm′
b = 0, δm′′

b = 0, etc.

and for those which can

δm′
h + δm′′

h = 0, δm′
i + δm′′

i = 0, etc.

With these equations of condition, the general condition of equilibrium will
give the following particular conditions:

t′ = t′′

and for the components which can pass the diaphragm, if actual components
of both masses

μ′
h = μ′′

h, μ
′
i = μ′′

i , etc.

but not
p′ = p′′

nor
μ′

a = μ′′
a, μ

′
b = μ′′

b , etc.

([1]), where the signs ′ and ′′ denote the values in two parts of the system
accordingly; η is entropy, v and m are the volume of the parts of the system
and the masses of the components, respectively, t and p are the absolute tem-
perature and pressure, respectively.

585
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The osmotic pressure is a thermodynamic effect in the sense that it arises
as a result of tendency of the system to change in a manner such that the
chemical potentials of the components become equal at all points of the sys-
tem. Since the magnitude of the osmotic pressure depends on the difference
between the chemical potentials (for the dilute solutions — on the difference
between the concentrations) and drops down to zero when they are equal.
However, the reason of the osmotic pressure is kinetic — the difference be-
tween the mobilities of atoms of different species. Traditionally the osmotic
pressure was considered in the limiting case when the mobility of one of the
component is equal to zero. The theory of osmotic pressure in solutions was
developed for liquids, but the arguments can be transferred to solids. The sit-
uation when the atoms of components move with different velocities is most
typical for the diffusion in metals. The Kirkendall effect in self-diffusion re-
sults from the difference between mobilities, so that the original interface is
displaced (a marker placed at this interface is displaced).

In an analysis of self-diffusion, the driving force for the diffusive mixing is
usually assumed to be gradients of the chemical potentials of the components,
∇μt, in which only the entropy term RT∇lnni, (ni is the density of particles in
species i) was incorporated. This approach leads to the well-known Darken’s
results [620]. However, in the general case ∇μi also contains a term propor-
tional to the pressure gradient (vi∇p, where vi is a partial volume). This term
is usually neglected, reasoning that p = const. The situation changes where
there is osmotic pressure [621]. To show the difference between the classi-
cal approach [620] and this one, which takes into consideration the osmotic
pressure [621], let us briefly review Darken’s analysis of self-diffusion. The
component fluxes in the laboratory coordinate system can be expressed as

j01 = −D1∇n1 + V n1

j02 = −D2∇n2 + V n2 (7.1)

where D1 and D2 are the partial diffusion coefficients of the components, and
V is the interface velocity.

Assuming n1 + n2 = n = const. and j01 + j02 = 0, we find

V = (D1 −D2)∇N1 (7.2)

where N1 = n1/n.
Since j01 = −D̃∇n1, we have

D̃ = D1N2 +D2N1 (7.3)

which determines the rate of mixing of the components and is obtained from
the Boltzman-Mattano solution. D̃ is often called the chemical diffusion coef-
ficient.

Let us consider now the process taking into account in the expression for
the driving force Xi the pressure gradient

Xi = −kT ln ni − vi∇pi (7.4)
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The expressions for the fluxes (ji = LikXi) can be written using the same
restrictions used by Darken (L11 = L22 = 0, ∇n1 = − ∇n2, v1 = v2 = Ωa,
the atomic volume)

j01 = −L11

(
kT

n1
∇n1 + Ωa∇p

)

j02 = −L22

(
−kT
n2

∇n2 + Ωa∇p

)
(7.5)

It follows from the constancy of the volume that j01 + j02 = 0 so that

∇p = kT

L22
n2

− L11
n1

Ωa (L11 + L22)
∇n1 (7.6)

Since Lii = Diini/(kT), then

∇p =
kT

Ωa

D2 −D1

D1n1 +D2n2
∇n1 (7.7)

One can see from (7.7) that the resulting pressure gradient ∇p is propor-
tional to the difference of the diffusion coefficients (mobilities) and disappears
in the absence of a concentration gradient.

For the classical case (the mobility (diffusion coefficient) of one of the com-
ponents is equal to zero) the expression (7.7) reduces to the van’t Hoff equa-
tion.

As shown in [621], the inclusion of the osmotic pressure in the diffusion pro-
cess leads to the same equation (7.2) for the interface (inert markers) velocity,
whereas the expression for the chemical diffusion coefficient, obtained with a
consideration of the osmotic pressure, is essentially different from Darken’s
equation

1
D̃

=
N1

D2
+
N2

D1
(7.8)

Actually, Eqs. (7.3) and (7.8) show that under the condition D1 � D2

(N1
∼= N2) the velocity of mixing in Darken’s theory is determined by the

diffusion of the “fast” component (D̃ ∼= N2D1) whereas in the “osmotic” the-
ory it is controlled by the diffusion of the “slow” component, which is more
reasonable from a physical point of view. In some cases the relation (7.8) gives
a better agreement with experiment than (7.3).
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7.2 Appendix B

7.2.1 Calculation of the Rotation Matrix

(a) Euler angles: g (ϕ1,Φ, ϕ2)
If 2 coordinate systems {K1} and {K2} are given, the rotation of {K1} into
{K2} can be described in terms of three successive rotations about base vec-
tors of the coordinate systems according to Euler. This procedure defines the
three Euler angles ϕ1,Φ, ϕ2 (Fig. 7.1).

• ϕ1 (rotation g1):
rotate {K1} about z1 by ϕ1, so that rotated x (i.e. x′

1) lies in plane
(x1,x2,). The rotated system is termed {K ′

1} = {x′
1,y

′
1, z

′
1} with

z′1 = z1.

• Φ (rotation g2):
rotate {K ′

1} about x′
1 by Φ so that the rotated z′1 (i.e. z′′1 ) is parallel to

z2. The two times rotated systems is termed {K ′′
1 } = {x′′

1 ,y
′′
1 , z

′′} with
x′

1 ≡ x′′
1 and z′′2 ≡ z2.

• ϕ2 (rotation g3):
final rotation of {K ′′

1 } about z′′1 ≡ z2 by ϕ2 so that the rotated x′′
1 and

y′′
1 (i.e. x′′′

1 , y′′
1 ) coincide with x2 and y2, respectively.

Now all rotated base vectors of {K1} coincide with the base vectors of {K2}
and the rotation is complete. In terms of the cube axes {[100], [010], [001]}
and for rolling geometry with rolling direction RD, rolling plane normal ND
and transverse direction TD, the coordinate systems read:

{K1} = {RD, TD, ND}
{K ′

1} = {RD′,TD′,ND}
{K ′′

1 } = {RD′,TD′, [001]}
{K2} = {[100], [010], [001]}

Making use of the rule that the rotation matrix for two subsequent rotations is
given by the product of the matrices for each rotation, we obtain the rotation
matrix for the Euler rotation g(ϕ1,Φ, ϕ2)

g = g3 · g2 · g1 (7.9)
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010

TD’
TD

001

100

ND

RD”
RD’

φ

ϕ1ϕ2

ϕ2 φ

ϕ1

ϕ1

ϕ2

φ

RD

FIGURE 7.1
Definition of Euler angles.

The rotation g1 is about base vectors ND and thus easy to put up (note:
right-hand convention) with

x′
1 =

⎛

⎝
cos ϕ1

sin ϕ1

0

⎞

⎠ y′
1 =

⎛

⎝
−sin ϕ1

cos ϕ1

0

⎞

⎠ z′1 =

⎛

⎝
0
0
1

⎞

⎠ (7.10)

g1 =

⎛

⎝
cos ϕ1 −sin ϕ1 0
sin ϕ1 cos ϕ1 0

0 0 1

⎞

⎠ (7.11)

Note that the column vectors of the rotation matrix are the base vectors of
the rotated coordinate system with respect to the unrotated system. Since a
rotation is an orthonormal transformation g−1 = g′. Hence the row vectors of
the rotation matrix are the base vectors of the unrotated system with respect
to the rotated system.

In analogy one obtains the rotation matrices g2 and g3

g2 =

⎛

⎝
1 0 0
0 cos Φ −sin Φ
0 sin Φ cos Φ

⎞

⎠ g3 =

⎛

⎝
cos Φ2 −sin Φ2 0
sin Φ2 cos Φ2 0

0 0 1

⎞

⎠ (7.12)
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[hkl]

[uvw]

RD II x2

ND II z2

9

FIGURE 7.2
Definition of Miller indices.

which gives g according to Eq. (7.12) as

g=

2
664

cos ϕ1 cos ϕ2−sin ϕ1 sin ϕ2 cos φ sin ϕ1 cos ϕ2+cos ϕ1 sin ϕ2 cos φ sin ϕ2 sin φ

− cos ϕ1 sin ϕ2−sin ϕ1 cos ϕ2 cos φ − sin ϕ1 sin ϕ2+cos ϕ1 cos ϕ2 cos φ cos ϕ2 sin φ

sin ϕ1 sin φ − cos ϕ1 sin φ cos φ

3
775

(7.13)
This is the rotation matrix expressed in terms of the Euler angles.

The representation (hkl)[uvw] and ω[hkl] are readily related to this rotation
matrix.

(b) Miller Indices: g(hkl)[uvw]
Let [uvw] be a vector of {K1} that is parallel to x2 (of {K2}) and [hkl] a vector
of {K1} parallel to z2 (of {K2}). Since the column vectors of g are identical
with the rotated base vectors of {K1}, the rotation matrix must read

g =

⎡

⎣
u

N1

vl−kw
N3

h
N2

v
N1

hw−ul
N3

k
N2

w
N1

uk−vh
N3

l
N2

⎤

⎦ (7.14)

with

N1 =
√
u2 + v2 + w2 N2 =

√
h2 + k2 + l2 N3 = N1 ·N2

By means of Eq. (7.14) [uvw] and (hkl) can be determined from g and vice
versa. An example is the representation of an orientation in a rolled sample
with respect to the rolling plane (hkl) and rolling direction [uvw] (Fig. 7.2).

(c) Axis and angle of rotation: g(ω[HKL])
The most imaginative description of a rotation is the notation in terms of angle
and axis of rotation. It can be derived by rotating {K1} = {(100), (010), (001)}
and {K2}={RD, TD, ND} into an intermediate coordinate system {Ki} with
the zi axis parallel to the rotation axis r. The rotation is then completed by
a rotation of {Ki} about zi with angle ω (Fig. 7.3).
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001

010
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TD

ϑ

ω

ψ
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FIGURE 7.3
Definition of Miller indices.

The rotation axis is by definition common to both, the rotated and un-
rotated coordinate system. Thus, it has the same vector components with
respect to both lattices. Defining the rotation axis in polar coordinates Ψ and
ϑ we obtain a simple relation between axis and angle of rotation and to the
Euler angles.

In order to rotate z1 into r around RD by ϑ, it must be

ϕ1 = ψ +
π

2
, Φ = ϑ (7.15)

with respect to the Euler angles. Since in the intermediate system only the z
axis is defined to be parallel to r, the x and y axes are arbitrary. For conve-
nience they are chosen such that the rotation of the system {K2} coincides
with the intermediate system after (ϕ1,Φ, 0). Correspondingly the system
{K1} has to be rotated by ϕ1,Φ, ω. We obtain

{Ki} = g1 (ϕ1,Φ, ω) {K1}
{Ki} = g2 (ϕ1,Φ, 0) {K2} (7.16)
{K2} = g−1

2 (ϕ1,Φ, 0) · g1 (ϕ1,Φ, ω) {K1}

and the components of the rotation axis r = (a1, a2, a3)

a1 = sin ϑ cos ψ; a2 = sin ϑ sin ψ; a1 = cos ϑ (7.17)
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The rotation matrix in terms of axis and angle of rotation reads:

g=g−1
2 (ϕ1,Φ,0)·g1(ϕ1,Φ,ω)=

=

⎡

⎣
(1−a2

1) cos ω+a2
1 a1a2(1−cos ω)+a3 sin ω a1a3(1−cos ω)−a2 sin ω

a1a2(1−cos ω)−a3 sin ω (1−a2
2) cos ω+a2

2 a2a3(1−cos ω)+a1 sin ω

a1a3(1−cos ω)+a2 sin ω a2a3(1−cos ω)−a1 sin ω (1−a2
3) cos ω+a2

3

⎤

⎦ (7.18)

With the notation

g =

⎡

⎣
g11 g12 g13
g21 g22 g33
g31 g32 g33

⎤

⎦ (7.19)

the following relations are obtained

a1 · 2 sin ω = g23 − g32 (7.20a)
a2 · 2 sin ω = g31 − g13

a3 · 2 sin ω = g12 − g21

and

ω = arc cos
{

1
2

(a11 + a22 + a33 − 1)
}

(7.20b)

Since a2
1 + a2

2 + a2
3 = 1, the rotation axis is known from g according to

Eq. (7.20a) with a constant multiplier 2sinω, which is eliminated by nor-
malization.

7.3 Appendix C

7.3.1 Indexing of Pole Figures

We will demonstrate the procedure to determine the orientation from a pole
figure for the orientation (01̄1)[211] (brass orientation in an fcc lattice), which
is supposed to be given in terms of its {111} pole figure (Fig. 7.4). If the ori-
entation of the crystal is determined, the rotation matrix is easily constructed
as shown above. In this case

{hkl} = (01̄1)
[uvw] = (2̄1̄1̄) (7.21)
[qrs] = (1̄11)
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and according to Eq. (7.14)

g =

⎛

⎜⎝

−2√
6

−1√
3

0
−1√

6
1√
3

−1√
2−1√

6
1√
3

1√
2

⎞

⎟⎠ (7.22)

The Miller indices of the orientation can be found from the pole figure as
follows. Let the specimen axes’ rolling direction (RD), normal direction (ND),
and transverse direction (TD) and the four {111} poles be defined as

a = (a1, a2, a3) = (111)
b = (b1, b2, b3) = (1̄11)
c = (c1, c2, c3) = (1̄1̄1) (7.23)
d = (d1, d2, d3) = (11̄1)
x = (x1, x2, x3) = RD

z = (z1, z2, z3) = ND

The orientations of the vectors a, b, c and d are denoted in the pole figure.
Since the orientation is given by the vectors of the rolling direction RD(=x)
and the rolling plane normal ND(=z) in terms of the Miller indices {hkl}
and 〈uvw〉 of the corresponding directions in the crystal lattice, we have to
determine the vector components of x and z. For the vector z of the rolling
plane normal in the crystal coordinate system the dot products with the four
{111} poles yield

(z, a) = |z| · |a|cos αz = z1a1 + z2 · a2 + z3 · a3

(z,b) = |z| · |b|cos βz = z1b1 + z2 · b2 + z3 · b3 (7.24)
(z, c) = |z| · |c|cos γz = z1c1 + z2 · c2 + z3 · c3
(z,d) = |z| · |d|cos δz = z1d1 + z2 · d2 + z3 · d3

The angles αz through δz can be read from the pole figure by means of
a Wulff’s net. If we choose for simplicity the length of the vector z to be
|z| = 1/

√
3, then we obtain from Eq. (7.24) with the vector components for

a, b, c and d according to Eq. (7.23)

cos αz = +z1 + z2 + z3

cos βz = −z1 + z2 + z3 (7.25)
cos γz = −z1 − z2 + z3

cos δz = +z1 − z2 + z3
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x=RD

z=
ND

ϑx=118°

γx=62°
βx=90°

γz=35°

αz=90°

αx=160°

ϑz=35°

d

a

b

c

βz=90°

{111}

FIGURE 7.4
{111} pole figure of single crystal orientation (01̄1)[211].

Since the four angles αz, βz, γz, δz are known, we can calculate the vector
components of z

z1 =
cos αz − cos βz

2
= h∗

z2 =
cos βz − cos γz

2
= k∗ (7.26)

z3 =
cos αz + cos γz

2
= l∗

The same procedure holds for the vector x (rolling direction)

x1 =
cos αx − cos βx

2
= u∗

x2 =
cos βx − cos γx

2
= v∗ (7.27)

x3 =
cos αx − cos γx

2
= w∗

The vectors (h∗, k∗, l∗) and [u∗, v∗, w∗] thus determined are not yet identical
with the Miller indices {hkl}, [uvw], because of their non-integer components.
One has to multiply these vectors with corresponding factors such that the
vector components become integers. In most cases the vector components are
real numbers and there is no unique factor such as to make all vector compo-
nents integers. Then a compromise has to be found between the accuracy of
the approximation and a low value of the indices. In respective tables Miller
indices are usually restricted to values of 15 or less.
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The normalized vectors [u∗, v∗,w ∗] /
√

u∗ + v∗ + w∗ and (h∗, k∗, l∗) /√
h∗ + k∗ + l∗ are identical according to Eq. (7.14) with the first and third

column vectors of the rotation matrix g. The second column is given accord-
ing to Eq. (7.14) by the cross product (z x a). This completely determines
the rotation matrix.

This procedure can be applied to any pole figure {hkl} by associating the
vectors a, b and so on with the respective poles {hkl} and by determining
the dot products of these vectors with x and z according to Eq. (7.25). Of
course, especially simple is the calculation of the orientation from the {100}
pole figure, since the {100} poles represent the projection of the base vectors
of the crystal coordinate system. In this case we obtain

z1 = h∗ = cos αz x1 = u∗ = cos αx

z2 = k∗ = cos βz x2 = u∗ = cos βx (7.28)
z3 = l∗ = cos γz x3 = u∗ = cos γx

The Miller indices and the rotation matrix follow in analogy to the example
of the {111} pole figure given above.

Conversely, if the position of a pole in the stereographic projection is to be
determined from a known rotation matrix, this is most conveniently obtained
in terms of the angles αi (tilt angle with regard to the rolling plane normal)
and βi (rotation in the rolling plane) as depicted in Fig. 7.4. These angles are
related to the vectors of the lattice plane normals Ni (for instance (11̄1) by
means of the rotation matrix

⎛

⎝
sin αi cos βi

sinαi sin βi

cos αi

⎞

⎠ =

⎛

⎝
g11 g21 g31
g12 g22 g32
g13 g23 g33

⎞

⎠

⎛

⎝
x∗i
y∗i
z∗i

⎞

⎠ = g−1 · N∗
i (7.29)

N∗
i = (x∗

i ,y
∗
i , z

∗
i ) means the unit vector of Ni = (xi, yi, zi), i.e. x∗

i = xi /√
x2

i + y2
i + z2

i . Eq. (7.29) provides another way to determine the Miller in-
dices of an orientation from the measured angles αi and βi.

When it is possible to evaluate pole figures according to the methods given
above, it is very convenient to utilize tables in which the Miller indices (lim-
ited to values of 15 or less) are listed for all possible angles between related
lattice plane normals and specimen directions [568].
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Solutions

“You start a question, and it’s like starting a stone.”
— Robert Louis Stevenson

PROBLEM 1.1
It is well known that the principal result of Carnot’s cycle does not depend on
the nature of the “working body” used in the cycle. Let us consider the elemen-
tary Carnot’s cycle which utlilizes a grain boundary as a working body. Let us
consider the diagram surface tension γ vs. area of the surface S (Mlodzeevski,
1939).

In the first stage, we increase the area at constant temperature from S1 to
S2. Due to the constant temperature the surface tension is constant as well.
The formation of a new surface is accompanied by a cooling of the system, so
to maintain a constant temperature the grain boundary should get an amount
of the heat Q = qΔS from the heater; q is the specific heat of grain boundary
area formation.

In the second stage, from point B we increase the grain boundary area
adiabatically. The temperature of the grain boundary drops by dT and the
surface tension γ increases by dγ, respectively.

On the way C-D our grain boundary reduces the area S at constant tem-
perature T − dT . In the course of this process the heat released arrives at the
cooler. Finally, the boundary on the way D-A reduces its area adiabatically.
The work of the cycle is the product

dW = (S2 − S1) dγ (8.1)

The efficiency of the cycle is equal to

η = − (S2 − S1) dγ
Q

=
dT

T
(8.2)

The “minus” sign indicates that the positive work of grain boundary reduction
is accompanied by the emission of heat; on the other hand, a positive amount
of heat from the heater is absorbed by the grain boundary when it is stretched
by the external forces.

From Eq. (8.2) we arrive at

dγ

dT
= − Q

(S2 − S1)
· 1
T

(8.3)
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FIGURE 8.1
Carnot’s cycle for a thin film.

The ratio Q
ΔS

, as mentioned previously, is the specific heat to form a unit of
area of the grain boundary.

Finally, the expression for the temperature coefficient of grain boundary
surface tension reads

dγ

dT
= − q

T
(8.4)

It is known from experiment that q is positive (it is absorbed by a surface),
so dγ

dT is negative.
At last we would like to emphasize one issue. It is clear that it is impossi-

ble to change the area of a grain boundary independently of the bulk of the
grains. However, it should be intimated that the change in the area of a liquid
film is connected with the interaction between the surface layer and the bulk
of the liquid film as well; there is no surface in the uncombined state.

PROBLEM 1.2

The number of grain boundaries over the length � of the rivet is equal to

n =
�

D0
(8.5)

Then the change of the length of the rivet in the course of annealing (due to
grain growth) can be expressed as

Δ�gg = �

(
1
D0

− 1
D

)
V ex (8.6)

The change of the length of the rivet due to thermal expansion of Al reads

Δ�TAl = �αΔT (8.7)
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d

�

d

�

FIGURE 8.2
Diagram of two pieces of material connected by a rivet.

From Eqs. (8.6) and (8.7) we arrive at the expression for the resulting change
in length of the rivet

Δ̄� = Δ�gg − Δ�TAl = �

[(
1
D0

− 1
D

)
V ex − αΔT

]
(8.8)

For the values of the parameters given in the problem we arrive at

Δ̄� = �

[(
1

10−8
− 1

10−7

)
· 1.35 · 10−10 − 2 · 10−5 · 200

]
= 8 · 10−3� (8.9)

One can see that the total shortening of the rivet is rather large, in the range
of 1% of the length. The stresses which occur in the rivet depend on the
thermal expansion of the connected materials as well

Δ̄� = Δ�gg − Δ�TAl − (Δ�TAl − Δ�Tcon) (8.10)

where the term Δ�Tcon describes the thermal expansion of the connected ma-
terials. For the simplest case (the last term on the right-hand side of Eq. (8.10)
is zero) we obtain

σ = E
Δ̄�
�

= 8 · 10−3E (8.11)

We stress that the major peculiarity of the construction proposed is the pos-
sibility of controlling the value of the stresses matching the initial and final
mean grain size.

PROBLEM 1.3
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1. Using the Henry isotherm for adsorption of vacancies at the grain boundary
we arrive at

zBceq
v = V ex (8.12)

where z is the adsorption capacity of the grain boundary, B = B0exp
(

Q
kT

)
is

the adsorption constant, ceq
v is the equilibrium concentration of the vacancies.

Considering the width of the grain boundary equal to three atomic layers,
the adsorption capacity can be defined as

z =
3

(2.86 · 10−10)2
= 3.6 · 1019at/m2 = 6 · 10−5mol/m2 (8.13)

The adsorption constant B can be defined as

B =
V ex

zceq
v

=
V ex

z
(ceq

v )−1 (8.14)

One can see that the adsorption heat Q is equal to the enthalpy of vacancy
formation in the bulk Hf . For Al Hf = 0.76 eV, Sf = 0.7 K. For a 40◦〈111〉
grain boundary in Al V ex = 6.4 · 10−6 mol/m2. Then at the melting temper-
ature B = 6.2 · 102.
2. The enrichment coefficient β is equal to

β =
Γ
zceq

v
= B (8.15)

Let us plot this value against the volume solubility of the vacancies (ceq
v ) on

the Seah-Hondros diagram (Fig. 1.3) for the melting temperature. Evidently,
the agreement is poor.
3. All our calculations were carried out in the framework of the simplest
adsorptional isotherm — the Henry isotherm. Let us extract the value B
from the Zhuchovitskii-McLean isotherm (1.144). Then

zBceq
v

1 − ceq
v +Bceq

v
= V ex (8.16)

and

B =
V ex (1 − ceq

v ) (ceq
v )−1

z − V ex
(8.17)

For T = Tm we obtain B = 712. Comparing this result with the previous one,
which was derived in the framework of the Henry isotherm, one can see that
the difference is in the range of ∼ 10%.

PROBLEM 1.4
1. The excess grain boundary free volume V ex for a 40◦〈111〉 tilt boundary
can be expressed as V ex = −Γ0Ω0 = 6.4 · 10−11m3/m2. In other words, every
grain boundary increases the size of a polycrystal by Δδ = 6.4 · 10−11m. Let
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us consider a cubic sample with the side of the cube equal to L. Under the
assumption that the grains are uniform and cubic as well with the grain size
a we arrive at

V = L3;

L = L0 +
L

a
Δδ

and

L =
L0

1 − Δδ
a

∼= L0

(
1 +

Δ δ

a

)
(8.18)

where L0 is the size of a side of the corresponding single crystal.
2. The free energy of polycrystals can be expressed as

G = Gs +Ggrav (8.19)

where Gs is the surface (grain boundary) part of the free energy, Ggrav is the
gravitational part of the free energy.

The total number of grains in the polycrystal can be represented as

N =
L3

0

(
1 + Δδ

a

)3

a3
(8.20)

(N � 1).
The total grain boundary area is equal to

S =
1
2
6Na2 =

3
a
L3

0

(
1 +

Δδ
a

)3

(8.21)

and, respectively, the “grain boundary” part of the free energy is equal to

Gs =
3
a
γL3

0

(
1 +

Δδ
a

)3

(8.22)

γ is the grain boundary surface tension.
The gravitational part of the free energy of the polycrystal can be repre-

sented as follows: for a polycrystal which rests on a support

Ggrav
I =

1
2
L0

(
1 +

Δδ
a

)
V0ρg (8.23)

for the suspended polycrystal

Ggrav
II =

[
H0 − 1

2
L0

(
1 +

Δδ
a

)]
V0ρg (8.24)

where V0 is a volume of the corresponding single crystal, ρ is the density of
the perfect crystal, g is the gravity acceleration.
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(a) (b)

FIGURE 8.3
Two glasses with water and sugar: (a) a piece of sugar in water; (b) sugar is
dissolved in water.

The expression for the free energy of the polycrystal can be written corre-
spondingly as

GI =
3
a
γL3

0

(
1 +

Δδ
a

)3

+
1
2
L0

(
1 +

Δδ
a

)
V0ρg (8.25)

GII =
3
a
L3

0γ

(
1 +

Δδ
a

)3

+
[
H0 − 1

2
L0

(
1 +

Δδ
a

)]
V0ρg (8.26)

One can see that for the polycrystal which rests on the support (Eq. (8.25))
there is no equilibrium grain size, the minimum of the free energy is achieved
at a→ ∞.

The relation for the equilibrium grain size for the suspended polycrystal
reads

a∗ =
L3

0γΔδ
L0ΔδV0ρg − 3L3

0γ
∼= γΔδ
L0Δδρg − 3γ

(8.27)

A positive value of a∗ can be obtained only for L0 ≥ 106m.
3. In the examples considered the system includes the polycrystal and the
earth. The position of the center of masses of this system — the polycrystal
+ the earth — remains unchanged. To better understand the core of the prob-
lem let us consider a cylindrical glass with tea and a piece of sugar (Fig. 8.3).
The center of gravity of the glass with the undissolved piece of sugar is sit-
uated a little bit below the geometrical center of the glass due to the larger
density of sugar in comparison to water.

When the sugar dissolves in water the center of the gravity rises by the
distance h. However, the position of the system the earth + the glass remains
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unchanged. In cosmic space during dissolution the glass will change its po-
sition with respect to the coordinates connected with the earth, the sun or
the stars. The energy of this motion is the reduction of the free energy of the
system due to the formation of the dissolution of sugar in water.

The situation with a polycrystal is in perfect analogy with the considered
one. The annealing of the homogeneous polycrystal will lead to a single crystal
with the same coordinates of the center of masses, whereas the polycrystal
with grains distributed along the length will change the position of the center
of the masses in the course of grain growth.

PROBLEM 1.5
1. The change of the melting temperature can be evaluated by Eq. (1.203)

ΔT ∼= γ · Tm

q D
(8.28)

where q is the specific heat of melting. For Al q = 109 J/m3, γ = 0.45 J/m2

and for D = 10 nm ΔT is equal to ∼= 0.05 Tm. The melting temperature for
the nanocrystalline sample considered is 0.05 Tm lower than that for a single
crystal of Al.
2. To derive the Clausius-Clapeyron equation for a nanocrystalline material
we do not have to consider an equal chemical potential of the two phases —
solid and liquid — but the free energy of the polycrystal and of the relevant
amount of liquid. If N is the number of atoms in the polycrystal, we arrive at

N μs +A γ = N μ� (8.29)

where μs and μ� are the chemical potentials of the atoms in the solid and
liquid, respectively. A is the total grain boundary area of the polycrystal. We
neglect hereby the surface energy of the nanocrystalline specimen in the liquid
state.

Then

N

(
∂μs

∂T

)

p

dT +N

(
∂μs

∂P

)

T

dP +A

(
∂γ

∂T

)

p

dT +A

(
∂γ

∂T

)

T

dP

= N

(
dμ�

∂T

)

p

+N

(
dμ�

∂p

)
dp (8.30)

Taking into account that −
(

∂γ
∂T

)

p
= Sb is the grain boundary entropy and

(
∂γ
∂p

)
= V ex is the excess volume,1 relation (8.30) can be expressed as

[N ΔSL−S −A Sb] dt = [N ΩL−S −A V ex] dP (8.31)

1We would like to remind the reader that the grain boundary excess free volume (Chapter 1)
is equal to V ex = −Γ0Ωs

ˆ
m3/m2

˜
where Γ0 is the autoadsorption.
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The Clausius-Clapeyron equation for the nanocrystalline sample then reads

dP

dT
=

q
T − A

N Sb

ΔΩ − A
N V

ex
(8.32)

The grain boundary entropy is on the order of ∼ −10−3 J/m2K.
The ratio A

N can be extracted from the following considerations. If spherical
(or cuboidal) grains are assumed, the total grain boundary area of a sample
with volume V is equal to

A =
3V
D

(8.33)

and the total number of atoms N can be expressed as

N =
V
[
1 − 3 V ex

D

]

Ωs
(8.34)

and the ratio A
N reads

A

N
=

3Ωs

D
[
1 − 3 V ex

D

] (8.35)

Finally, the Clausius-Clapeyron relation for nanocrystals can be expressed as

dP

dT
=

q
T + 3 Ωs

D[1−3 V ex
D ] ·

(
∂γ
∂T

)

p

ΔΩ − 3 Ωs V ex

D[1− 3 V ex
D ]

(8.36)

One can see that the impact of grain boundaries can change qualitatively the
behavior of the system at the melting point. This is evident from the influence
of the denominator of Eq. (8.36). Actually, the grain boundary excess free vol-
ume decreases, and “compensates” the change of the atomic volume during
melting of “normal” metals, where ΔΩL−S > 0 and promotes the “abnormal”
behavior in cases that ΔΩL−S < 0 (Bi, Ga).
3. Let us consider Eq. (8.36) for nanocrystalline Al. As can be seen the ef-
fect connected with the grain boundary excess free volume does not change
essentially the numerator of (8.36), so the expression (8.36) can be rewritten
as

dT

dP
=

ΔΩ
Ωs

− 3V ex

D−3V ex

q
Ωs

· T (8.37)

For D = 7 nm
dT

dP
∼= 4.5 · 10−3 Ωs

q

and for D = 25 nm
dT

dP
∼= 0.05

Ωs

q
T
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For D = 5 nm the melting temperature decreases with increasing pressure,
like for water, Ga, Bi; for D = 7 nm the melting temperature is nearly inde-
pendent of pressure, and for D = 25 nm the polycrystal qualitatively behaves
like a coarse-grained Al polycrystal.

PROBLEM 2.1
In order to determine the surface tension of the low-angle tilt grain boundary
let us invoke the Read-Shockley relation (2.3) in a form which is convenient
for calculation

γ = γ0ϕ (A0 − lnϕ) (8.38)

where
γ0 =

μb

2π(1 − ν
), A0 = 0.5

For 〈112〉 tilt grain boundaries the Burgers vector b = a
2 〈110〉, where a =

4.5 · 10−10m is the lattice constant; b = a
√

2
2 = 2.86 · 10−10m

μ = 26.46 Pa

Then for ϕ = 0.5◦ we obtain γ = 0.082 J/m2, for ϕ = 3◦ γ = 0.323 J/m2, for
ϕ = 5◦ γ = 0.46 J/m2, for ϕ = 8◦ γ = 0.62 J/m2.

PROBLEM 2.2
For mechanical equilibrium at a triple junction, given that the grain bound-
ary surface tension does not depend on the orientation of the boundaries, the
surface tensions should satisfy Young’s theorem (1.162)

γ1

sinα1
=

γ2

sinα2
=

γ3

sinα3

Then, the desired angles should satisfy the system of equations

α1 + α2 + α3 = 2π
γ1

sinα1
=

γ3

sin (2π − α1 − α3)
γ1

sinα1
=

γ3

sinα3

For the given values of grain boundary surface tension

α1 = 150◦

α2 = 103◦

α3 = 107◦
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PROBLEM 2.3
As stressed in Sec. 1.4.1 grains in a polycrystal play the role of a source of
pressure to confine a boundary in the deformed state. It was mentioned as
well that since the material in a grain boundary is stretched the pressure p0

applied to a grain boundary should be negative: p0 < 0. Thus, our problem
is reduced to a quantitative evaluation of the pressure which is necessary to
confine a liquid layer at a temperature which is much lower than the melting
point.

The Clausius-Clapeyron equation in our case reads

dP

dT
=

ΔHL→S

TΔ�L−S
(8.39)

where ΔHL→S is the change in enthalpy of the two phases at the melting
point

ΔH = Hsolid −H liquid (8.40)

ΔHL−S

T
= ΔSL−S (8.41)

The enthalpy change is identical to the specific heat of melting, ΔΩ is the
change in the atomic volume at the melting point.

To study Eq. (8.39) in a rather wide temperature range the dependencies
ΔHL−S(T ) and ΔV L−S(T ) should be known

dHL−S = ΔCpdT + Δ [Ω (1 − Tα)] dp (8.42)

where
Δcp = csolp − cliqp (8.43)

is the difference of the specific heat for the liquid and solid phase, respectively,

ΔV (1 − Tα) =
[
Ωsolid

(
1 − Tαsolid

)]− [
Ωliquid

(
1 − Tαliquid

)]
(8.44)

However, for our purpose — the evaluation of the pressure — we will ignore
the change in the enthalpy and atomic volume with temperature.

Then, from Eq. (8.39) we arrive at

ΔP = P − P0 =
q

ΔΩ
ln
T

T0
(8.45)

where q is the specific heat of melting, P0 is the atmospheric pressure (1 atm).
Using the reference values for the parameters of (8.45) we obtain

Al : ΔP = −5.4 · 104atm ∼= −5.4GPa
Pb : ΔP = −2.2 · 103atm ∼= −0.22GPa (8.46)
Au : ΔP = −9.4 · 105atm ∼= −9.46GPa
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α

a

b

αα

a

b

FIGURE 8.4
Configuration of a 2D quadruple junction (bold lines) and an energetically
more favorable configuration (thin lines).

Such negative pressure should act from the bulk on the grain boundary to
confine it as a liquid.

PROBLEM 2.4
Let us consider a quadruple junction in a 2D square (Fig. 8.4). The length of
the sides is a.
The total length of the grain boundaries which form the quadruple junction

(bold lines) is equal to L0 = 2a
√

2.
However, the same grains can be connected in another way, namely as shown

in Fig. 8.4. In this case the total length of grain boundaries, which border the
grains, is equal to

L = 2a
1

sinα
+ a− a

tanα
(8.47)

This length reaches the minimal value at α = 60◦. Indeed:

dL

dα
= −2cosα

sin2α
+

1
sin2α

= 0 (8.48)

The new length of the grains is equal to

L =
4a√

3
+ a− a√

3
=
(√

3 + 1
) ∼= 2.73a (8.49)

while the initial length is equal to L0
∼= 2.83a. In other words, the new con-

figuration is energetically more acceptable.
We would like to draw the attention of the reader to the point that the dif-

ference between the initial and energetically favorable length is rather small.
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That is why the quadruple junction configurations which are observed in 2D
microstructures might be of kinetic origin.

PROBLEM 2.5
(a) Let us consider a grain boundary system which is formed by grain bound-
aries with the surface tensions γ1 and γ2, respectively (Fig. 2.20). The total
free energy of the grain boundaries can be described as

G =
2a

sin α
γ1 +

(
a− a

1
tan α

)
γ2 (8.50)

The minimum of the Eq. (8.50) is achieved at

cos α =
1
2
γ2

γ1
(8.51)

On the other hand, we are looking for the condition when the length � of the
cross-piece is equal to zero

� = a− a

tan α
= 0 (8.52)

or tan α = 1
α = 45◦ (8.53)

The desired solution is
cos 45◦ =

1
2
γ2

γ1

γ2 =
√

2γ1 (8.54)

(b) In accordance with Eq. (8.54) we arrive at the equation

γ2 (A− lnγ2) =
√

2γ1 (A− lnγ1) (8.55)

The solution of Eq. (8.55) is

γ2
∼= 0.155 rad or γ2

∼= 9.86◦ (8.56)

(c) The calculation in the frame work of the Read-Shockley equation gives

γ2
∼= 17◦ (8.57)

Strictly speaking, this value is outside the regime of low-angle boundaries. In
other words, we are unable to find a misorientation of the grain boundary
with known surface tension. However, the deviation is rather small, and, for
the first approximation, we can accept this value.

PROBLEM 2.6
(a) Let us consider the merger of two grain boundaries with misorientation
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angle ϕn.
The surface tension of a low-angle boundary with misorientation ϕn is given

by the Read-Shockley relation (2.3)

γn =
μb

4π(1 − ν)
ϕn [A− lnϕn] (8.58)

After combination instead of two grain boundaries with the energy (surface
tension) given by Eq. (8.58), we will have one grain boundary with misorien-
tation angle 2ϕn with the energy

γ2n =
μb

4π(1 − ν)
2ϕn [A− ln 2ϕn] (8.59)

The energy gain is equal to

γ2n − 2γn = − 2μb
4π(1 − ν)

2ϕnln 2 < 0 (8.60)

which is the required result.
(b) The driving force for grain growth can be found from the formal expression

P = −ΔG
ΔV

(8.61)

where ΔG is the infinitesimal change of the free energy of the system when the
grain boundary sweeps a small volume ΔV . If we displace the grain boundary
by the distance Δxn, we obtain

ΔG = (γ2n − 2γn) aδ =
[
− 2μb

4π(1 − ν)
ϕnln 2

]
aδ (8.62)

ΔV = aδΔxn (8.63)

Then the driving force P reads

P =
2μb

4π(1−ν)ϕnln2

Δxn
(8.64)

(c) The unification of neighboring grain boundaries will be energetically fa-
vorable because this process decreases the stress field of the dislocations. For
angles larger than 15◦ the dislocation model fails, because the dislocation
cores tend to overlap (see Sec. 2.2.2), and the grain boundary energy remains
essentially constant.

So, with the critical angle taken as 15◦ we arrive at

ϕcrit = 15◦ = 0.262 rad (8.65)

On the other hand, the angle ϕn can be defined as

ϕn = 2nϕ0 (8.66)
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where ϕ0 is the initial angle of misorientation of two adjacent grains, n is the
number of the step of unification.

The number n can be found from the relation

ϕn = 2nϕ0 = ϕcrit (8.67)

and
n =

ln ϕcrit − ln ϕ0

ln 2
(8.68)

For example, if ϕ0
∼= 0.001(0.06◦) then the number n is equal to

n =
ln0.262 − ln0.001

ln 2
= 8 (8.69)

(d) The grain size Δxn at the moment when grain growth will be arrested
can be found from the simple expression

Δxn = 2nΔx0 (8.70)

If ϕ0 = 0.001 rad and Δx0 = 10−7m

Δx0 = 28 · 10−7m = 2.5 · 10−5m (8.71)

PROBLEM 2.7
The idea of the solution is that we should compare the energy of a twist grain
boundary with a misorientation angle Δϕ with the elastic energy of a pipe
with a length x0, which is twisted by the same angle Δϕ.

The twist angle can be expressed as

Δϕ =
Mkx

μJp
(8.72)

where Mk is the torque, μ is the shear modulus, Jp is the moment of inertia.
For a thin-wall pipe (Fig. 2.22)

Jp = 0.5πR3δ

The elastic energy of a twisted pipe is equal to

Uel =
M2

kx

2GJp
=

Δϕ2μJp

2x
(8.73)

On the other hand, the energy of a low-angle twist grain boundary with mis-
orientation angle Δϕ reads

γ =
2μb
4π

Δϕ (A− lnΔϕ) (8.74)

© 2010 by Taylor and Francis Group, LLC



8 Solutions 611

where b = 2.86 · 10−10m (for Al) is the Burgers vector, A = 0.5 reflects the
energy of the dislocation core.

Since
2πRδγ = Uel (8.75)

we arrive at

x0 =
0.5πR2Δϕ
b (A− lnΔϕ)

(8.76)

For Δϕ = 0.01(∼ 0.5◦) we arrive at the surprising result: x = 270m! The
rather strong dependence of x0 on the radius of the pipe makes the situation
more reasonable for a small pipe diameter. For instance, if R = 5 · 10−6m (5
microns) the length x0 is equal to ∼ 2.7 mm.

PROBLEM 2.8
The bending stress of a grain boundary as a beam is equal to (Fig. 2.23a)

τ(y) = E
y

ρ
(8.77)

where ρ is the radius of curvature, E is Young’s modulus

1
ρ

=
M

EJz
(8.78)

M is the bending moment, Iz is the moment of inertia of the beam (boundary)
(Fig. 2.23b).

The bending angle ϕ is

dϕ =
Mdx

EJz
(8.79)

The free energy of the elastically deformed beam is equal to

Gel =
∫ �

−�

M2 dx

2 E Jz
=
∫ �

−�

M2 dx

2 E Jz
=
∫ �

−�

EJz

2

(
1
ρ

)2

dx (8.80)

The free energy of the system reads

G =
∫ �

−�

[
2Δγs y +

EJz

2
1
ρ2

]
dx (8.81)

The equilibrium shape of the boundary can be extracted from Eq. (8.81),
taking into account that

1
ρ

=
y′′

(1 + y′2)3/2
(8.82)

where y(x) is the equation of the shape of the grain boundary.
The functional of the shape of the grain boundary considered as a beam is

G =
∫ �

−�

[
2Δγsy +

EJz

2
·
(

y′′2

(1 + y′2)3

)]
dx (8.83)
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For small deformation Eq. (8.83) can be transformed to

Gel =
∫ �

−�

[
2Δγsy +

EJz

2
y′′2

]
dx (8.84)

with the boundary conditions: y(−�) = 0; y(�) = 0; y′(−�) = −tan θ;
y′(�) = tan θ.

For the sake of simplicity assume that tanθ = 0. The Euler-Poisson equa-
tion, in this case

2Δγs +
d2

dx2

(
EJz

2
y′′2

)
= 0 (8.85)

or
y′′′′ = −2Δγs

EJz
(8.86)

Then we arrive at

y = − Δγs

12 EJz

(
x4 − 2�2x2 + �4

)
= − Δγs

12 EJz

(
x2 − �2

)2
(8.87)

At x = 0 y = − Δγs

12 EJz
�4.

On the other hand, the grain boundary is curved due to the well-known
balance between the difference of surface tensions of the two grains and the
capillary pressure created by the curved boundary (Fig. 2.23)

2Δγs

δ
=
γ

R
(8.88)

In this case the displacement y(0) can be expressed as (Fig. 2.23)

y(0) = R

⎛

⎝1 −
√

1 −
(
�

R

)2
⎞

⎠ (8.89)

Eqs. (8.87) and (8.89) define the desired value E as

E = − Δγs�4

12JzR

(
1 −

√
1 − (

�
R

)2
) (8.90)

where the radius R is defined by Eq. (8.88).
It is noted that the shape of the boundary which is considered as an elas-

tically deformed beam (Eq. (8.87)) and a curved grain boundary (Eq. (8.88))
are different, strictly speaking. However, for our purposes — rough estimation
— such neglect is acceptable. Moreover, as can be seen from Eq. (8.87), for
small x the shape of the loaded beam is a circle.

For Δγs = 0.05 J/m2, γ = 0.5 J/m2, � = 0.1 cm; R = 0.5 cm, J = λδ3

12 ,
where δ is the thickness of the sample (δ ∼= 10−2m), λ is the width of the grain
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boundary (λ ∼= 10−9m), E ∼= 0.5 · 106Pa. It should be noted that the elastic
modulus obtained is relevant not only for the grain boundary structure, but
also for the system.

PROBLEM 3.1
Let us consider the behavior of a polycrystal under a hydrostatic pressure
during grain growth. The reduction of the grain boundary area in the course
of grain growth decreases the volume of the specimen and, correspondingly,
decreases the free energy of the system by the value

3pV ex

< D >
(8.91)

where 3
<D> is the grain boundary area per unit volume, < D > is the mean

grain diameter, V ex is the grain boundary excess free volume and p is the
pressure.

Relation (8.92) can be derived from formal considerations: the pressure
part of grain boundary surface tension is pV ex, thus the driving force of grain
growth in a system with mean grain diameter < D > can be expressed as

P =
3γ

< D >
+

3pV ex

< D >
(8.92)

PROBLEM 3.2
First let us calculate the grain boundary mobility under a hydrostatic pressure

mb = m0be
− pV ex

kT (8.93)

where m0 is the grain boundary mobility at the temperature T and the pres-
sure p = 0.

Substituting the parameters given in the problem into Eq. (8.93) we get:
m = 1.5 · 10−14m4/Js.

The kinetic equation of grain growth in this case reads

d < D >

dt
=

2mb

< D >
(γ + pV ex) (8.94)

We are interested in the time when grain II disappears, i.e., when grain bound-
ary GB1 will “meet” grain boundary GB2.

From Eq. (8.94) we arrive at

< D0 >
2 − < D >2= 4mb (γ + pV ex) t (8.95)

and, finally

t =
< D0 >

2
1 − < D0 >

2
2

4mb [V ex
1 − V ex

2 ]
(8.96)
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Final result: the time when grain II disappears and the sample will be trans-
formed from a tricrystal to a bicrystal is equal to t = 1333 s.

PROBLEM 3.3
For the motion of spherical boundaries Eq. (8.94) should be changed to

d < D >

dt
=

4m
< D >

(γ + pV ex) (8.97)

and Eq. (8.96) will be transformed correspondingly to

t =
< D0 >

2
1 − < D2

0 >2

8mb [V ex
1 − V ex

2 ]
(8.98)

The time t, which defines the disappearance of grain II, will be equal in this
case to

t = 666 s

PROBLEM 3.4
The conditions of thermodynamic equilibrium of a physical body in an exter-
nal field are [5]

T = const. (8.99)

μ = const. (8.100)

Contrary to the temperature and chemical potential the pressure will be dif-
ferent in the different points of the body. In particular, in a gravity field the
potential energy of a molecule u is a function of the coordinates x, y, z of its
center of gravity and does not depend on the disposition of the atoms inside
the molecule

μ = μ0 + μ(x, y, z) = const. (8.101)

where μ0(P, T ) is the chemical potential in the absence of the field.
The conditions of thermal equilibrium of a body by angular motion can be

obtained by substituting the centrifugal energy as the energy of the external
field u(x, y, z) into Eq. (8.101)

μ0(P, T ) − mω2r2

2
= const. (8.102)

where μ0 is the chemical potential of the stationary body, m is the mass of
the molecule, r is the distance to the rotation axis.

If we consider the solid or part of the solid so small that it can be described
by the mass M and the radius of angular motion R, then we get

G = G0 − Σ
mω2r2

2
= G0 − MΩ2r2

2
(8.103)
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where G0 is Gibbs’ free energy for a stationary solid.
The density of the grain boundary differs from the density of the bulk of a

grain. Then the driving force of grain boundary motion can be derived from
(8.103) as the difference between the free energy of angular motion of a unit
area of the boundary and the bulk of the same width

ΔG = P =
ρbulkω

2R2

2
− ρboundω

2R2

2
(8.104)

where ρbulk and ρbound are the densities of the material in the bulk of the grain
and at the grain boundary, respectively. If Γ0 is the negative autoadsorption,
δ the grain boundary width, and Ωa the atomic volume, the desired difference
of the densities in the numerator of (8.104) can be expressed as

ρbulk − ρbound = −Γ0Ω0

δ
ρbulk (8.105)

Taking Γ0 = −6.4 ·10−11 mol/m2 (see Chapter 1 “Grain boundary excess free
volume”), δ ∼= 10−9m, and the other parameters which are characteristic for
Al, R = 0.1m and ω ∼ 2 · 103 rad · s−1 we arrive at

P =
Γ0Ω0

δ
ρbulk ·

(
2 · 103π

)2 ·R2 (8.106)

As can be seen the driving force is in the range of 700 J/m3 = 7 · 10−3 MPa,
which is comparable to the capillary driving force of grain boundary motion in
bicrystals. It does no harm that under such driving force the grain boundary
will move to the rotation axis.

PROBLEM 3.5
Let us compare the time necessary to reduce the surface area by the same
value.

For a circle let us determine the time during which the circle disappears,
for the half-loop the time to shorten the area by 2πR.

The solution for the circle is

V = mbP =
mbγ

R
dR

dt
=
mbγ

R
(8.107)

1
2
R2 = mbγt

t =
R2

2mbγ
(8.108)

For the half-loop the expression for the grain boundary velocity reads

V =
πγmb

R
(8.109)
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FIGURE 8.5
The diagram shows how to determine the driving force of grain boundary
motion in the “weighted mean curvature” approach for: (a) circular cylinder;
(b) grain boundary quarter-loop; (c) grain boundary system with a triple
junction (n < 6); (d) grain boundary system with triple junctions (n > 6);
and (e) grain growth of a regular pentagonal grain.

V t = 2πR =
πγmb

R
t

t =
2πR2

πγmb
=

2R2

γmb
(8.110)

PROBLEM 3.6

The so-called “weighted mean curvature”-approach (WMC) was introduced
by Herring and Taylor (see Chapter 3). The weighted mean curvature is de-
fined by the reduction of the total interfacial energy (with the sign “-”) in the
course of an infinitesimal displacement divided by the volume swept by this
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displacement.
1. The driving force for grain boundary motion in a quasi-2D configuration
with circular cylinder can be defined as follows (Fig. 8.5a)
(a) The reduction of the interfacial energy as the result of an infinitesimal
displacement of the grain boundary:

ΔV = d (2πRδγ) = 2πδγdR (8.111)

(b) The volume swept by the moving grain boundary:

ΔV = 2πRδdR (8.112)

For the driving force we arrive at:

P =
ΔG
ΔV

=
γ

R
(8.113)

2. The driving force for a sphere can be determined in the same way:

P =
ΔG
ΔV

=
8πRγdR
4πR2dR

=
2γ
R

(8.114)

3. For the grain boundary quarter-loop (Fig. 8.5b) the change of the interfacial
energy is equal to

ΔG = δΔxγ (8.115)

while the swept volume is equal to

ΔV = δaΔx (8.116)

Then the driving force P is equal to

P =
γ

a
(8.117)

4. 2D uniform (γ1 = γ2 = γ) grain boundary system with triple junctions

(1) n < 6 (Fig. 8.5c)

(2) n > 6 (Fig. 8.5d)

(for the number of the sections N � 1).
(1) The reduction of the interfacial energy as a result of an infinitesimal dis-
placement of the grain boundary (Fig. 8.5c) for configuration (c)

ΔG = 2γΔx− γΔx = γΔx (8.118)

the swept volume is
ΔV = aΔxδ (8.119)

The driving force is
P =

γ

a
(8.120)
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(2) The reduction of the interfacial energy in the course of a displacement
(Fig. 8.5d):

ΔG = NΔxδγ (8.121)

N is the number of the sections; in Fig. 8.5d three sections are shown.
The swept volume

ΔV = NΔxδaγ (8.122)

The driving force is equal to
P =

γ

a
(8.123)

5. As shown in Chapter 4, in the course of 2D grain growth controlled by
triple junction kinetics a grain of arbitrary shape is bound to transform itself
into an equilateral polygon, and any deviation from an equilateral polygon
will generate a force to restore the equilibrium shape.

Let us consider the evolution of the area and the length of the perimeter of
the n-sided regular polygon in the course of the grain growth at junction ki-
netics in accordance with the “weighted mean curvature” concept. The driving
force P can be expressed as

P =
γ
[
−2nd�

(
tanα

2

)−1 + nd�
(
sinα

2

)−1
]

n · ad� (8.124)

where d� is an elementary normal displacement of a grain side, α is the internal
angle of the polygon. The second term in the brackets of the numerator of
(8.124) appears since, in accordance with the WMC, we should take into
account all changes in the course of a small displacement of a facet (side),
including the change of the length of the boundary A in a triple junction
(Fig. 8.5e). The expression (8.124) can be converted to

P =
γ

a

[
1 − 2sin(π/n)

cos(π/n)

]
(8.125)

One can see that P varies inversely with the length of the grain side a: for
n < 6 the driving force P < 0, in other words, such a grain will vanish during
grain growth. For n > 6 P > 0, such grain will grow, and for n = 6, P = 0. It
is of interest to know how the driving force P changes with topological class
n. The answer is given by the derivative dP

dn

dP

dn
=

γ

an2

[
2 − sin(π/n)
cos2(π/n)

]
(8.126)

According to Eq. (8.126) the driving force P increases with topological class,
however, the rate of increase slows down with increasing topological class.

PROBLEM 3.7
The derivation of the Lücke-Detert relation for grain boundary motion in a
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system with impurities of positive adsorption is given in Chapter 3.
Let us consider the motion of a flat grain boundary which moves under the

action of a constant driving force P in a system with impurities. The distinc-
tive property of this impurity is its negative adsorption at the grain boundary,
in other words, the concentration of the impurities at the grain boundary is
smaller than in the bulk of the grain. The velocity of grain boundary motion
can be described as

V = Peffmb (8.127)

The effective driving force Peff can be expressed as

Peff = P − fΓ (8.128)

where f is a repulsive force between grain boundary and impurity atom, Γ is
the adsorption

f =
V

Dim
(8.129)

where D is the diffusion coefficient of the impurity.
From Eqs. (8.127)–(8.129) we arrive at

V =
P mb

1 + Γ mb

Dim/kT

(8.130)

At Γ mb

D/kT � 1 we arrive at the Lücke-Detert relation

V =
P Dim

Γ kT
(8.131)

We note that the adsorption isotherm in the Lücke-Detert relation is the
Henry isotherm: Γ = zBc, where z is the number of active sites at the grain
boundary, B is the adsorption isotherm.

Let us consider grain growth in a polycrystal with mean grain size < D̄ >.
The total grain boundary area and the driving force P of grain growth are
equal to

S =
3

< D̄ >
(8.132a)

and

P =
γ

< D̄ >
(8.132b)

(The grains are represented by spheres or cubes with diameter or side equal
to < D̄ >, respectively.)

Then the rate of change of the free energy of the system reads

dG

dt
=

d

dt

(
3γ

< D̄ >

)
= − 3γ

< D̄ >2

d < D̄ >

dt
= − 3γ

< D̄ >2
· V (8.133)
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From (8.130) and (8.133) we arrive at

dG

dt
− 3γ
< D̄ >2

· P Dim

ΓRT
(8.134)

Taking into account that γ = γ0 + ΓkT (we note that Γ is negative), the
condition of the extremum reads

d

dΓ

(
dG

dt

)
=

d

dΓ

(
− 3
< D̄ >3

· (γ0 − ΓkT )2Dim

Γ kT

)
= 0 (8.135)

and
−Γ∗ =

γ0

kT
(8.136)

As obvious from (8.135) at the point Γ∗ the derivative dG
dt attains a maximum.

Relation (8.136) gives us the adsorption Γ∗ at which the grain growth in
the system with impurities complies with the maximal rate of free energy re-
duction.

PROBLEM 3.8
The theoretical basis of our current understanding of solute drag is given in
Sec. 3.3.

Here, we give an example of how to apply the theoretical concept to
real experimental data. In our description we will follow the scheme of cal-
culation proposed by Lücke and Stüwe (Chapter 3 [194]) and utilized in
[194, 297, 301, 613]

As the authors of [194] mentioned, they “reformulated and extended the
impurity drag theory in order to simplify the evaluation of measurements.”
That is why we first give a concise approximative approach of the Lücke-Stüwe
theory. In our description we adhere to the designations given in [194], which
will alleviate the utilization of this technique in the future.

The solute drag PF (v) exerted on the boundary is equal to

PF (v) = N

∫ ∞

−∞
c(x, v)

dU

dx
dx (8.137)

where N is the atomic density, c(x, v) is the impurity concentration as a
function of the distance from the grain boundary and the boundary velocity
v,

v = mb [P − PF (v)] (8.138)

− dU
dx

is the force exerted by the boundary on a foreign atom. We assume as
the simplest case a triangular potential U(x) of width 2a and depth U0; U0 is
the binding energy between boundary and impurity atom (Fig. 8.6).
For this potential Eq. (8.137) reduces to

PF (v) = N
U0

a

{∫ 0

−a

cdx−
∫ a

0

cdx

}
= N U0 ceff (8.139)
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FIGURE 8.6
One-atomic boundary. Energy level of an impurity atom in the bulk and in
the boundary.

For quantitative calculations Eq. (8.138) is replaced in [194] by the approxi-
mation

PF (v) = N U ceff =
rv

1 + sv2
(8.140)

The parameters r and s which do not depend on v are obtained by equating
Eqs. (8.138) and (8.139) for very large and very small v. Then, for D(x) =
D =const and inserting Eq. (8.139) into (8.137) we arrive at the cubic equation
(see Sec. 3.3)

y3 − y2 +
1 − ρ

σ2
y − 1

σ2
= 0 (8.141)

where
y =

v

AbP
=

v

vF
(8.142)

vF is the velocity of a free boundary

vF = mbP = b2P Dm/kT (8.143)

ρ = 2αK2Dm

D
c (8.144)

is the reduced concentration,

σ = αK
Dm

D
· b

3P

U0
(8.145)

is the reduced driving force, b is the lattice constant, D = D0 exp (−Q/kT)
is the diffusion coefficient for atoms lagging behind the grain boundary and
Dm = Dm0 exp (−Qm/kT) is the diffusion coefficient for matrix atoms cross-
ing the boundary, α = a

δ is half of the thickness of the grain boundary, K is
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FIGURE 8.7
Contour-line representation of the function y = y(σ, ρ), resulting from
Eq. (8.141) [194].

given by

K =
{
kT

U0

[
exp

(
U0

kT

)
− exp

(
−U0

kT

)
− 2

U0

kT

]}1/2

(8.146)

The coefficients in Eq. (8.141) are calculated in the following manner:
1. For the lower part of the curve (Fig. 3.70) it may be assumed that V � VF

and
y =

V

VF
� 1

Then
ρ ∼= 1

y
(8.147)

From the experimental curve (Fig. 3.70) the ratio of the velocities (mobilities)
of “free” and loaded grain boundaries at the temperature of detachment for
curve II we get ρ = 25.
2. Using the results of a numerical solution of Eq. (8.141) [194] (Fig. 8.7) we
obtain σ = 12.
3. From Eqs. (8.144) and (8.145) we arrive at

2ηK =
Pb3

ckT
· ρ
σ

(8.148)
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The function 2ηK (from Eq. (8.146) [194]).

Then, using the dependence 2ηK on η (Fig. 8.8. [194]) and the value of 2ηK
known from Eq. (8.148) we obtain the corresponding value of η

η =
U0

kT0
(8.149)

where T0 is the temperature of detachment.
The determination of 2ηK requires knowledge of the impurities, which are

lost in the course of detachment. As a first approximation let us assume that
this is the impurity with the highest concentration for sample II; this concen-
tration is equal to 3 · 10−7. 2ηK = 8.6, η = 2.5, U0 = 0.15 eV, K = 1.75.
4. Since the upper branch of the curve (Fig. 3.70, II) characterizes the motion
of a “free” (in the framework of the Cahn-Lücke-Stüwe theory) grain bound-
ary, the parameters of this branch determine the diffusion coefficient of the
matrix atoms in the vicinity of the boundary

Dm =
VF kT0

P · b2 = 1.7 · 10−9m2/s (8.150)

The diffusion activation enthalpy of a matrix atom in the vicinity of the bound-
ary [194] can be defined by the grain boundary migration activation enthalpy
EF after detachment

EF =
∂ ln VF

∂(1/kT)
= Qm − kT0 (8.151)

Qm = 0.5eV (8.152)
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The pre-exponential factor of the matrix diffusion coefficient

Dm0 = Dmexp
(
Qm

kT

)
= 9.2 · 10−6m2/s (8.153)

The diffusion coefficient for the impurity atoms can be extracted from
Eq. (8.144)

D =
2αK2Dm

ρ
c (8.154)

where α = a
b

is half of the grain boundary width. For α = 1 D = 1.2 ·
10−16m2/s, the activation enthalpy of the impurity atoms is equal to

Q = EL + U0 − 2kT0
∼= 0.7ev (8.155)

and the pre-exponential factor D0 is equal to

D0
∼= 10−11m2/s

Such characteristics of diffusion in an Al matrix are also typical for Fe, Co,
Ni, Mo and Cr. In accordance with the results of the chemical analysis we can
conclude that the most active impurity in our case is iron.

Actually, the diffusion parameters of Fe in Al are D0 = 4 · 10−13m2/s,
Q = 0.6eV [622] while the other impurities in Al differ markedly from the
measured values. For instance, for diffusion of Cu in Al D0 = 1.5 · 10−5m2/s,
Q = 1.3eV, for diffusion of Zn along a 38◦〈111〉 tilt grain boundary in Al
D0 = 1.5 · 10−3m2/s, Q = 0.83eV [280].

The results obtained cause us to reconsider the previous calculation in
the light of the new concentration of the active impurity — the iron atoms:
c = 10−7. Then 2ηK = 26; η = 4.0; U0 = 0.25eV, K = 3, 25; D = 1.4 ·
10−16m2/s; D0 = 2.5 · 10−12m2/s.
6. The concentration of the active impurity in the moving grain boundary can
be found from the numerical solution of the differential equation (8.138) as a
function of the reduced velocity: Φ = V αb

D = 0.53.

ceff

c
= 2.5

The value of ceff

c makes it possible to determine the drag force PF

PF = N U0ceff = 5.8 J/m2 (8.156)

In the framework of the Cahn-Lücke-Stüwe theories it is assumed that the
grain boundary is homogeneous, in other words, all lattice points in the grain
boundary are potential sites for adsorption of the foreign atoms. However, it
is more likely that the adsorption of impurity atoms occurs on specific active
centers in the grain boundary. The number of such centers can be found
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FIGURE 8.9
Effective concentration in the grain boundary as a function of boundary ve-
locity according to continuum theory. Solid lines — Eq. (8.138), dashed lines
— approximation by Eq. (8.139) [194].
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from the adsorption isotherm: Γ = zbc
1−c+bc (see Chapter 1). For rather small

concentrations the adsorption isotherm can be transformed into Γ = zeU0/kTc

Γ
c

=
δ N

Ω
· ceff

c
= z · eU0/kT (8.157)

where δ is the width of the grain boundary (in [194] δ is assumed to be 2b), Ω
is the atomic volume. Then the number of adsorptionally active sites is equal
to z ∼= 0.8 · 1018m−2. The adsorption Γ is equal to Γ ∼= 5 · 1012at/m2.

It is useful to compare the results obtained in the framework the Cahn-
Lücke-Stüwe model with the values which can be extracted from the Lücke-
Detert approach. In this case the velocity of grain boundary motion is equal
to (Chapter 3)

V =
P

ΓkT
D

(8.158)

At the detachment of the moving grain boundary from the impurities the
denominator of expression (8.158) can be written as Γ · f0

V0
, f0 = U0

b
, where

V0 is the grain boundary velocity at the detachment point. Eq. (8.158) reads

V0 =
P

Γ U0
bV0

(8.159)

or

z e
U0
kT0 · c =

Pb

U0
(8.160)

Expression (8.160) is an equation with two unknowns: the energy of interac-
tion between impurity atom and grain boundary U0 and the number of active
sites z. In Fig. 3.70 the results of three independent experiments are presented,
which allows us to determine the desired parameters. The energy of interac-
tion U0, defined in the framework of the Lücke-Detert mode, is U0

∼= 0.5eV;
the number of adsorption sites in the grain boundary z ∼= 1014 − 1015 at/m2.

The difference between the results obtained in the framework of the Cahn-
Lücke-Stüwe model and the Lücke-Detert model becomes apparent if we rec-
ollect the assumptions made in the Lücke-Detert approach: all impurity atoms
at the grain boundary interact with the grain boundary with the same force
and, what is important, the grain boundary breaks away simultaneously from
all adsorbed atoms.

PROBLEM 3.9
If the moving grain boundary sweeps all particles in the course of grain growth,
the infinitesimal change of the number n of the particles per unit grain bound-
ary area can be expressed as:

dn =
c

4/3πr3
4πR2dR · 1

4πR2
(8.161)
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where R is the radius of the growing grain.
For the dependence n(R) we arrive at:

∫ n

n0

dn =
∫ R

R0

R

4/3πr3
dR = n−n0 =

c

4/3πr3
(R−R0)n = n0+

c

4/3πr3
(R −R0)

(8.162)
Using the equation for the velocity of grain boundary motion with mobile
particles (Eq. (3.71)), we come to the expression for grain growth kinetics:

dR

dt
=

2mpγ

Rn
=

2γmp

R
(
n0 + c(R−R0)

4/3πr3

) (8.163)

Integrating expression (8.163) with regard to (8.162) gives us the desired time
dependency of the radius of the growing grain

2mpγt =
∫ R

R0

R

(
n0 +

c (R−R0)
4/3πr3

)
dR (8.164)

2mpγt =
1
3
(
R3 −R3

0

) c

4/3πr3
+

1
2
(
R2 −R2

0

)
n0 − 1

2
(
R2R0 −R3

0

) c

4/3πr3

Novikov [623] studied the influence of mobile particles, located at a grain
boundary during grain growth. In particular, he discovered that the kinetics
of grain growth, affected by mobile particles can be approximated by the law
R3 −R3

0 ∼ t.

PROBLEM 3.10
As shown in Chapter 6 the criterion λpart,b, which describes the efficiency of
retardation of grain boundary motion by mobile particles reads (see Chapter 3,
Eq. (3.71))

λpart,b =
mp(r)
n

· 1
mb

(8.165)

In Eq. (8.165) the simplest case of particle distribution — a single size dis-
tribution — was utilized (see Chapter 3, Eq. (3.71)). The mobility of the
particles mp(r) depends on the mechanism of mass transfer during particle
motion and the radius of the particles. n is the number of the particles per
unit of grain boundary area. Let us assume that all particles are located at
the grain boundaries. The number n can be evaluated as the total number of
the particles (c/ 4

3πr
3) divided by the total area of the grain boundaries per

unit volume ( 3
<D> , < D > is the mean diameter of the grains)

n =
c < D >

4πr3
(8.166)

The criterion λpart,b can be expressed as

λpart,b =
mp(r) · 4πr3
c < D >

· 1
mb

(8.167)
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If the particles are rather small then their motion should be controlled by
interface diffusion (see Sec. 3.5), and the particle mobility can be expressed
as

mp(r) =
δ

πr4
DsΩ
kT

(8.168)

where δ is the effective thickness of the surface layer, δ ∼= 10−9m, Ds is
an interface diffusion coefficient (Ds

∼= 10−11 m2/s), Ω is an atomic volume
(Ω = 10−5 m3/mol). Finally, the expression for the criterion λpart,b reads

λpart,b =
4δDsΩ

rkTc < D > mb
(8.169)

Taking < D > for the initial grain microstructure equal to < D >∼= 3 ·10−5m,
we obtain

λpart,b
∼= 0.2 (8.170)

The results of the computer simulation of grain growth in Al at the same
values of the parameters [623] are expressed in the time dependency of the
mean grain size < D >. Basically the criterion λ is the ratio of the rate of
grain growth under the action of a drag factor and free grain growth. In other
words, we should find the ratio of d<D>

dt for the grain growth with the mobile
particles and in the case of a pure grain boundary. The results for different
< D > are given in Table 8.1. One can see that the agreement between the
evaluation given by Eq. (8.169) and the experiment is reasonable.

TABLE 8.1

Efficiency of Grain Growth Inhibition by Second-Phase Particles
< D > λpart,b λpart,b

from Eq. (8.169) from computer simulation [623]
7 · 10−5m 0.1 0.36
5 · 10−5m 0.14 0.16

PROBLEM 3.11
Let us consider the grain growth inhibited by second-phase particles. If the
particles are rather small there are two ways of inhibiting grain growth: Zener
drag, where the interaction between particles and grain boundary reduces
the driving force of grain growth, and the joint motion of particles and grain
boundary.

For the sake of simplicity we consider the single size distribution. Using
relation (3.61) (see Chapter 3) the grain growth kinetics for Zener dragging
can be expressed as

d < D >

dt
= mb

(
γ

< D >
− 3cγ

r

)
(8.171)
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where < D > is the mean grain diameter of the polycrystal.
The grain growth kinetics for the joint motion of grain boundary and par-

ticles is given by Eq. (3.71) (see Chapter 3)

V =
γmp(r0)
< D > n0

(8.172)

n0 is the number of the particles per unit area of the boundary. The criterion
λ, which determines the relative efficiency of these two ways of dragging (see
Chapter 6) can be constructed as

λZener, part =
mb

(
γ

<D> − 3cγ
r0

)
n0

mp(r0) γ
<D>

(8.173)

or

λZener, part =
mb

(
1

<D> − 3c
r0

)
n0 < D >

mp(r0)
(8.174)

The number of particles per unit area of the boundary n0 = 3c
2πr2 . For rather

small particles the dominant mechanism of the mass transfer is interfacial
diffusion; that is why the particle mobility is inversely proportional to r4

(Chapter 3, Eq. (3.35))
mp =

mp0

πr40
(8.175)

The expression for λZener, part can be transformed into

λZener, part = M
(
r20 − 3cr0 < D >

)
(8.176)

where M = mb

mp0
c.

Relation (8.176) has a minimum at

r0 =
3
2
c < D > (8.177)

Such radius of second-phase particles in a single size distribution complies
with the maximal relative efficiency of Zener drag.

PROBLEM 3.12
1. The slope of the line H/k− lnA0 can be determined by analytical geometry
— the straight line which passes through two points

Tc =
Hi

k − Hj

k

lnA0i − lnA0j
=

ΔHij

k

ln A0i
A0j

(8.178)

where Hi, Hj , A0i, A0j are the activation enthalpies and the pre-exponential
factors of the two considered grain boundaries, respectively.

For grain boundaries I and II we arrive at

Tc =
ΔHij

kln A0i

A0j

= 672 K (399◦C) (8.179)

© 2010 by Taylor and Francis Group, LLC



630 8 Solutions

for grain boundaries I and III the compensation temperature is equal to 681
K (408◦C) and for the pair II-III boundaries Tc = 667 K (394◦C).
1. Let us now find the compensation temperature as the point of intersection
of two (or more) kinetic dependencies in coordinates lnAb

A0
− H

kT , namely

A1x + B1y + C1 = 0
A2x + B2y + C2 = 0 (8.180)

Hi
1
T

+ lnAbi − lnA0i = 0 (8.181)

Solution by matrix algebra yields

1
Tc

=

∣∣∣∣
B1 C1

B2 C2

∣∣∣∣
∣∣∣∣
A1 B1

A2 B2

∣∣∣∣
, lnAbc =

∣∣∣∣
C1 A1

C2 A2

∣∣∣∣
∣∣∣∣
A1 B1

A2 B2

∣∣∣∣
(8.182)

or for the pair GBI–GBIII we arrive at

1
Tc

=

∣∣∣∣
1 −4.6
1 −9.2

∣∣∣∣
∣∣∣∣
1.62 · 104 1
1.92 · 104 1

∣∣∣∣
, lnAbc =

∣∣∣∣
−4.6 1.62 · 104

−9.2 1.92 · 1044

∣∣∣∣
∣∣∣∣
1.62 · 104 1
1.92 · 104 1

∣∣∣∣
(8.183)

1
Tc

=
−9.2 + 4.6

1.62 · 104 − 1.93 · 104
= 1.48 · 10−3K−1

Tc = 674 K (401◦C); Abc = 4 · 10−9m2/s.
For the grain boundaries II-III and I-II we get, respectively,

Tc = 667 K(394◦C; Abc = 2 · 10−9m2/s
Tc = 676 K(403◦C; Abc = 3 · 10−9m2/s

2. The condition that three grain boundaries intersect in one point is
∣∣∣∣∣∣

A1 B1 C1

A2 B2 C2

A3 B3 C3

∣∣∣∣∣∣
= 0 (8.184)

or

A1 B2 C3 −B1 C2 A3 − C1 A2 B3 − C1 B2 A3 −A1 C2 B3 −B1 A2 C3 = 0
(8.185)

The sum in Eq. (8.185) is equal to ∼ 592.
Eq. (8.185) gives an assessment of the deviation of the pair intersection

points from the virtual triple point. It is noteworthy that the magnitude of
every term in (8.185) is in the range of 105. So the intersection points are very
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close to each other.
3. The mobilities of the grain boundaries at 320◦C are equal, respectively:
GBI : Ab = 1.3 · 10−10m2/s
GBII : Ab = 2.0 · 10−11m2/s
GBIII : Ab = 2.4 · 10−7m2/s
The mobilities of these grain boundaries at 520◦C are

GBI Ab = 1 · 10−7m2/s
GBII Ab = 1.0 · 10−6m2/s
GBIII Ab = 2.4 · 10−7m2/s

At a temperature lower than Tc the boundaries with low energy of activation
are most mobile, whereas at temperatures higher than Tc grain boundaries
with a high energy of activation are the fastest ones.

PROBLEM 3.13
From Eq. (3.234) we arrive at

m = m0(1 − αV ) (8.186)

where m0 is the grain boundary mobility without magnetic field α = σ�
c2 .

From Eq. (8.186) we obtain the relation for the grain boundary mobility in
a magnetic field in the case that the driving force of grain boundary motion
is a capillary driving force

m = m0 [1 − α (mγκ)] (8.187)

where κ is the curvature.
Then the kinetic equation for grain growth in a polycrystal in a magnetic

field reads
dR

dt
=

m0γ(
1 + α m0γ

R

)
R

(8.188)

and the time dependency for the mean grain radius R can be expressed as

1
2
(
R2 −−R2

0

)
+ α m0γ (R−R0) = m0γt (8.189)

where R0 is the mean grain radius at t = 0. (The mean grain size (twice the
radius R) and the radius of the curvature of the moving grain boundary are
not identical. Here we do not make a distinction between these parameters
since we are looking for a qualitative result.)

It should be stressed that, as described in Chapter 3, there are several con-
tributions to the total drag force, some of which can be characterized by a
strong dependency of the mobility change on the grain boundary migration
rate. Eq. (8.186) represents the simplest one.
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PROBLEM 4.1
(a) The volume fraction c of the particles is equal to

c =
4
3
πr3N ∼= 4 · 10−3

Then the maximum pinning force

f1 =
3cγ
r

= 6 · 105J/m3

(b)

c =
4
3
πr3N = 5 · 10−3

f1 =
3cγ
r

=
3 · 10−3 · 0.5

5 · 10−9
= 1.4 · 106J/m3 (8.190)

PROBLEM 4.2
(a) If a spherical particle with radius r intersects a triple line the total reduc-
tion of grain boundary energy and the line energy of the triple junction can
be expressed as

ΔG = γ

(
1 − 3

2
πr2

)
− 2rγ� (8.191)

where γ� is the line tension of the triple junction.
Correspondingly, the maximum attraction force f∗ is

f∗ = 3πrγ + 2γ� (8.192)

The particles in contact with the triple junction are confined to a volume
π(2r)2

4 . 1m = πr2, i.e. the number of particles per 1m of triple junction length
is equal to

n̄ = πr2 ·N =
3c
4r

(8.193)

Thus, the maximum pinning force f∗
max

f∗
max = n̄f∗ · L̄ (8.194)

where L̄ is the length of the triple junction per 1 m2 of a grain boundary.
The number of a triple junctions Ntr in a polycrystal per unit volume is

equal to [551]
Ntj ≈ 12n (8.195)

where n is the number of grains per unit volume.
Let us consider the grains as spheres with diameter < D >. Then the
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number of grains per unit volume is equal to 6
π<D>3 and the total area of the

grain boundaries is

1
2

6
π < D >3

· π < D >2=
3

< D >
(8.196)

The coefficient 1/2 is introduced due to the fact that one boundary belongs
to two grains.

Then Ntj can be expressed as

Ntj = 12n =
72

π < D >3
(8.197)

The total length of the triple junctions per unit volume can be evaluated as

L̄tj
∼= 1

2
< D > Ntj =

36
π < D >2

(8.198)

The desired ratio of the length of the triple junctions to grain boundary area
L̄ reads

L̄ =
L̄tj

3/ < D >
=

12
π < D >

(8.199)

Finally, the maximal pinning force by particles on triple junctions can be
expressed as

f2 =
3c
4r

· f∗ · L̄ =
3c
4r

· (3πrγ + 2γ�
) · 12
π < D >

∼= 25
γc

< D >
+ 6 · γ�c

r < D >
(8.200)

P2
∼= 50 · 103J/m3 + 25 · 102J/m3 ∼= 5.3 · 104J/m3 (8.201)

As can be seen for the given parameters, the pinning force of the particles on
the triple junctions is at least an order of magnitude smaller than the pinning
force from the particles on the grain boundary. The general pinning force is
equal to the sum of these pinning forces. The force f2 is the pinning force
when the particles are located exactly on the triple line.
(b) The pinning force is equal to (see Eq. (8.201) in the previous problem):

f2 = 25
γc

< D >
+ 6

γ�c

r < D >

c =
4
3
πr4N ∼= 5 · 10−3

f2 ∼= 9 · 105J/m3
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PROBLEM 4.3
(a) If a spherical particle with radius r is located at a quadruple point the
total reduction of the grain boundary energy can be expressed as

ΔG = γ
(
1 − 2πr2

)
(8.202)

Since nothing is known about the energy of a quadruple junction we assume
that we can neglect the effect of this parameter on the energetics of the system.

From (8.202) we obtain the maximum attraction force f∗
3

f∗
3 = 4πrγ (8.203)

If we assume that a quadruple junction can be occupied by only one particle,
then the maximum pinning force f3 will be equal to

f3 = 4πrγc · N̄quad (8.204)

where N̄quad is the number of quadruple junctions per unit grain boundary
area.

The number of quadruple junctions in a polycrystal with n grains per unit
volume is equal to [551]

Nquad
∼= 6n (8.205)

Since n = 6
π<D>3 , where < D > is the diameter and 3/ < D > is the total

grain boundary area per unit volume

Nquad =
36

π < D >3
(8.206)

and
N̄quad =

36 < D >

π < D >3 ·3 =
12

π < D >2
(8.207)

Then for the maximum pinning force f3 we arrive at

f3 = 4πrγcN̄ =
64πr4γN
< D >2

(8.208)

Substituting the parameters given in the problem we come to

f3 ∼= 103J/m3 (8.209)

Note that the force f3 depends very strongly on the size of the second-phase
particles.
(b) Substituting the parameters of the problem into Eq. (8.208) yields

f3 = 107J/m3
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PROBLEM 4.4
The total grain boundary area of a sample with the mean grain size < D >
is equal to

S =
3

< D >
(8.210)

On the other hand, the rate of grain boundary motion is equal to

Ṙ =
mγ

R
(8.211)

where R is the radius of the curvature of the moving boundary; R ∼< D >.
Then

dS

dt
= − 3

< D >2

d < D >

dt
∼ − 3mγ

< D >3
∼ −1

9
mγS3 (8.212)

PROBLEM 4.5
The rate of grain area change is given by the Von Neumann-Mullins relation

dS

dt
= −Ab [2π − n(π − 2θ)] (8.213)

As shown in Chapter 4 for a system with triple junctions of finite mobility
the angle θ is a function of the dimensionless parameter Λ (Λ = mtja

mb
). The

equilibrium value θ = π/3 is obtained for Λ → ∞
dS

dt
=
π

3
mbγ(n− 6) (8.214)

To find the dependence of the grain area change rate for Λ �= ∞ a considera-
tion of the relation (8.213) in the vicinity of “equilibrium” (θ = π/3) can be
invoked (Eqs. (4.82) and (4.85)). The diagram of dS

dt
for different Λ is given

in Fig. 8.10.
For Λ ∼= 10 and grains with n < 6 the topological class which meets the con-

dition dS
dt

= 0 is equal to 5 instead of 6 as for Λ → ∞. A similar phenomenon
can be observed qualitatively for grains with n > 6, however, quantitatively
it manifests itself as less pronounced. For example, the line dS

dt (n) for n > 6
intersects the axis n in the point n = 7 at Λ = 1.11. For rather large Λ both
the lines — for n < 6 and n > 6 — merge, as can be seen for Λ = 103.

PROBLEM 4.6
As shown in Chapter 3 for the steady-state motion of a grain boundary half-
loop the following relations for the grain boundary velocity and the velocity
of the facet hold:

V =
mbγ(θ − ϕ)
a/2 − � sin θ

(8.215)
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FIGURE 8.10
Diagram “grain area change vs. topological class” for different values of the
criterion Λ.

V =
mfγ sin ϕ sin θ

�
(8.216)

In the case that the grain boundary system includes a triple junction
(Fig. 8.11) the velocity of the triple junction can be expressed as

V = mtj (2γ cos ϕ cos θ − γ) (8.217)

It is stressed that for a steady-state motion the faceted and the curved
segments of the half-loop along with the triple junction have to move with the
same velocity.

Combining Eqs. (8.215) and (8.216) yields the length of a moving facet

� =
a/2

sin θ + mb(θ−ϕ)
mf sinϕ·sinθ

(8.218)

From Eqs. (8.215) and (8.217) we arrive at

mtj

(
a
2 − � sin θ

)

mb
=

θ − ϕ

2 cos ϕ cos θ − 1
(8.219)

One can see that the left hand-side of Eq. (8.219) constitutes the criterion
Λ for a grain boundary system with triple junction and a facet. However,
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FIGURE 8.11
Grain boundary system with facets and triple junction.

contrary to the criterion Λ considered in Chapter 4, there is one distinctive
property of the criterion analyzed here. Namely, since the right-hand side of
Eq. (8.219) is a constant value, by definition, the changes in grain boundary
and triple junction mobility have to be compensated by a variation of the
facet length �.

If the ratio mtj

mb
increases � tends to its maximal value � = a

2 sin θ . By
contrast, when the decrease of the ratio mtj

mb
causes the disappearance of the

facet � = 0, the grain boundary system transforms into the well-known grain
boundary configuration with a triple junction (Fig. 4.2). Indeed, in this case
ϕ = 0 and Eq. (8.219) converts to

mtja

mb
=

2θ
2 cos θ − 1

(8.220)

Combining Eqs. (8.216) and (8.217) we arrive at

mtj�

mf
=

sin ϕ sin θ
2 cos ϕ cos θ − 1

(8.221)

Again, as discussed above, the left-hand side of relation (8.221) is a criterion
Λ for a grain boundary half-loop with facet and triple junction; this criterion
is expressed in terms of triple junction and facet mobility. Contrary to the
criterion (8.219), an increase in the ratio mtj

mf
in (8.221) leads to a reduction

of �. One can see that at � = 0 the right-hand side tends to zero as well: at
� = 0 the angle ϕ = 0.
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PROBLEM 4.7
The major ideas of a dimensional analysis were put forward by Newton,
Fourier, Buckingham, Rayleigh, Tolman, Bridgman, and Huntley. In partic-
ular, Fourier’s contribution should be distinguished because he introduced
important concepts. The first is the description of the so-called “dimension
formula,” while the second is a clear understanding of the dimensional homo-
geneity of physical expressions [624].

The “dimensional formula” reflects the requirement that physical relations
have to be independent of the units used. The second Fourier concept ex-
presses the dimensional homogeneity of the physical relations; the relation
must be “dimensionally homogeneous.” “For each physical quantity there is
one, and only one, dimension formuled. Conversely, corresponding to each di-
mensional formula there is one, and only one, physical quantity” [625]. There
are some exceptions, which we will not discuss here. Another presentation of
this principle is given in the so-called “π-theorem” (Buckingham theorem):
The physical equations can be expressed as a relationship between dimension-
less complexes. In accordance with the π-theorem the number of independent
dimensionless complexes is equal to the number of quantities considered minus
the number of elementary dimensions used . The meaning of the approaches
mentioned will be discussed in the following for specific examples (“funda-
mental quantities”).

(a) The first step is to define the quantities which determine the motion of a
grain boundary, the time t which is necessary to obtain the given mean
grain size < D >. Obviously, t is a function of grain boundary mobility
mb, grain boundary surface tension γ and mean grain size < D >; in
other words,

t = f (mb, γ, < D >) (8.222)

In accordance with the principle of dimensional homogeneity we arrive
at

T = ma
b γ

b < D >c (8.223)

Since the dimension of mb is
[

L4

E·T
]

=
[
L2M−1T

]
, γ is

[
E
L2

]
=
[
MT−2

]
,

< D > [L], where E is the dimension of the energy, L of the length, T
of the time, M of the mass, we have:
— exponent of T : 1 = a− 2b
— exponent of L: 2a+ c = 0
— exponent of M : −a+ b = 0
The solution is a = −1; b = −1; c = 2.
Then the expression for the desired dependence can be presented as

< D >2= Cmbγt (8.224)

where C is a numerical coefficient.
It can be seen that presenting the surface tension as γ

[
E
L2

]
and the
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grain boundary mobility as mb

[
L4

ET

]
we can arrive at the result (8.224)

even faster. We accept as an axiom that, in the framework of a system
of fundamental quantities, the dimension formula of a physical variable
can be expressed in a unique way. However, the choice of the “funda-
mental” quantities to a certain extent is a question of convenience [626].
Moreover, this can be achieved by practice only, and the shortest way
at the first stage is to use a standard set of fundamental quantities.
In the framework of the concept of the π-theorem, the result (8.224)
manifests that there is only one dimensionless complex which can be
formed from the quantities mb, γ, < D >, and time t.

(b) The primary aim of the second problem is to find the dimensionless
complexes which determine the motion of connected grain boundaries.
The first step is to decide what physical and structural quantities are
involved in this process. We chose the following physical parameters of
the problem:
— grain boundary velocity V

[
L
T

]

— distance between the junctions a[L]
— grain boundary mobility mb

[
L2T
M

]

— triple junction mobility mtj

[
LT
M

]

— quadruple junction mobility mqp

[
T
M

]

— driving force of grain boundary motion P
[

M
T 2L

]

As can be seen the number of independent dimensionless complexes
is equal to the number of quantities considered minus the number of
fundamental quantities: 6 − 3 = 3.
Then

V aabmc
bm

d
tjm

e
qpP

f = K (8.225)

— exponent of L: a+ b+ 2c+ d− f = 0
— exponent of T : −a+ c+ c+ e− 2f = 0
— exponent of M : −c− d− e+ f = 0
Finally
— c = −a− b

2 − d
2

— e = b
2
− d

2
— f = −a
The complexes obtained look like this:

(
V

Pmb

)
− I;

(
a m

1/2
qp

m
1/2
b

)
− II;

(
mtj

m
1/2
b ·m1/2

qp

]
− III (8.226)

It is easy to see that we get the main dimensionless criteria which were
derived analytically from microscopic considerations. Indeed:

Λtj =
mtja

mb
= (II) · (III); Λgp =

mgpa
2

mb
= (II)2 (8.227)
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GB

x

GB

x

FIGURE 8.12
Diagram of a grain boundary (GB) which moves in the direction x.

(c) The problem “3” is closely connected with the approach put forward by
W. Williams (1892), Noon and Spencer (1949) and analyzed in Huntley
[624].
As can be seen from the given examples, a solution to a problem can be
found by dimensional analysis when the number of independent quan-
tities exceeds the number of the fundamental quantities L,M, T...) by
one. The principal idea of the approach described is that, if it is nec-
essary to increase the number of fundamental quantities, considering
components of the length in three mutually perpendicular directions. In
this case the fundamental quantities are [Lx], [Ly], [Lz]. This simple
change, at first glance, makes many dimensional expressions more infor-
mative. This is particularly true for the velocity; the difference between
LT−1 and LxT

−1 is evident.
Let us apply this approach to a problem: to find a relation for the veloc-
ity of a flat grain boundary which moves into the direction x under the
action of a constant driving force in the system with the concentration
c of dissolved impurities (Fig. 8.12).

The major physical quantities which define the problem are the velocity
of grain boundary motion, driving force for motion, grain boundary mo-
bility, concentration of the impurities. In accordance with the approach
described and Fig. 8.12 we get

V

[
Lx

T

]
, P

[
MLx

T 2LyLz

]
, mb

[
L2

xT

M

]
, c

[
1

LxLyLz

]
(8.228)
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Then
(
Lx

T

)
= K

(
MLx

T 2LyLx

)a (
L2

xT

M

)b

·
(

1
LxLyLz

)e

(8.229)

Lx : 1 = a+ 2b− e
Ly : 0 = −a− e
Lz : 0 = −a− e
T : −1 = −2a+ b
M : a− b = 0
This yields:

b = 1; a = 1; c = −1

Finally we obtain:

V = K
Pmb

c
(8.230)

where K is a numerical coefficient.
Expression (8.230) was derived by Lücke and Detert in 1957 from macro-
scopic considerations. The model put forward by Lücke and Detert is
convincing and physically clear.
Finally, we would like to cite Rayleigh; this equation is relevant to all
problems considered in this paragraph.
“I have often been impressed by the scanty attention paid even by orig-
inal workers in physica to the great principle of similitude. It happens
not infrequently that results in the form of ‘laws’ are put forward as nov-
elties on the basis of elaborate experiments which might have predicted
a priori after a few minutes’ consideration.”

PROBLEM 4.8

(1) The criterion Λgp = mgpx0
mtj

= 9·10−5·10−8

4·10−12
∼= 1.1.

The tetrahedral angle Θ is equal to ∼ 108.5◦.

(2) The criterion Λ for a 2D configuration n < 6 Λ = mtj<R>
mb

=
4·10−12 5·10−8

2·10−14 = 10−5.

The angle Θ can be found from the relation

Λ =
2Θ

2 cos Θ − 1

Θ = 10−5.
For the configuration n > 6

Λ = − ln sin Θ
1 − 2 cos Θ
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The angle Θ for Λ = 10−5 is equal to ∼= 89.8◦.

PROBLEM 4.9
(a) The rate of change of Ṡ for pure grain boundary kinetics (triple junc-
tion mobility, or, more correctly, the criterion Λ → ∞) can be found using
Eq. (4.71)

dṠ

dn
=
mbγπ

3
(8.231)

It can be seen from Eq. (8.231) that the rate of change of Ṡ with n is constant;
when n→ ∞, Ṡ tends to infinity as well.
(b) In the intermediate case, when the effect of the triple junctions is large, and
grain growth kinetics can be viewed as grain boundary motion, the generalized
Von Neumann-Mullins relation can be expressed by relation (4.82) for n < 6
and relation (4.85) for n > 6.

The rate of change of Ṡ with topological class can be represented as

dṠ

dn
=
mbγπ

3
· 6 +

√
3Λ

2 +
√

3Λ
(8.232)

dṠ

dn
=
mbγπ

3
·
(

1 − 6
πΛB

)
(8.233)

One can see that the rate dṠ
dn is positive; however, it depends on the criterion Λ.

For Λ → ∞ the rate dṠ
dn

tends to the constant value mbγπ
3

, characteristic of pure
grain boundary kinetics. The effect of Λ on the parameter dṠ

dn is qualitatively
different for n < 6 and n > 6. Namely, for n < 6

d

dΛ

(
dṠ

dn

)
= − 4

√
3mbγπ

3
(
2 +

√
3Λ

)2 < 0 (8.234)

and for n > 6
d

dΛ

(
dṠ

dn

)
=

2mbγ

Λ2B
> 0 (8.235)

For both branches the rate of change of dṠ
dn

with Λ tends to zero as Λ increases.
(c) As shown in Chapter 4, under triple junction kinetics, the rate of grain
area change Ṡ is expressed by Eq. (4.89).

Contrary to the relations for Ṡ for grain boundary kinetics and for inter-
mediate kinetics, for pure triple junction kinetics at n → ∞ the function Ṡ
tends to a product ∞ · 0.

To remove this uncertainty the L’Hôpital’s rule can be utilized: if we are
looking for the limit of the fraction f(x)

g(x) and the lim
x→∞

f ′(x)
g′(x) = A the limit of

the fraction f(x)
g(x) , lim

x→∞
f(x)
g(x) = A as well.
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Let us represent our junction Ṡ as2

Ṡ =
−mtjγnR̄sin

(
2π
n

) [
2sin

(
π
n

)− 1
]

1/n
(8.236)

As easy to see the expression
(

dṠ
dn

)

n→∞
is equal to

(
dṠ

dn

)

n→∞

= lim
n→∞

{
−mtjγR̃

2π
n2 cos( 2π

n )[2sin( π
n )−1]+ 2π

n2 sin( 2π
n )cos( π

n)
1/n2

}
=

= 2π mtjγR̃ (8.237)

Computer simulations of 2D grain growth under triple junction kinetics [441,
442] Chapter 4, Fig. 4.44, confirm the results found in (8.237).

2In our calculations we restrict ourselves to the expression with exterior radius R̄. We leave
to the reader the possibility of finding the limit for the expression with the interior radius
r̄.

© 2010 by Taylor and Francis Group, LLC



9

References

[1] Gibbs JW. In The Collected Works Two V olumes, Longmans,
Green, New York, 1928.

[2] Marchenko VI. JETP , 52:129, 1980.

[3] Andreev AF. JETP , 80:2042, 1980.

[4] Marchenko VI. JETP Letters, 33:397, 1981.

[5] Landau LD and Lifshits EM. Ser. Theoretical Physics, Vol. 5, 1977.

[6] Fradkov VE and Shvindlerman LS. Phys. Chem. Mech. Surfaces,
9:2505, 1982.

[7] Hart EW. In Hu H. editor, The Nature and Behaviour of Grain
Boundaries, pp. 155, Plenum Press, New York, 1982.

[8] Guggenheim EA and Adam NK. Proc. Roy. Soc., A139:216, 1933.

[9] Fradkov VE and Shvindlerman LS. Fiz. Metall. Metalloved.,
48:297, 1979.

[10] Spetnak JW and Speiser R. Trans. ASM , 43:734, 1951.

[11] Estrin Y, Gottstein G, Shvindlerman LS. Scripta Mater., 41:385,
1999.

[12] Estrin Y, Gottstein G, Rabkin EJ, Shvindlerman LS.
Scripta Mater., 43:141, 2000.

[13] Chaudhari P. V ac. Sci. T echn., 9:520, 1972.

[14] Thompson CV, Carel R. J. Mech. Phys. Sol., 44:657, 1996.

[15] Knizhnik GS. Povernost: Fizika, Shimia, Mehanika (in Russian),
5:50, 1981.

[16] Meiser H, Gleiter H. Scripta Metall., 14:1980, 1980.

[17] Merkle KL, Csenscits R, Rynes KL, Withrow JP, Stadelmann PA.
J. of Microscopy 190:204, 1998

[18] Ivanov VA, Molodov DA, Shvindlerman LS, Gottstein G,
Kolesnikov D, Lojkowski W. Mat. Sci. Forum, 519-521:1557, 2006.

645

© 2010 by Taylor and Francis Group, LLC



646 9 References

[19] Read WT, Shockley W. Phys. Review, 28:275, 1950.

[20] Molodov DA, Shvindlerman LS. IJMR, 4:461, 2009.

[21] Stout F. Acta Metall., 1:753, 1953.

[22] Cahn JW and Hillard JE. Acta Metall, 7:219, 1959.

[23] McLean D. Grain Boundaries in Metals, Clarendon Press, Ox-
ford, 1957.

[24] Bokstein BS, Klinger LM, Nikol’skii GS, Fradkov VE, Shvindlerman
LS. Fiz. Metallov i Metallovedenie, 48(6):1212, 1979.

[25] Zhuchovitskii AA. Zn. F iz. Khimii, 18:214, 1944.

[26] Shvindlerman LS, Gottstein G, Molodov DA. Phys. Stat. Sol. (a),
160:419, 1997.

[27] Bokstein BS and Shvindlerman LS. In Theoretical Fundamentals
of Materials Science, Moscow, ‘Nauka,’ 115, 1981.

[28] Hill TL. J. Chem. Phys., 14:263, 1946.

[29] Guggenheim EA. In Applications of Statistical Mechanics,
Clarendon Press, Oxford, 1966.

[30] Guttmann M. Metall. T rans., 8A:1383, 1977.

[31] Hondros ED and Seah MP. In Cahn RW and Haasen P, editors,
Physical Metallurgy, North Holland, Amsterdam, pp. 855, 1983.

[32] Seidman DN. Mat. Sci. and Eng., A137:57, 1991.

[33] Cabane J and Cabane F. In Nowotny J., editor, Interface
Segregation and Related Processes in Materials, Trans. Techn.
Publications, Zürich, 1, 1991.
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Materials, p. 93, Springer-Verlag, Berlin, 1978.

[583] Pospiech J, Lücke K. Acta Metall., 23.997, 1975.

[584] Dillamore IL, Katoh H. Metal Sci., 8:73, 1974.
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[594] Möhlmann U. Doctoral Thesis, RWTH Aachen, 1966.
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